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Triangles with one angle
twice another

Miguel Amengual Covas

In this short note, we present some conditions which characterize
those triangles for which one angle is two times the size of another,
as well some properties about this family of triangles.

Let r, o, s, S represent, respectively, the inradius, the A-exradius,
the semiperimeter and the area of a triangle A BC with side lengths
a, b, c opposite angles A, B, C, respectively.

Let M, D, E, I, I, be, respectively, the midpoint of side BC, the
foot of the altitude from C, the foot of the bisector of ZC AB, the
incenter and the A-excenter.

We will prove that the eight conditions are equivalent!:
/A =2-(4/B); (1)

a’? =b(b+ c); 2)
BE = PQ, where P ison C A and Q is on BC such

that PIQ is parallel to BC; )
CA + AI = BC; (4)

E M is perpendicular to AB; t5)]

CA = CP, where {P} = BCNI,M; (6)
CA=2.DM,; (7)

1For (3), see Problem 2424, Crux Mathematicorum [1999:112]. For (4), see
Problem 2559, Crux Mathematicorum [2000:305]. For (6), see Virgil Nicula and
Cosmin Pohoata, Diviziune armonicd, Editura Gil (2007), Problema 37°, 51, 57.
For (8), see Problem 2151, Crux Mathematicorum [1996:217].
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BC = 2 - DT, where T is the point on the side BC
where the excircle touches BC.
In fact, we will show the following:

(8)

(8) (6)
X ¥
B) & (1) & (2 < .
¥ X
(7) (4)

Proof that (1) <= (2). Let D be the point on C A so that A
is between C and D, and such that AD = AB (figure 1). By
the external angle theorem applied to AADB at A, AADB is
isosceles with

1
/DBA = /ADB = _({CAB). 9)

Figure 1: Construction for the proof that (1) <= (2).

1. Suppose LA = 2/B. Then, triangles ABC and BDC (with
a common angle at C and, using (9), ZCDB = ZADB =
3(£LCAB) = ZABC) are similar.

From the proportional sides, then, we have
CA BC

BC CD’
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This is just
b a

a:b—l—c

or, equivalently, a® = b(b + c).

2. Suppose a? = b(b + ¢) or, equivalently, g = 34, Then, trian-

gles ABC and DBC are similar (S-A-S) and the corresponding
angles CAB and DBC are equal. Thus,

LCAB = /DBC
=/DBA + ZABC

- ;(4CAB) +/ABC  (from (9))

and
/CAB = 2(£LABCQC). O

Proof that (2) <= (3). Because PQ is parallel to AB, triangle
PQC is similar to AABC and PQ has the same ratio to AB as
the altitude from C of APQC, which differs from the correspond-
ing altitude h by r, has to h. Thus,

PQ_h—r_1 T
AB h h’

The area of ABC is %ch and also r - %”“. Hence,

T c
h_a—{—b—{—c’
giving
PQ _ a-+b
AB a+b+c
and b
pg = (atbe
at+b+c

Since the square of the length of the bisector AFE is

bc(a+b+c)(—a+b+c)
(b+0)*

’
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we obtain

(a,+b+c)2(b—|—c)2(

=bla+b+c)’(—a+b+c)—cla+b)?*b+c)

BE* — PQ?)

We rewrite the RHS as a quartic polynomial in c,
bc* + (36 — a®)c® 4 2b(2b — a)(a + b)c?
+ b(3b — 2a)(a + b)’c + b(b — a)(a + b)?,
and factor it (see Table 1), obtaining that
(bc + b® — a?)(c® + 2bc? + 2(a + b)bc + b(a + b)?),
from which it follows that

BE = PQ ifandonlyif bc+b*—a®*=0,ie., a®=bb+c). O

An alternative solution is given in Crux Mathematicorum
[2000:126,127].

b 3b2 —a2 2b(2b—a)(a+b) bBb—2a)(a+b)? bb—a)(a+b)d
a?—p? a? — b2 2a2b — 2b° b2(a + b)? —b(b— a)(a + b)®
b
| b 2b2 2b2(a + b) b2(a + b)? 0

Table 1: Factorization of the quartic polynomial.

Proof that (2) <= (4). Since AI? = @, we have
s(AI* — (BC — CA)?)
=be(s — a) — s(a — b)?

:;((—a+ b+ c)be — (a+ b+ c)(a® — 2ab+ b))

= ;(—a?’ + (b —c)a® + b(b — ¢) — b(b?® — ?))
:;(a — b+ c)(be + b — a?)
= (s — b)(bc + b* — a?),
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from which it follows that AI = BC — C A if and only if bc + b* —
a®=0,ie., a®>=bb+c). O

An alternative solution is given in Crux Mathematicorum [2001:466].

Proof that (1) <= (5). We have that

1
AA:Z-AB{:ri(ZA) = /B
<—=> AFEAB is isosceles with /FAB = /ABFE
<~ FA=FEB
<= F lies on the perpendicular bisector of side AB
<— FEM | AB. O

Proof that (2) <= (6). We begin with the following lemma.

Lemma 1. We have
a(a + b)

Pel M <— PC=——-.
a+b+c

Proof. Applying Menelaus’s theorem to the triad of points M P1I,
on the sides of triangle ABC', we obtain (see figure 2)

AM BP EI, _
MB PE I,A

Pel,M <—

PE EI,  ra S
BP I,A hye+r, (s—a)ha+ 8
ah, a

- 2(s — a)h, + ah, - b+ c
PFE PB PE + PC

— = =
a b+c a+(b+rc)
_ BFE _ ac
a+b+c (b+c)(a+b+c)
s PB=_ ¢
a+b+c¢
b
s pc=at? 0

at+b+ec
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Figure 2: Construction for the proof of Lemma 1.

Thus,
a(a+b)

b <— a? =b%+ be. O
a+b+c N + be

PC =CA <

Proof that (2) <= (7). Let C’ be the point on BA extended such
that C’A = AC. Then, AACC’ is isosceles with ZCC’A = 1(ZA).
Thus,
1
LA=2.(({B) < ZCC'A = (2(4A)) = /B

<= ACC'’B is isosceles with
D the midpoint of the basis C'B

1 1 b+ec
b+ec c b
2 2 2
<— CA=2-DM. O
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Proof that (1) <= (8). Let C’ be the point on BA extended such
that C’A = AC. Then, AACC" is isosceles with Z/CC'A = 1(ZA).
Thus,

/A=2.(/B) < /CC'A= (;(AA)> — /B

<= ACC'’'B is isosceles with
D the midpoint of the basis C’'B

1 T b+ec
<~ DB=§C’B=§(C’A—|—AB):
b+e a
<~— DT =DB—-TB = —(s—a:E
<— BC =2-DT. O

An alternative solution is given in Crux Mathematicorum [1997:310].

Several engaging properties [1] for a triangle ABC with /A =
2 - (4£B) are listed and proved below. Notice that, for such a
triangle, /B is not necessarily the smallest angle in the triangle,
nor is ZA necessarily the largest.

1. Let CI (extended) intersect AB at U (figure 3).

C

A U B

Figure 3: Construction for the first property.
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Similar triangles C AI and CBU yield
CA BC
AI  UB’

and since UB = -£2 | then
a-+b

be
a-+b

Al =

=a—b. (10)

2. Triangles ABC and EAC are similar (see figure 4).

C

A B

Figure 4: Construction for the second property.

From the proportional sides we get

AB . AFE
BC CA
and
be
AE = —.
a

3. Let the circle through A, I, B intersect BC at P and CA at
Q. From inspection of figure 5, quadrilateral AQBI is cyclic
and on chord ATl

1
ZAQI = LZABI = E(AABC).
Making analogous use of the quadrilaterals IQPB, PABQ,

ITAPB and QAIP, we have marked several angles with the
same symbol ¢, meaning 3(ZABC).
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Figure 5: Construction for the third property.

It follows that
(a) Triangles AQI, IAP, PID are isosceles with

QA = AI = IP = PB,

which is equal to a — b by (10).
(b) The pairs of equal alternate angles IPA, PAB and PAB,
ABQ make

IP|| AB and AP || QB.
(c) We have
PC=BC—-PB=a—(a—b=b=CA
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and
CQ=CA+AQ =b+ (a—b) =a=BC,
making AABC and APQC congruent (S-A-S) with
PQ =c.

(d) The foot of the bisector of ZBC A lies on the line PQ.
Proof. Let X be the point where the side AB is crossed
by the line PQ. Menelaus’s theorem, applied to AABC
and transversal PX(Q asserts that

AX BP CQ
XB PC QA

’

and therefore
AX 1 BC B

’

XB CA 1
yielding 2% = €4, and the conclusion follows by the
converse of the internal angle bisector theorem. O

4. Let Y be the point where the line AB is crossed by the line
OC'. Then, the distance between the points A and Y equals
CA.

Proof. If ZCAB = 90°, then point Y coincides with vertex B
and

distance(Y, A) = distance(B, A) = AB = CA,

where the last equality holds since ABC is a 90-45-45 degrees
triangle.

If ZCAB # 90°, let C’ be the point on the circumcircle of
AABC diametrically opposite C. Then (see figure 6),

LACY = LACC' =90° — LAC'C = 90° — LZABC,

where the second inequality holds in the right-angled triangle
C AC’ and the third holds on chord CA.

Since the angles of AC AY add up to 180 degrees and LA =
2-(4£B), we have ZAYC = 90° — ZABC. Thus, ZAYC =
ZACY , making ACAY isosceles with CA = AY . O
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C
Cl
’ '
A Y B A B Y
Cl
ZA < 90° ZA > 90°

Figure 6: Construction for the fourth property.

5. Since the length of the tangent from vertex A of AABC to
the incircle is s — a and the tangent from any vertex to the
excircle beyond the opposite side is s (see figure 7),

Subtracting 1 from each side gives

IIa_ a
Al s—a
and
a
II, = - Al

S —a
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I

0w

B T

A +——s—(s—a)=a—

Figure 7: Construction for the fifth property.

Substituting for AI from (10),

2_ab b(— b
I, — a (a,—b):a ab _ (—a+ +c)’

S —a S —a Ss—a

where the last equality follows by substituting b(b + c) for a?),
yielding

11, = 2b.
Let the point of contact of the A-excircle with AB be T' and

let W the point on I, T such that IW is parallel to AB. From
right-angled triangle IW I, where IW = a,

A Iw a
cos — = cos(LI,IW) = = —,
2 11, 2b
and then cos A = 2cos? 2 — 1 gives
2 b(b —b
cosa= L 400+ ,_e-b
2b2 2b2 2b

Now, from the simple triangle relation ¢ = acos B + bcos A, it

follows that
c+b

cos B = .
2a
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6. Let d,, dy be the distances from the circumcenter of AABC
to the sides BC, C A, respectively. Then (see figure 8),

do = OM = R|cos A|, dp, = ON = Rcos B,

where R denotes the circumcenter of AABC and M, N the
midpoints of sides BC, C A. Substitution of the expressions
above for cos A and cos B in these formulae yields

d, alc—b] alc—bl |c—1b|

dy, blc+b) a2 = a

A B

Figure 8: Construction for the sixth property.

7. The area of AABC is rs and also r,(s — a), hence rs =
rqo(s — a). Thus,

r s—a —ab—|—b(b—}—c)_a—b
T, s ab + b(b+ c) a+b
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where the second equality follows by multiplying numerator
and denominator by 2b and the third, by substituting a? for
b(b 4 ¢) and simplifying.
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A new proof of the
Blundon-Eddy inequality
and some applications

Mihaly Bencze and Marius Dragan

Abstract

The purpose of this article is to give a new proof of the Blundon-
Eddy inequality in a bicentric quadrilateral, writing the sides
according to the radius R, inradius r and semiperimeter S.
The Blundon theorem is proved in [1]. Also we give a Blundon-
type inequality for the sum /a + v/b + /¢ + Vd.

1 Introduction

Let ABCD be a bicentric quadrilateral with R the radius of cir-
cumcenter, r the radius of incenter, S the semiperimeter, F' the
area, d;, d, the diagonals. We denote x3 = d;d5.

The following lemma is known.
Lemma 1. In every bicentric quadrilateral we have

i) F=Sr,

ii) F = +abcd,
iii) d;ds = ac + bd (Ptolomey’s theorem) and
iv) didy =2r(vVARZ + 712+ 7).

Theorem 1. In every bicentric quadrilateral we have

{2a, 2b, 2¢, sd} = {S + \/82 — 2x3 £ 2\/x2 — 4527'2},

where 3 = ac+ bd = 2r(\/4R? +r2 +r).
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Proof. We have ac+bd = x3, ac-bd = S?r?, from which we obtain

+ /x2 — 47282
{ac,bd} = {mS m; r }

x3 + /2 — 4r2§?
5 .

Without loss of generality, we may take ac =

Since S = a + ¢, we obtain

{a,c} = {;(S:l: \/Sz — 2x3 — 2\/x2 — 47’252)}.

In a similar way we obtain

{b,d} = {;(S:I:\/Sz—za:3+2\/m)}. O

Theorem 2. [n every bicentric quadrilateral we have the identities
i) (a—b)?(a—c)?(a—d)?b—c)?b—d)?(c— d)?
2
= 161252 {Sz — (\/4R2 +r2 + r)z} [Sz — 87'(\/4R2 + r2 — rﬂ;
i) (a—c)’(b—d)*=5%(S*—8r(VaAR? + 712 —7));
ii) (a—b)(b—c)(c—d)(d—a) = 4r?|(VAR? + 12 + 1) — 57|
Proof. We denote
u=2S%—2x;+2 x2 — 4r252?,
v=28%2—-2x;—2 x3 — 4r252.

By Theorem 1, we may assume that 2a = S + /u, 2b = S + /v,
2c=S—+/u,2d=8S—/v.

i) We have
4°TI(a — b)?
= (v — Vo) (2va)* (v + Vo) (Vi — Vo) (2v0) (Vi — Vo)’

=42 (u — v)*uw,
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or
II(a — b)?
= 41444(:13§ — 48%r%)?[(S? — 223)® — 4x; + 85°r?]
- 16r4<52 — (VAR + 72 + 7')2)2(54 — 42352 + 16725?)
= 16’1“4,5'2(,5'2 — (\/m + 'r)2) (S2 — 8r<\/m — 'r))

ii) We have

(a—c)%(b—d)? = 412(2\/@2(2\/5)2 = duv
= 52(52 — 87'(\/4R2 +r2 — r))
iii) We have
(@ —b)(b—c)(c—d)(d - a)
= (Vi VB)(VE + V) (Ve — V) (v~ V)
=@ - v)? = x5 — 45%?

:41«2{(\/41%2 +r2 4 r)2 — 52). 0

Theorem 3 (Blundon-Eddy for bicentric quadrilateral). In ev-
ery bicentric quadrilateral the inequality S, < S < S, holds, where

S1 and S, represent the semiperimeter of two bicentric quadrilater-
als AlBICIDl and A23202D2 with the sides

{ah b1, Cladl}
_ {sz —(r £ A, \2r (VAR £ 12 — 1), J2r (VaRE + 12 r)}

and

{ b o} { 2Rr 2Rr 2Rr 2Rr }
a c = — I — — 5,
29 U2y L24 U2 R—d,R—d-f-d’R—l—d,R—l—d
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with the semiperimeters

S, = \/81“(\/4R2 + r2 — 'r) and S, = \/4R2 + r2 + 7,

where d = OI.

Proof. By Theorem 2 ii) and iii), since II(a — b) = {z(u — v)? > 0,
it follows that §? > S? and S? < S2or 5; < S < S,.

We denote AB =a, BC =b,CD =c, DA =d.
In the following we solve the equality case from iii).

Case 1. According to iii), S = V4R?* +r2 4+ r ifa = b, or b = c,
ord=c,ord=a.

We consider a = d; the cases b = ¢, d = ¢ or a = b are similar.

A

Figure 1: Scheme for the proof of Theorem 3.

Since triangle ABD is isosceles and ABCD is inscribed in
C(O,R), we have u(BCA) = pu(ACB). So I € AC and
puw(DAC) = u(CAB) or O € AC. Hence, AO = OB = OC =
OD.
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Let ON L AB, IN L AB, M,N € (AB). Suppose R > d
(similar if R < d). We have AB = AD = a, BC = DC = c. Since
ANAOM ~ AAIN and AQIC ~ ACOP and by Pythagoras in
AAIN and AQIC, denoting AN = z, QC = y, we obtain

a R 2y R-—d
2z R+d b R’
x? +7r? = (R+d)?, ¥y +r*= (R - d)>~.

From this, we obtain

R JRyd?—r and b= -2 _J(R—adp -1

R—l—d R — —l—d
with a =d, b = c.
We verify if indeed Sy = vV4R? + r? 4+ r. We have

VERYd? - | B
R+d R—d

.5'2:2a—|—2b:2R<

1 4R?
+ >= 7;22\/4R2-{—r2—|—7°

=2R( _
R+d R-d R2 —d

1 1

(where we applied the Fuss theorem (R1d)? + B ) = ﬁ]'

So we obtain a bicentric quadrilateral A, B,C>D- with the sides

R

02:d2

R+d

— 2

b2:C2:

and semiperimeter Sy = V4R? + r?2 4 r.

Case 2. By ii), \/8r R2—|—r2—r)ifa:corb:d.

WLOG we consider a = c¢. We denote 8 = 8r(v4R? + 12 —r).
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Soa—l—c:b—l—d:Sora:c:\/zB. But abed = r2S? or
Zbd:ﬂr, or bd = 4r? and
b+d=./B. (1)

From (1) it follows that

— 1672
b,de{\/ﬁivzﬂ =1 @)
Denoting
z=\/R>— (r +d)?+ /R — (r — d)2,
y=1/R2— (r—d)?— \/R? — (r +d)2,
we have
x? = 2r4R? + r2 — 272, (3)
or x = ‘/f, y? = 2r/IRE T r2—6r% or y = /2 (vARZ 1 72 — 3r)
or
VB — 1672 = 2y. (4)

From (2), (3) and (4) we obtain

a; =c¢ = \/Rz— (r—a)—l—\/R2 —(r+d)2 = \/2(\/4R2+7°2 —r)

and

{b,di} = {2/R2 — (r £ a)2},

the sides of bicentric quadrilateral A; B;C;D; with semiperimeter
\/8'r 4R2—i—fr2—r) O

Lemma 2. In every bicentric quadrilateral we have

i) x + x2 = S?,
i) Tix2 = 2r<\/4R2 + r2 —'r)S2, where ©; = ab + cd, 2 =
ad + be.
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Proof. i) ¢1 + x2 = (a + ¢)(b+ d) = S?.

ii) We have 0[ABC|+0[ADC| = 6[ABD]+0[BCD]| = c[ABC D]

or absin B 4+ cdsin B = 2F and adsin A + besinC = 2Sr, or
d d

a:l—l = 28r and :1:2—2 = 287, or zix2d;ds = 16R?*r2S? or, ac-

cording to Lemma 1,

_ 16R2’r‘252 _2 ( 4R2+ 2 ) D
T (VAR T2 ) Y A

Theorem 4. In every bicentric quadrilateral, the following inequal-
ity is true:

Var(VaRre + 2 — )
+2v2{f2r(VAR? + 72 — 1) Wzr(m —7)t2r+2r
<Y Vab< 4\/7'(\/4R2 +7r2+ 'r) + V4AR2 + 72 + 7,

Proof. We have
Y Vab=+Vab+ Ved 4+ Vad + Vbe + vac + Vbd.

We denote y; = vab+ ved, y = vVad + Vbe, ys = \/ac + Vbd.

We have Y vVab =y1 +y2 + ys, y2 = 1 + 2F or y; = Vo1 + 2Sr
and y, = V&2 + 2Sr.

Y1+ Y2 = V1 + 257 4+ Jx2 + 257 or

Y1+ Y2 = \/ml + xo + 4Sr + 2\/(m1 4+ 2S7)(x2 + 2S7).

So we consider the function f: [S;, S2] — R
f(S)=Zvab=y1+y2+y3
= \/52 + 4Sr + 2\/2T(\/4R2 +r2 — 7')5'2 + 4r2S52% + 2rS3,
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which is an increasing function.

So f(S1) < f(S) < f(S2) according Theorem 3 or

S Vabs <Y Vab <Y Vasbs.

We have a; = ¢; = /R?— (r —+d)2 + VR? — (r + d)2, by =
2\/R? — (r — +d)?, dy = 2\/R? — (r + d)? and

S Vaiby = ay + 2v/a1by + 2v/ard; + /bid;. (5)
But byd; = 4r%. So from (5) we obtain
> Vaiby = VR — (r = &) + VR — (r+d)? + 27
+2v22r (VAR + 12 — ) (VR — (r + d)2 + {R2 + (r + d)2).

(6)

Also if we denote VR? — (r — d)? + /R? — (r + d)? = z we have

z:\K/Rz—(r—a)2+¢R2—(r+ d)2+2\[R? — (r+d)2|R2+(r—d)?]
= \/\/27‘(\/4R2 + r2 — r) + 27.

So

" Vasbs = /2r(VaR? + 1% — 1)
123 {far(AR? 7 — ) \V2r@RE £ % — 1) + 20 4 2r,

Z Vazbs = 4\/azbs + az + b

4R? T)2 2 d)2 — 2
=4\/R2_d2¢[<R—d> — r2)[(R+d)? — 77

2R
R+d

—I—sztd\/(R—d)z—r?—l— VR+d)? —r2. (7)
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By the Fuss equality we have R? —d° = r(v4RZ + r2 — r) and
[(R—d)* = r’][(R + dd)* — 7]

= [2R?* — r\/4R? + r? — 2Rd|[2R? — r\/AR? + r2 + 2Rd]

= (2R? - rm)z —4R*(R* + r* — r\/AR? + r?)

—AR*+4R*r?*+r*—4R*r\JAR2+7r2—4R*—AR%*? 4+ 4R?*r\/AR2 +r2?
4
=7r-.

Replacing in (7) we obtain

S8Rr
by = + VARZ + 72 +
o = AR

—afr(VAR + 72 £ 7) + VAR + 2 + 7. O

Corollary 1. In every bicentric quadrilateral, the following inequal-
ity holds:

\/_—|—x/_—|—\/_—|-\/_—|—\/_—|—\/_<iR—|—2O

Proof. Using the notations from Theorem 4, to prove the inequality
from the statement, it will be sufficient to show that

4V £ 141+ Va2 11 +1<%w+§, Vo > V2.

We denote t = \/ v4x? +1 + 1. We prove that
4+/2 20
at + 2 < \3/_\/754 — 204 Ve 2,

3t2 + 12t — 20 < 4v/2\/t4 — 212, Vit > 2,

or

or
32t* — 64t* — (3t*> + 12t — 20)2 >0, Vt > 2,

or
(t — 2)%(23t* + 20t — 100) > 0, Vt > 2,

which is true. O
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Corollary 2. Find the best real constants o, 3 such that the in-
equality

vVab+ vac+ vVad + vbc+ vbd + vVed < aR + (r
is true in every bicentric quadrilateral.

Proof. We prove that the inequality from Corollary 1 is the best of
type > vVab < aR + Br. Assume there exist ag, 3y € R such that

8 20
3" Vab < agR + Bor < iR—l— ST

is true in every bicentric quadrilateral.
From Theorem 4 we have that

ZM34W¢W+T)+¢W+T

8
< aoR + Bor < ;/_R

3

holds in every bicentric quadrilateral or

8
AWAZ2+ 1414 /422 + 141 < agetBo < \3/_:1:4— Vx> V2.

For & = +/2 we obtain 12 < v2ag + 8o < 12 or B + V200 = 12.

So
W/ Vax? +1+1+ V122 141
§a0m+12—\/§a0<8\3/_:1:—|—20, Va > V2,
or
a024¢\/m114:/_\2/m—11, Yo > v

If we denote t = \/\/4:1:2 +1+1, Vt > 2, we obtain

2(t2 4 4t — 12)
— VHE =282 — 24/2°
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or
2(t 4+ 6) (V2 — 2t2 4+ 2/2
g > (+)< +\/_>,‘v’t22.
t3+2t2+2t+ 4
So
2(t +6) (VT — 202 + 2v/2) 82
Qo > max = .
— Tt>2 t3 +2t2 4+ 2t + 4 3
8v2
So aozi
3
Also 3
8v'2 20
or \/_ \/_
12 2 8v2 20
ap 4+ — — Y2 o + 2 va> V2
x x 3 3x
842 8v2
Taking  — oo it follows that oy < ;/_ So oy = \3/_

20
Since By + V20 = 12, we obtain By = 3 a contradiction.

It results that the inequality from Corollary 1 is the best of type

Y Vab < aR + fr. O

Corollary 3. In every bicentric quadrilateral the following inequal-
ity is true:

12r < vVab+ vac+ vVad + vbec + vbd 4+ Vcd.

Proof. We denote * = R/r. According to Theorem 4, it will be
sufficient to prove that

\/2(\/431;2 +1-— 1)+
—|-2\/§\7/2(\/4w2 + 1—1)\/\/2(\/4332 +1-1)+2422>12, Vo > V2.
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1
We denote t = \/2(\/4:1;2 +1—1)orz= z/t4 T 412,

We obtain t + 2+/2,/t(t + 2) > 10, Vt > 2, which is true. 0

Remark 1. Similarly to Corollary 2, we may prove that the best

constant a_for which the inequality 3" vab > aR+ (12 — v/2a)r is
true in every bicentric quadrilateral is o« = 0.

Theorem 5. In every bicentric quadrilateral, the following inequal-
ities hold:

2\7/2r 4R2 —|—r2 —r \/2\/5\/7"(\/4R2 + 72 —r) + 4r
<Va+Vb++ve+Vd
< 2\/\/4R2 +r+r+2\/r(\/4R2 +r247).

Proof. We denote u = /ac + vbd. We have
Y Va=+va+ e+ Vb+Vd

= Va+c+2vac+\Vb+d+2vVbd = VS+2vac+\/ S+2vbd
= \/2S+2u+2\/(5+2\/ﬁ)(5+2x/ﬁ)

— /25 + 2u + 21/S? + 4F + 25u
= /28 + 2u + 2\/52 + 4Sr + 25u (8)

with
u = \/ac + bd + 2V abed = \/27’(\/4R2 + r2 — r) +2S8r. (9)

We consider the function f: [S;, S2] — R, f(S) =3 +v/a. From (8)
and (9) it follows that f is increasing. So

F(S1) < £(S) < f(S2) (10)

or

Vai + b+ Ve +Vd < va+ Vb + Ve + Vd
<Vaz + b+ Ve + Vda
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with
Y- var = var + by + Ve + \d

= 2v/a; + Vb, + Vd,

—2{/2r (VAR +12 —1) +V2({R — (r+d)*+ B2 — (r—d)? ).
We have

VR2 —(r—d)? + JR? —(r + d)?
=W — (= B~ (rt 2 12 IR (r— ][+ )

— er(VaRE £ v2 = r) 4 2.

So

> \/a_1:2\7/2r(\/4R2—|—'r2— r)+\/\/8r(\/4R2—|—r2— 'r>—|— 4r. (11)

Also

Z\/a_zz2\/a_2—|—2\/b72=2(\/a2—|—b2+2\/a,2b2). (12)

We have as + by = V4R2 +7r +1r = S,,

as by = (R =D (R4 D — )

R
4R?*r? 4R?r?
=R 7 (VAT ) =r(VAR* +r2 4 7).

(13)
From (12) and (13) we obtain

Z\/a_2:\/\/4R2—|—r2—|—r—|—2\/r(\/4R2—|—r2—|—’r). (14)

The statement follows from (10), (11) and (14). O

Corollary 4. In every bicentric quadrilateral, the following inequal-
ity holds:

Va+vVb+ve+vVd<2vV2VR+ (4V2 — 2V8)vr.  (15)
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Proof. From Theorem 5 we have

> Va < 2\/\/4R2 + r2 —i—fr—i—2\/r(\/4R2 + r2 —|—r).

R
If we denote * = — to prove (15), it will be sufficient to prove that
r

2\ 4x2+1+142V V422 +1+1 < 2v2Vx+4vV2—-2V8, Va > V2.

(16)
If we denote t = \/ v4x? 4+ 1+ 1 > 2, the inequality (16) may be
written as

2 4+ 2t < 4 — 262+ 2v2 — V8, Vit > 2,
which is true according to Wolphram Alpha. [

Corollary 5. If o, 3 are real numbers with the property that the
inequality

vVa+vb+e+Vd<avR+BYr (17)

is true in every triangle ABC', then we have the inequality
2vV2VR + (4v2 — 2V8)vr < aVR+ Bvr

in every triangle ABC'.
Proof. If the bicentric quadrilateral is a square, then by (17) we get

V2a + B > 4v2. (18)
Ifa:b,c:d:O,R:;,rzo,weobtainaZZ\/i.

Since R > +/2r we have that
(0 —2v2)VR+ (8 — 4v2 +2V8)Vr
> (V20— 2V8+ B8 —4vV2+2V8)Vr
=({7§a+ﬁ—4\/§)\/7_“20-

So avVR + Bv/T > 2vV2VR + (4v2 — 2v/8)/T. O
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Corollary 6. In every bicentric quadrilateral the following inequal-
ity is true:

Va+ Vbt Vet Vi > 43T (19)

Proof. We may prove the inequality similarly to Corollary 3. But
we find an other easy proof using the AM-GM inequality. We have

S Va > 4VVabed = 4V'F = 4V/Sr.

So to prove (19) we need to prove that v Sr > \/5\/7_" or S > 4r,
or from Blundon inequality § > \/ 8r(vVARZ+r2 —r) > 4r, or
VAR2 + r2 > 3r, or R > +/2r, which is true. O

Remark 2. In the same way as in Corollary 3, we can prove that
the inequality (19) is the best of type 3" +/a > av/R + B+/r.

Theorem 6. In every bicentric quadrilateral, the following inequal-
ity holds:

VRrlARE 12 —1),|\Br (VAR 72 =)+ ar -+ 4r f2r (JARE £12— 7

< Vabc + Vabd + Vacd + Vbed
< 2\/r(\/4R2 42 4 r>\/\/4R2 24 2\/r<\/4R2 424 r).
Proof. We consider the function f: [S;,S2] = R
f(8)=Y"Vabe = vac(vb + Vd) + Vbd(va + V)
= Vacyb + d + 2vbd + vVbdya + ¢ + 2v/ac
—ae(b + d) + 2vabedvac + \/bd(a + ¢) + 2vabedVbe
— JacS + 2Srv/ac + /bdS + 25rv/bd
:\/§<\/m+ bd + 2rx/ﬁ>

=S\ Jac+bd+ 2r\/ac—|—bd—|—2\/abcd—|—2\/ac—|— 2r\/cE(bd—|—2r\/El)
= \/§\/x3—|—2r\/w3+25r—|—2\/52r2—|—47'3S+27'2S<\/333—|—257') ,
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where x5 = 2’r<’r + VAR? + r2?).
It follows that f is increasing in S or f(S1) < f(S) < f(S2), or

vaibicy + \/albldl + \/alcldl + \/blcldl < Z Vabce
< \/Clzbzcz + \/Cl2b2d2 + \/azczdz + /b2cads. (20)

We have
Z \/a1b101 = \/a%bl + \/albldl + \/a’%dl + \/a'lbldl
— ax(Vor + V) + 2arbads
= 0,18, + 2/bydy + 2//ay - 4r?
= a11/S1 + 4r + 4r\/a;
— \er(VaREri—r)\\fsr (VaRE 7 ) +4r
+4r\7/2r<\/m—r). 21)

Also
Z Vazbacy = 2\/azb, (\/0_2 + \/b:) (22)

But
4R?r? 4R?r?
R = (VAR ) = VAR )

and a; + by = Sy = V4R2? + r2 4 r. Replacing in (22) we obtain
> Vasbzea
= 2/r (VAR F 7t 1)) [VAREF P2t r(JaREFrA L ). O

azb, =
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Some New Infinite Sums

Ankush Kumar and Toyesh Prakash

Abstract

Usually when calculating an indefinite integral by parts it is
necessary to apply this algorithm several times until the final
result is obtained. Using this idea it is possible to derive iden-
tities that allow us to calculate the sum of some numerical
series.

Main result and applications

To compute some infinite sums we will use the following theorem.

Theorem 1. Let f(x) be a function whose anti derivative exists.

Then,
_ & (mm)t (dr a" f (z)
@) = nz=:0 (n+1)! ( d:c”+1f(w) +n+1) dx™ )

Proof. By applying integration by parts, we have
/ F(z)de = of (z) — /a:f’(a:) de.
Integrating / xf'(x) dz by parts again, we get
332 P m2 ”
[ 1@ e =as@ - (5@ - [ 55 @) a)

= of(e) = o P@) + [ @f () de.
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Carrying out the same procedure with the last integral that appears
in the preceding expression, we obtain

/f@o¢n=wf@) S F (@) + 552" (@)

1 1444 1 14244
_4.3-2mf (m)+5-4-3-2m5f @)+
oo _1” n+1 d»

_y b f(=).

o (mn+1)! dzm

Differentiating both sides of the above expression yields

_ & ()t [ dm 1)
7= £ Gy i (P @)+ -+ DT
This completes the proof. O

Next, we will compute in two ways the following sum:

i z)"

= (n +wa+n+”’

where x is a nonzero real number. Using traditional techniques,

we have
oo (_1)nmn+1 oo (_1)nmn

o (=)t s (D) (=1)"="
P i TR AP Pl v} R iy ¢

oo (_1)nmn+1 (_1)n+1wn+1

:E:—————+-+Z

n=0 (n + 1)' n=0 (n + 1)!
B oo (_1) n+1 B (_1)nwn+1
_n;o (n+1)! i 7;0 (n+1)!
=1.

On the other hand, applying Theorem 1 to the function f(x) = e”,
we get
= (==)"

e‘”:Z

> m(we‘” + (n 4+ 1)e”),
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from which we obtain

= (-

177

—_— 1) =1.
nz:o( +1)'(:1:—|-n+ ) =
Applying Theorem 1 to the function f(x) = xe”, we obtain
zre® = > (==2)" ————(x((n + 1)e® + ze®) + (n + 1)(ne* + xe®)),

n=o (n +1)!

from which it follows that
=> i(m(n—}—1)—|—a:2—|—n(n+1)—|—a:(n+1)>
n=0 ( + 1)'
Z (=2)" —— _(2® +2z(n+1) + n(n +1)).

n+1)!

Likewise, for f(x) = sinx we get

S (=)
sinz = n{:ﬂ (n D!
and for f(x) = cosx we get
_ 2 (=)
cosx = ;::0 (D!

(zc cos(sc + n;) 4+ (n+1) sin(w + n;))

(—:1: sin(a: + n27r) + (n+1) cos(m + 77,271'))

Putting « = 1,2, 3,4,5 in the preceding first identity, we obtain

the following sums:

- (_1)n 2

Z_: (n+1)! (n

(=2)" =27

n=o (n + 1)!
(_S)n (

n=o (n + 1)!

(

7(712 + 9n + 24)

n?+ 7 + 15)

+3n+3) =

n2—|—5n—|—8>:

n? 4+ 11n + 35) =

=3,

=4,

3,
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and for x = /2, we get

> (2n?+2(vV2+1)n+ (1 +2v2)) _
P (—v2)"(n 4 1)! vz

Likewise, using the expressions for sin x and cos £ new sums can
be derived.
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Problems

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical problems. Proposals
are always welcome. Please observe the following guidelines when
submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on
separate sheets, each indicating the name and address of the
sender. Drawings must be suitable for reproduction.

2. Proposals should be accompanied by solutions. An asterisk (*)
indicates that neither the proposer nor the editor has supplied
a solution.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu

The section is divided into four subsections: Elementary Problems,
Easy-Medium High School Problems, Medium-Hard High School
Problems, and Advanced Problems mainly for undergraduates.
Proposals that appeared in Math Contests around the world and
most appropriate for Math Olympiads training are always welcome.
The source of these proposals will appear when the solutions are
published.

Solutions to the problems stated in this issue should be posted
before

May 15, 2022
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Elementary Problems

E-95. Proposed by Michel Bataille, Rouen, France. Let o, 3,7 be
the angles of a triangle. Prove that

(1 4+ tan %)(1 —|—tan§)<1 + tan %) _
1—|—tan%tan§tan%

E-96. Proposed by José Luis Diaz-Barrero and Josep Gibergans
Baguena, BarcelonaTech, Barcelona, Spain. Let ABC be an equi-
lateral triangle. On the side AB, and not overlapping AABC,
build a square ABEF'. Let P be the intersection point of AE and
CF. Show that PC = PE.

E-97. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. How many ways are there to represent 100000000
as the product of three factors? Factorizations which differ in the
order of the factors are considered to be distinct.

E-98. Proposed by Ghitescu Cosmina, Bucharest, Romania. Find
all positive integers such that

|[vV2n + 14+ v2n + 2] + [vV8n + 6] = 2+/n + 2015.

E-99. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. All the positive integers from 19 to 101 are written
consecutively to form the number 19202122...99100101. Find the
largest power of 3 that divides it.

E—-100. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a and b be real numbers such that n/4 <
a,b < /2. Prove that

1

wrnfi]) <l

b
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Easy-Medium Problems

EM-95. Proposed by Michel Bataille, Rouen, France. Let a,b be
real numbers. Prove that |sin(a — b)| belongs to the closed interval
with endpoints |sina — sin b| and [sina + sin b|.

EM-96. Proposed by Alexandru Benescu, Romania. Let ABC
be a triangle, H its orthocenter and X, Y, Z the circumscribed
circles of ABHC, AAHC, ANAHB, respectively. Let DE be the
common tangentto X and Y, EF to Y and Z and FD to X and
Z, such that all 3 circles X, Y and Z are inside ADEF'. Prove
that AD, BE and CF are concurrent.

EM-97. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Consider the polynomial A(xz) = z® 4+ z* — 42® +
x? + = + 3. Prove that for every positive integer n, the polynomial
A(x)™ has at least one negative coefficient.

EM-98. Proposed by Mihaela Berindeanu, Bucharest, Romania.
(2 + y?)v9 — 22 > 9z,

Find all z,y, z € (0,3) such that { (y% + 22)v/9 — 22 > 9z,
(2% + 2*)v/9 — y? > 9y.

EM-99. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Find all prime numbers r < g < p such that /p? — 13¢q2 — r2 is
rational and /p + 3r — q is a positive integer.

EM-100. Proposed by José Luis Diaz-Barrero, BarcelonaTech,
Barcelona, Spain. Assume you have a dodecahedron, so that when
it is thrown, each of the faces (which are numbered 1 to 12) occurs
with equal probability. Determine the probability that after 24
throws of the dodecahedron, the product of all the numbers thrown
will be divisible by 14.
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Medium-Hard Problems

MH-95. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let a, b, c
be nonzero real numbers such that a® 4+ b3 4+ ¢ = 0. Find the

maximum value of
<a+b+c>(a+c+b>
b c a c b a

and determine where the maximum holds.

MH-96. Proposed by Michel Bataille, Rouen, France. Let A’ be
the foot of the altitude from A in AABC and let D, E be the or-
thogonal projections of A’ onto AB and AC'. If E’ is the reflection
of E about A, show that the circumcircle of AADE’ is tangent to
the median from A in AABC.

MH-97. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Find all positive real numbers for which

126" — 1272% +1 = 0.

MH-98. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be a scalene triangle. Erect a square outwardly from each side
of triangle ABC'. Let A,, B;,C; be the respective centers of the
squares. The lines AA;, BB;, CC; concur in V; - the Vecten point.
We denote by C,, Ay, B, the symmetric points of C;, A;, B; with
respect to AB, BC,CA, respectively. The lines AA,, BB, CC,
concur in V, — the Inner Vecten point. Knowing that V;, V5, A are
collinear, find angle /BAC'.

MH-99. Proposed by Ander Lamaison Vidarte, Brno, Czech Re-
public. Let n > 3 be an integer. We have n balls, labelled from
1 to n, and n holes forming a circle. An arrangement is a way
of placing one ball on each hole. We say that an arrangement is
bushy if, for each ball b, both neighboring balls have labels smaller
than b or both larger than b.
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We make n moves as follows: on the k-th move, we locate the ball
labelled k and swap the position of its neighbors. We say that an
arrangement is jumpy if, for each k, the two balls swapped on the
k-th move both have labels smaller than k, or both larger than
k. Prove that there exist as many jumpy arrangements as bushy
arrangements.

MH-100. Proposed by José Luis Diaz-Barrero, BarcelonaTech,
Barcelona, Spain. Let xq,x2, x3, T4, x5 be nonnegative real num-
bers. If ;1 < 4, 1 + 3 < 13, 1 + 2 + 3 < 29, 1 + x5 +
x3 + x4 < 54 and 1 + 2 + 3 + 4 + x5 < 90, then prove that

VZEL+ /T2 + /T3 + /Ts + /5 < 20.
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Advanced Problems

A-95. Proposed by Michel Bataille, Rouen, France. Let n be a
nonnegative integer. Evaluate in closed form

i 2n — 2k\ (2n + 2k

o \ n—k n+k )
A-96. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be a scalene, non-right-angled triangle with altitudes AD, BE,CF
and midpoints M,, M,, M. of BC,CA, AB, respectively. Let J
be the intersection point of EF and M,M.. Point K is the sym-
median point of the triangle ABC. Knowing that J lies on the

median AM,, prove that the circle with center J and radius JK
is tangent to the Euler line of AABC.

A-97. Proposed by Nicolae Papacu, Slobozia, Romania. Show
that there exist three unique real numbers a, b, ¢ € (0,7/2) such
that

a = cot(a),
b = tan(cot(b)),
c = cot(tan(c)),

and ¢c < a < b.

A-98. Proposed by Toyesh Prakash Sharma, C. F. Andrews School,
Agra, India. Find the value of

e e dx V3 3
vlna:d:c—l—/ —|—/ e da:—l—/ e " de.
/1 e3 4/ Inax 0 V3

A-99. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let A(x) be a polynomial of degree n with integer
coefficients, and let ap < a; < ... < a, be integer numbers. Prove
that |A(a;)| > n!2~™ for some index ¢ € {0,1,2,...,n}.
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A-100. Proposed by Vasile Mircea Popa, “Lucian Blaga” Univer-
sity of Sibiu, Romania. Calculate the integral

o arccot(x)
dx.
—o Vxt+ 22+ 1

In this problem we will consider that definition of the function
arc cot(x) whose image is the interval (0, 7).
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Mathlessons

This section of the Journal offers readers an opportunity to ex-

change interesting and elegant mathematical notes and lessons
with material useful to solve mathematical problems.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria
Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,
08034 Barcelona, Spain, or by e-mail to

jose.luis.diaz@upc.edu
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Classical inequalities and
applications

José Luis Diaz-Barrero

1 Introduction

Inequalities, elementary or not, play an important role in many
branches of mathematics and appear frequently in mathematical
olympiads and contests. Many elementary inequalities have been
extensively documented in the well-known works of Hardy, Lit-
tlewood, and Polya [9] and Mitrinovic [10, 11]. Our goal in this
Mathlesson is to list some classical inequalities and use them and
properties of elementary functions to obtain new inequalities. Fur-
thermore, we work out some examples completely and also give
several applications.

2 Classical discrete inequalities

In the sequel we state a list of results that include, among others,
the well-known Standard Dozen Inequalities. It is a collection of
twelve famous inequalities that are used and applied to prove ele-
mentary inequalities such as the ones that appear in Mathematical
Olympiads and other contests around the world. We begin with
the following.
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Theorem 1 (Means). Let a,,as,...,a, be positive real numbers.
Then, HM < GM < AM < QM , where

n
HM = , GM = Yaiasy...a,,
1/a;+1/ax+ ...+ 1/a, 172
AM:a1+az+--.+an’ QM:\/af+a§+-..+ai.
n n

Equality holds ifand only if a; = as = ... = a,.

Theorem 2 (Weighted Power Mean). Let a;,as,...,a, be a set
of positive real numbers and let w,, wa, ..., w, be nonnegative real
numbers with a positive sum. Then,

£r) (wla’l“—szag—l—...—l—wna,;)l/"
'S =
w; +wz + ...+ wy

is a non-decreasing function of r, with the convention that, when
r = 0, f(0) is the weighted geometric mean. Namely,

noo T T
f(0) = (H akk> .
k=1
In particular, f(1) > f(0) > f(—1) gives the well-known AM-GM-
HM inequality.

Theorem 3 (Cauchy-Buniakowski-Schwarz). Let a,,a,,...,a,
and by, bs, ..., b, be real numbers. Then,

(L) = (1) (£)

k=1 k=1 k=1

A generalization of Cauchy’s inequality [1] is the following.

Theorem 4 (Holder). Let
A1,Q2yc..yQp3;b1ybay.ee by 2192250004 2n

be nonnegative real numbers, and let Ay, Ay, - . . , A, be positive real
numbers which sum is one. Then,

n n Aa n Ab n Az
Za?“bzbo--z;‘z < (Z ak> (Z bk> (Z zk> .
k=1 k=1 k=1 k=1
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Corollary 1. Let aq,as,...,a,;b1,bs,...,b, be real numbers and
let p, g be positive numbers such that % + % = 1. Then,

n n 1/p / n 1/q
> lagbi] < (Z |ak|p> <Z Ibqu) ,
k=1

k=1 k=1

with equality when |by| = clag|P™!, 1 < k < n.

Theorem 5 (Minkowski). Let ai,as,...,a,;b1,bs,...,b, be real
numbers and let p > 1. Then,

n 1/p n 1/p n 1/p
(Z lax + bk|p> < (Z |ak|p> + (Z |bk|p> .
k=1 k=1

k=1

Equality holds when the sequences ai, as,...,a, and by, bs, ..., b,
are proportional.

Theorem 6 (Rearrangement). Let a,,...,a, and by,...,b, be
sequences of positive real numbers, and let ¢y, ..., c, be a permu-
tation of b1, ...,b,,. The sum S = a1b; + azbs + ...+ a,b, is maxi-
mal if the two sequences a,,...,a, and by, ...,b, are sorted in the

same way and minimal if the two sequences are sorted oppositely,
one increasing and the other decreasing.

Theorem 7 (Chebyshev). I[fa; < a; < ... < a, and b; < by <
... < b, are two nondecreasing sequences of real numbers, then

n 1 n n n
> agbpii—k < (Z ak) (Z bk:) < > apbg.
N \k=1 k=1 k=1

k=1

A function f: I C R — R is convex on I if and only if f(pxz 4+ (1 —
p)y) < pf(x) + (1 —p)f(y) forall z,y € Tand 0 < p < 1. If
the inequality holds in the opposite direction, then f is said to be
concave.

Theorem 8 (Jensen). Suppose that f: I C R — R is a convex
function and suppose that the nonnegative real numbers p, 1 <
k < n, satisfy p1 + p2 + +++ + pn = P,. Then, for al a, € I,
1 < k < n, one has

f(;, Zn: pkak> < ;n kz::lpkf(ak)-

n k=1
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If f is concave, the preceding inequality is reversed.

Notice that when n = 2 and P,, = 1 Jensen’s inequality is nothing
more than the definition of convexity previously given.

Theorem 9 (Ky Fan). Let0 < a; <1/2 fork =1,2,...,n. Then,

(fLee) /(S o) = (Bl =) /(Zo o)

Let ¢y > x3 > ... > xp3y1 > Y2 > ... > Yy, be real numbers. If
T+ 22+ ...+ >y +y2+...+ypforall k =1,2,...,n—1
and for kK = n we have

i1+ x2+ ...+ T =Y1+ Y2+ ...+ Yn,

then it is said that the sequence {x}};_, majorizes the sequence
{yr}7_,. We write this in the form

(135225« 5%n) > (Y135Y25 -+ -5 Yn).

Theorem 10 (Karamata or Majorization). let f: I C R — R
be a convex function on I and suppose that (xi;Ta;...;T,) >
(y15Y25 .. .5 Yn), Where xy, yx, € I. Then,

F(x1) + f(x2) + ... + f(zn) 2 f(y1) + f(y2) + .-+ fyn).

Notice that when m = (x;+x2+...+x,)/n is the arithmetic mean
of the numbers x4, ...,x,, then (z1;x2;...;52,) > (M;m;...;m)
and Karamata’s inequality becomes Jensen’s inequality.

Theorem 11 (Popoviciu). Let f: I C R — R be convex on I and
let a,b,c € I. Then, for any positive reals p, q, r,

ap + bq + cr
b
£(@) + af ) + (@) + (0 + g+ np (L)
ap + bg bq + cr cr + ap
2 af (%) + s (T ) s ().
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Corollary 2. Let f: I CR — R be convexon I and let a,b,c € I.
Then,

£la) + 1) + £(0) + 35 ()

220(%7) +5(557) +4(57)]

Theorem 12 (Popoviciu Generalized). Let n > 3 be a positive
integer. Then,

(n—z)éf(mk)-l-"f( zmk)>z 3 f(“”w”),

1<i<j<n 2
where f: I C R — R is a convex function and x,T2,...,%, € I.

Let x4,...,x, be positive real numbers and p = (p1,...,pn) € R".
The p-mean of x,...,x, is defined as

[p] = — Z T (1) To(2) """ Toln)s
n! oc€ESn
where S,, is the set of all permutations of {1,2,...,n}.

Theorem 13 (Muirhead). Let a,,as,...,a,;b;,bs,...,b, be posi-
tive numbers. Suppose that the sequence a = (a1, az,...,a,) ma-
jorizes the sequence b = (b, by, ...,b,). Then, for any positive real
numbers x1, T2, ..., &, We have [a] > [b], or, equivalently,

b bn
Z :L‘O'(l) 0'(2) ’ a'('n) > Z wo(l) 0'2(2) -ma'('n)'

ocES, ogESn
Since (1,0,...,0) > (1/n,1/n,...,1/n), the AM-GM inequality is
a consequence.

Theorem 14 (Shur). Let a, b, ¢ be nonnegative real numbers. For
any r > 0, we have

a"(a—b)(a—c)+b"(b—a)(b—c)+cc"(c—a)(c—0b) > 0.
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Theorem 15 (Bernoulli). The following statements hold.

1. If n > 1 is an integer and * > —1 is a real number, then
1+x)">1+ nx.

2. Ifa>1ora<0,then, forx > —1, we have (1+x)* > 14+ax.

3. If0 < a<1,then, forx > —1, we have (1 + x)* < 1+ ax.

Theorem 16 (Newton-MacLaurin). Let a,,as,,...,a, be nonneg-
ative real numbers. Define the symumetric polynomials sg, S1,. .. Sp
by (x+a1)(x+az)...(x+a,) = so+ s1x+...+ s,x™ and define
the symmetric averages di, = s;,/(}). Then,

(@) df > dppade1 and (b) dy > /dy > ds > ... > {/dn.

Theorem 17 (Chrystal-Huygens). Let aq,...,a, and by,...,b,
be positive real numbers. Then, for all n > 2,

\’/(a1+b1)(a2—|—b2)...(an+bn) Z {L/alaz...an—i— \n/blbz...bn.

Theorem 18 (Schweitzer, Polya and Szego). Let 0 < a < A,
0 < b < B and let ay,az,...,a, € [a,A] and by, bs,...,b, €
[b, B]. Then, for all n > 2,

(c(aitait. . +a)i+b5 4. +b) 1 \/AB+ ab \>
- (a1b1 + a2b2 4+ ... + anbn)z 4 ab AB '
Theorem 19 (Radon). Ifp >0, x, >0, ar > 0,1 < k <n, then

n mz+1 n p+1 n P
P2 (o) [(Ta).
k=1 Qk k=1 k=1

Surely, the particular case when p = 1 is the most well known,
called in the literature Bergstrom’s inequality.

Corollary 3 (Bergstrom). Ifx; € R, ap > 0,1 < k < n, then

2 2 2 2
T T, L Ty (T1+x2+ ... + Tn)
a; az an a;+az—+...+a,

Theorem 20 (Euler). Let r and R be the inradius and circumra-
dius of a triangle ABC. Then, R > 2r and equality holds when
AABC is equilateral.
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Theorem 21 (Erdos-Mordell). Let M be an interior point to the
triangle ABC and let A’, B’, C’ the projections of M on the sides
BC,CA and AB, respectively. Then,

MA+ MB + MC > 2(MA' + MB' + MC').

Equality holds when ANABC is equilateral and M is its center of
gravity.

Theorem 22 (Ptolomey). Let ABCD be a convex quadrilateral.
Then,
AB-CD+ AD-BC > AC - BD.

Equality holds when ABCD is a cyclic quadrilateral.

3 Applications

In what follows, using elementary techniques and the results listed
in the previous section, some inequalities are obtained. We begin
with an inequality that can be proved using mean inequalities.

Problem 1. Let a,b, c be nonnegative real numbers. Prove that

a n b n c S v ab Vbe Vvea
l14a 14b 14c¢c " 14a+b 14b+ec 14+c+a
. . a b a+b
Solution. We claim that 4+ > . Indeed,
1+a 1+0b 1+a+b
a b a-+b ab(2 4+ a +b)

1+4a 14+b 1+a+bd 1+a)(14+b)(1+a+b)
c > b+ c d c a > c+a

+b+1+c_1+b+CM11+c+1+a_1+c+d
Adding up the preceding inequalities yields

Likewise,

2<a+b+c>> a—l—b+b—|—c+c—|—a
1+a 14+b 14¢/ " 14+a+b 1+b+ec 14+c+a
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Applying the AM-GM inequality yields

a-+b N b+e n c+a S 2v ab N 2v be n 2+y/ca
1+a+b 14+b+c 14+c+a " 1+a+b 1+b+c 1+c+a’

Therefore,

2( a b c )> 2v/ab 2v/be 2./ca

1+a+1+b+1+c _1—|—a+b+1+b+c+1—|—c+a

and the statement follows. Equality holds when a = b = ¢ = 0,
and we are done. ]

Now we will insert a term as a key idea to prove an inequality. This
technique is used in the following problem.

Problem 2. Let a, b, c be positive numbers. Prove that

(aabbcc)2<a—(b+c) + b—(c+a) + C—(a+b))3 Z 27.

Solution. The stated inequality can be written as

3
(a“bbc‘3>2 > 3 .
— \a—(+9) 4 p—(cta) + c—(a+b)

To prove it, we will prove the following chain of inequalities:

3
(aabbcc)2 > ab—i—cbc—l—aca—i—b > 3
- — \a—+9) 4 p—(cta) 4 o—(atb) | °

The right one immediately follows applying the GM-HM inequality.
To prove the left one, we suppose WLOG that a > b > ¢. Then,
Ina > Inb > In c and, by rearrangement, we have

alna+blnb+clnc > blna+clnb+alnc

and
alna+blnb+clnc>clna+alnb+blnec.

Adding up the preceding inequalities yields

2(alna+blnb+clne) > (b+c¢)lna+ (c+a)lnb+ (a+b)Inc
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or, equivalently,
2(ln a®+1Inb® + In cc) > In a’t¢ 4+ Inbt® + 1n c*+°

from which the statement immediately follows. Equality holds
when a = b = c. ]

A change of variables combined with the CBS inequality is the key
idea to prove the following inequality [4].

Problem 3. Let x,y, z be positive real numbers. Then,

. P O L S I
Y Jryz z Jryz x Jryz =

x z
Solution. Setting a = , Y ande= yields
Jryz ‘3/:cyz Jryz

( )+b+ )+(c+—) > 12.

To prove the preceding inequality we set @ = (a + —,b —|— € + )
and ¥ = (1,1, 1) into the CBS inequality, and we obtaln

o+ < er
S srnf(er oo e o)
2;{<a+i>+(b+2)+(c+‘;)r. (1)

Now, taking into account that abc = 1 and applying the AM-GM
inequality twice, we get

(a+i>+(b+2)+(c+ 2 > \/<a—|—b>(b—|—2)<c—|—z>

\/ ab be ca
>3 ————6
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Therefore, the RHS of (1) becomes

Hat D)+ b+ )4 (er D) 212

Equality holds when ¢ = y = z. O
The following result is a source of many interesting inequalities.

Lemma. Let o € C and ag,a4,...,a, and by,by,--- , b, be se-
quences of complex numbers. Then,

n 1 n n
Re(a 3 akbk> < (Z la]® + |a)* > |bk|2). (2)
2 k=0 k=0

k=0

Proof. Inequality (2) immediately follows from the identity

n n

k=0 k=0
= 3 Jault +lal? 3 I — 2Re(@ 3" st
k=0 k=0 k=0
>0,
valid for any complex number o € C. [

From the preceding we get the following result [1, 10].

Corollary (Complex CBS inequality). Let ag,a;,...,a, and
bo, b1, ..., b, be sequences of complex numbers. Then,

n 2 n n
doarbe) <D lak® Y bl
k=0 k=0 k=0

with equality if and only if there is a complex number a € C such
that ay, = aby, forany k € {0,1,...,n}.

Proof. Setting o = (X7_ arbi)/(Xp_o |bkl?). b # 0 (1 < k < n)

into (2), we obtain
2 n
/(Z |bk|2> >0,
k=0

n n

o lar — abg)®* = D |a]® —

k=0 k=0

n
> axby
k=0
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which proves the statement. Finally, from the last expression it
follows that equality holds if and only if a; = ab, for 0 < k < n,
and the proof is complete. [

Problem 4. Let ag,a;,...,a, and by, b,--- ,b, be sequences of
complex numbers. Prove that

n 2n+1 ™
> lak|* + > bel?.
k=0 6 k

=0

1
n

Re<§nj akbk> <

k=0

Solution. Setting a = k, 0 < k < n, into (1) yields

n 1/.n n

k=0 k=0 k=0

Adding up the inequalities in (3) and taking into account the well
known identities

z”:k:n(n—l—l) and z":kzzn(n—l—l)(2n—|—1)
Y ,

k=1 6

< () g POEDERED ).

After simplifying terms in the preceding inequality the statement

follows. O]

A simple observation about nonnegative functions jointly with
mean inequalities can be used to get new proposals [3]. An example
is presented in the following problem.

Problem 5. Let n be a positive integer. Prove that

ST
n ;= 2¢C(n, k)



198 Arhimede Mathematical Journal

Solution. The graph of f(x) = e* and the tangent line y =1+ «
show that we have for all x € R the well-known inequality 1+ x <

1 n
e®. Setting x = — > 2*C(n, k) — 1 into it, taking into account

k=1
that Y 2*C(n,k) = 3" — 1 and the HM-AM inequality, yields

k=1

n 1 .n n
exp(Z ZkC(n, k) — n) > ( Z ZkC(n, k))
k=1 L]
2 (5 3 woem)

That is,

(v ctnm) el reen 1)

1

= 1 3n_(”+1) > 1. [
n i 2’“C(n k) -

Now, we give an inequality involving sequences of nonnegative
integers [6].

Problem 6. Let F,, be the n-th Fibonacci number, defined by Fy =
0, F, =1and, foralln > 2, F,, = F,,_, + F,,_», and let L,, be the
n-th Lucas number, defined by Lo = 2, L; = 1 and, foralln > 2,
L,=0L,_+ L,_,. Prove that, forallmn > 1,

Fn—|—1

S (EL/ 4 LY/ < 2

2n

Solution. Let f: (0,1] — R be the function defined by f(x) =
zlnz 4 In(2 — x). Then,

(x —1)(x —4)
x(2 —x)? 2 0.

fl(x) =Inx + 1_733 and f"(x) =
2—x

Thus, f’ is increasing and f’(x) < f/(1) = 0. Since f’ < 0, then f
is decreasing and f(x) > f(1) = 0. Thatis, xlnz +In(2 —x) > 0
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and Inz® > In(1/(2 — x)), from which it immediately follows that
x+x <2

Equality holds when = = 1. Now, setting « = 1/F,, and « = 1/L,,
into the preceding inequality yields

1 1 —1/Fn 1 1 —1/L,
— — <2 and — — < 2.
E, + <Fn> o L, + <Ln>

Adding up the preceding expressions and taking into account that
F, + L, = 2F,4; and F, L, = F,,, as can be easily proved by
induction, we get

F,+ L, 1\ YE 1\~ YEn
L Ml Y (el — <4
F.L, | <Fn> * (Ln> =

or, equivalently,

Fopr | 1]/ 1\ 7Y 1\~ YEn
| = — < 2,
F2n +2[<Fn> +(Ln> ‘| -
from which the statement immediately follows. Equality holds
when n = 1, and we are done. O

Convex functions are very useful when dealing with inequalities.
Next, we give an example [8].

Problem 7. Let a,b, c be three positive numbers such that a + b +
c = 1. Prove that
3 3 3
(a® 4+ b* + c*)(a® + b° + ") (a® + b° + ) > (Va + Vb + Ve) .
Solution. Let f: R — R be the function defined by f(x) = In(a® +

| b®Inb z 1
b® + c*). We have f'(z) = = MJrererJrC — and
aw T c:l:

a®*In® a+b*In2b+c®1n?c (@®Ina+bd*Inb+c”*In c)2
am_|_b:z:+ca: (am_|_bm_|_cm)2 =

The last inequality can be easily obtained applying the Cauchy-
Buniakowski-Schwarz inequality to the vectors @ = (v/a*, v'b%, v/c®)

()=
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and ¥ = (v/a*Ilna,vb*Ilnb,+/c®1Inc). Therefore, f is convex and,
applying Jensen’s inequality, we get
a+b+c 1
() < @+ FB) + ()

or

ln(aa+§+c 4 opuitre ca+§+c)
< ;[ln(a“ + 5% + ¢*) + In(a® + b* + c*) + In(a® + b° + ¢°)].

Now taking into account the properties of the logarithm function
and the constrain, yields

[}

a c a+b+c a c\3
(a®+b"+c*) (a’+b"+c") (a°+b°+c°) > (a S e I )
from which the statement follows. Equality holds when a = b =
c=1/3. O

There are a lot of efficient strategies for proving inequalities. Never-
theless, the use of probability techniques as a method for proving
inequalities has seldom appeared in the literature. Next, we present
an example connecting probability and inequalities.

Problem 8. Let m,n be positive integers and let x;; € [0, 1] for all
t=1,2,...,m;3 =1,2,...,n. Prove that

{1 (1 fieu) + i ( - fio _%.)) >

j=1

Solution. Since 0 < z;; < 1, we can assume that x;; = p[A;j]
where A;; are independent events in some probability space
(E,P(E),p). It is well known that

5(fa) < fi(0a)

Taking into account Morgan’s Law yields

5(fia)=A(Aa) e (Am) =A(0 )
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Thus,

or, equivalently,

n

1_H(1_ﬁ%.)g}j(l_}jlu_%)). .

71=1 =1

Problem 9. Let a,b, c be three real numbers greater or equal than
one. Prove that it is always possible to construct a triangle whose
sides have lengths a'/*,b'/®, cl/¢,

Solution. We have [a] < a < [a] 4+ 1. Applying Bernoulli’s inequal-
ity yields

20 >2 — (141D >14[a]>a>1,
from which we get 2 > a'/* > 1. Likewise, 2 > b'/® > 1 and
2 > ¢'/¢ > 1. Now, we have

al/a + bl/b 2 1 + 1=2> Cl/c,
bl/b _|_ Cl/c 2 1 _|_ 1=2 > al/a,
c/c+at/*>141=2>>b""

Therefore, with segments of lengths a'/¢,b'/?, ct/c it is always

possible to build up a triangle. [
Problem 10. Letxq,xs,...,x, and y,,y2,. .., Y, be real numbers.
Show that 2 < 1, where r = ———,

Sz Sy
(Here r? is the determination coefficient, which is the square of the

correlation coefficient r).

Solution. The covariance S, of the given data is defined by

Sey = 2 3 (@ = ) (e~ )
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and the standard deviations S, and S, are given by

1 n 1/2 1 .» 1/2

S. = < > (mp — :1:)2> and S, = < > (yr — y)2> ,
=1 k=1

respectively. Taking into account the CBS inequality, we have

S (S e (Swe-vr)

k=1 k=1

r
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Contests

In this section, the Journal offers sets of problems appeared in
different mathematical contests over the world, as well as their
solutions. This gives readers an opportunity to find interesting
problems and develop their own solutions.

No problem is permanently closed. We will be very pleased to
consider new solutions to problems posted in this section for pub-
lication. Please, send submittals to José Luis Diaz-Barrero, En-
ginyeria Civil i Ambiental, UPC BARCELONATECH, Jordi Girona
1-3, C2, 08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu
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Problems and solutions from
the 8th edition of the
BarcelonaTech Mathcontest

O. Rivero Salgado and J. L. Diaz-Barrero

1 Problems and solutions

Hereafter, we present the four problems that appeared in the paper
given to the contestants of the BarcelonaTech Mathcontest 2021,
as well as their official solutions.

Problem 1. The numbers {1,2,...,80} are written in the black-
board. Gaudi plays the following solitaire game. Whenever there
are at least two numbers written in the blackboard, he chooses two
among them, a and b, erases them, and writes instead either the
number 8a + b or the number a — 6b. He wins if in the moment
when only one number is written in the blackboard, this is 2021.
Does he have a winning strategy?

Solution. Consider the numbers modulo 7. Then, in each step,
two numbers a and b are chosen and replaced either by 8a + b =
a + b modulo 7 or by a — 6b = a + b modulo 7. That is, working
modulo 7, the operation consists on replacing two numbers a and
b by a + b. Then, the resulting number modulo 7 once the game
is finished will be 1 +2 4+ ... 4+ 80 = 6 modulo 7, and 2021 is
congruent with 5. Therefore, he cannot win the game.
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Problem 2. Let ABCD be a parallelogram. A variable line
drawn through A cuts BC and CD at F and G, respectively, and
cuts the parallel to BD through C at E. Prove that

1 n 1 o 2
AF  AG AE’
Solution. Let {O} = ACNBD and {P} = AENBD. Since OP
is the mid parallel to AACE then AE = 2AP.

D

Figure 1: Scheme for solving problem 2.

We have the following triangle similarities: AAPD ~ AFPB,
ANABF ~ AGCF, AGCF ~ AGCA, from which we obtain

AP FP 1 FB _ FB
AD FB — AP FP.-AD FP.BC’
AF GF 1 CF

BF CF — AF BF.-GF’

AG GF 1 CF _ CF
AD CF — AG AD-GF BC . -GF’

Then,

1 N 1 _CF( 1 N 1)
AF  AG FG\BF BC
CF BF+BC 1 PF-BC

FG BF-BC AP  BF
1 CF BF+ BC PF

AP FG BF-BC BF’
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Since ADPA ~ ABPF, then we have
FB _ AD _ BC
PF AP AP

from which

< FB(AP + PF) = PF(BC + FB),

PF _ FB — BC + FB _ AF

AP+ PF BC+ FB BF PF
follows. Since ACFG ~ ABF A, then we have
CF BF CF AF

—_—= = — - —— =1
FG AF FG BF
Finally, we have

1+1_1 CF AF PF 1 2
AF  AG AP FG PF BF AP AE’

and we are done.

Problem 3. Let a,b,n be integers such that 0 < a < b < n.
Prove that there exists a prime p that divides both (") and (}).

Solution. We argue by contradiction. Suppose that (") and (7})
are relatively prime. We need the following identity:

n\ (b [(n\/n—a

b)\a) \a/\b—a)’
valid for 0 < a < b < n. Indeed, suppose we have a class with n
students. Then we may choose (7;) committees of b students and

for each b students we have (Z) subcommittees with a girls. Thus,
the total number of students may be counted (committed) in two

D=6

From the preceding, we get that

(o)1) ()
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But since () and (7) are coprime, it follows that (7) divides (°)
which is impossible because it is clear that (°) < (*). Thus,

con((3)3))

Problem 4. Let a,b, c be positive real numbers. Prove that

and we are done.

a? — be n b%? — ca n c? —ab
2a2+ab+ac 262+ bc+ba  2c24+ca-+cb
Solution. First, we write the inequality claimed as

D P>

cyclic 2a + b +c cyclic a(2a + b + C)

Applying Cauchy’s inequality to the vectors @ = (va + b, va + c)

1
and ¥ = <\/a—|—b’ \/a—i—c> yields 4 < ( (2a+b+c),
and we obtain

a—l—b+a—|—c>

a 1 a a
saroreSilarstare)
2a +b+ ¢ a+b a+c

Likewise, we get

b 1 b b
armreSilowetova)
a-+2b+ ¢ b+c b+a

and

c 1 c c
e i o)
a-+ b+ 2¢ 4\a+c b+ec
Adding up the preceding inequalities yields
a
— < - (1+1+41
Cyzdzlc2a—|—b—|—c_4( ti+1) =

Applying again Cauchy’s inequality to the vectors

L bc ca ab
v a(2a+b+c) \'bla+2b+¢) \ cla+b+2c)
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and

T = <\/bca(2a + b+ ¢), \/cab(a + 2b+ ¢), \/abc(a + b+ 20))
yields
(bc + ca + ab)?

be n ca n ab
a(2a+b+c) b(a+2b+c) c(a+b+2c)

Then,

>4abc(a + b+ c).

S be S (ab + be + ca)? S 3
oyaie @(2a +b+¢) T dabc(a +b+c) T 4

Indeed,

(ab + be + ca)? - 5 o
>— b b —ab b > 0,
dabe(atb+c) = 4 S a + b%c? + c*a abc(a+b+c) >

which immediately follows from the well-known inequality =2 + y? +
22 > xy + yz + zz. Finally, we have

Z Z bc 3

3
cyclic 2a + b +c cyclic a,(2a + b + C) i

= 0.

Equality holds when a = b = ¢, and we are done.

Oscar Rivero Salgado
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UK

riverosalgado@gmail.com

José Luis Diaz-Barrero
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BarcelonaTech

Barcelona, Spain
jose.luis.diaz@upc.edu
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Solutions

No problem is ever permanently closed. We will be very pleased to
consider new solutions or comments on past problems for publica-
tion.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu

Elementary Problems

E-89. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. In an urn we have balls of 20 different colors. Balls
are drawn at random from the urn and placed on a table. What is
the minimum number of balls that must be drawn from the urn
to ensure that, among them, there are at least 102 that share the
same color?

Solution 1 by Michel Bataille, Rouen, France. Answer: 2021.

Suppose that we have drawn 101 balls of each of the 20 colors.
Then we do not have 102 balls of the same color. It follows that the
desired number of draws must be greater than 101 x 20. However,
drawing one more ball ensure that 102 balls are of the same color.
Thus the desired number is 101 x 20 + 1 = 2021.

Solution 2 by the proposer. Note that if we take 20 balls from
the urn it could be possible that all of them were of different colors.
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So, we can ensure that there are two of the same color if we take 21
balls from de urn (on account of the pigeonhole principle). Likewise,
we need 41 = 20 x 2 + 1 balls to ensure that there are at least 3
of the same color, because with 40 balls it may be that each color
appears exactly two times. Continuing this procedure we arrive
the result and we need to draw 20 x 101 4+ 1 = 2021 balls from the
urn to ensure that among them there are 102 of the same color.

Also solved by Alberto Espuny Diaz, Technische Universitcit Ilme-
nau, Ilmenau, Germany.

E-90. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Find all functions f: N* — N* that for all =,y € N* satisfy

z(f(@) +y)  y(f@) +=) _ [fl=z+y)
yf(z)+1 = zf(y) +1 zy+1

Solution 1 by Brian Bradie, Christopher Newport University,
Newport News, VA, USA. Let * = y = 1. Then,

r+1  r+1_ [F@)P
fM+1 fA)+1 2

, or f(2)=2.

Now, suppose f(1) = a for some a € N*, and let x = 1 and y = 2.
Then,

[f(3)]> a+2 6 . a+5
3 _2a+1+§’ or [£(3)] _7+2a+1'

For ;t% to be an integer requires a +5 > 2a + 1, or a < 4.

e a=0: 25 — 12 but [f(3)]*> = 12 does not have a solution

2a+1
in N*.
e a=1: ;%% =2 s0 f(3) = 3.
e a=2: ;%% is not an integer.
e a=3: 4% is not an integer.
o a=4: ;% =1, but [f(3)]> = 8 does not have a solution in

N*.
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Thus, f(1) = 1. Finally, take y = 1. Then,

z(f@)+1) 1te o [fE+DP
flx)+1 14+x 1+ x

, or f(x+1)=xz+1.

The only function f: N* — N* that for all =,y € N* satisfies

z(f(x)+y)  y(f@)+=) _[fl=+y)
yf(®)+1  zf(y)+1 zy + 1

is f(x) = .

Solution 2 by Michel Bataille, Rouen, France. Let E(xz,y) de-
note the given relation and let f be a solution.

First, it is readily checked that E(1,1) and E(2,2) give f(2) = 2
and f(4) = 4, respectively.

Second, if x € N*, E(x,1) and a little algebra lead to

(z* —1)(f(1) — 1)
zf(x)+1 '

[fz+1)]* = (z+1)" - (1)

It follows that the assumption f(1) > 1 implies that f(z 4+ 1) <
x+ 1 for any integer > 1. With « = 3, we would obtain f(4) < 4,
a contradiction. Therefore we must have f(1) = 1. The relation (1)
then yields f(x 4+ 1) = x + 1 for any positive integer « and we can
conclude that f(n) = n for all positive integers n.

Conversely, the identity function n — n is a solution (readily
checked).

We conclude that the identity function of N* is the unique solution.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. Let
us restrict ourselves to the case y = 1. We have the following:

fW+a _ [fe+P

w+azf(1)+1_ x+1
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Multiplying both sides by « + 1,

(f(1) + z)(z + 1)
zf(1)+1

=z(z+1)+(x+1)—(x+1)+

[f(x+ 1)) =x(z+1) +
(f(1) +x)(x+1)

zf(1) +1
= (@41 TD O +m11)2(1)(f;r 1) (zf(1) + 1)
=(z+1)*+ (FQ) +e ;f"’g)(llz 1)(z +1)
— (12— YWD _wI;ET);lf(w +1)
— @1 Y (1;;(11))?1— 1)

Plugging « = 2 into the equation, we get

8(f(1) - 1)

O =9~

; 3(f(1)—1) 3f(1) _ 38
Note that, since f(1) > 1, 0 < 2 (D1 < 27D — 2

So, since the fraction must be an integer number, this means that
it is either 0 or 1. However, we can discard the latter case, since
that would imply [f(3)]? = 8, which is not possible since 8 is not a
perfect square. So, we are only left with the case that the fraction
is equal to 0, which implies f(1) = 1.

Plugging this into [f(x+1)]? = (x+1)*— % we immedi-
ately obtain that f(x) = «. It is trivial to check that this function
satisfies the functional equation of the statement.

Also solved by the proposer.

E-91. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Each 1 X 1 square of a 7 X 211 rectangle is painted
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either black or white. Prove that it is possible to choose four rows
and four columns of the rectangle so that the sixteen 1 X 1 squares
into which they intersect are painted with the same color.

Solution 1 by the proposer. Since we have used only two colors,
the second version of the pigeonhole principle implies that, in each
column (of seven 1 X 1 squares), one of the two colors must occur
at least [1] = 4 times. Call such a color dominant and, for each
of the 211 columns, take note of its dominant color. Since one
out of the two colors dominates in each of the 211 columns, by
invoking once more the second version of the pigeonhole principle
we conclude that one of the two colors is the dominant one in at
least [2}] = 106 columns. Assume, without loss of generality,
that such a color is black, and call a column as black if black is
its dominant color. Then, choose 106 black columns and, in each
of them, choose four 1 x 1 black squares.

Notice that there are exactly (Z) = 35 possible ways of choosing
four of the seven 1 X 1 squares of each column. Therefore, out of
the 106 black columns (and once again from the second version
of the pigeonhole principle), the four 1 X 1 chosen black squares
occupy exactly the same positions in at least f%] = 4 columns.
In other words, we have at least four columns having 1 x 1 black
squares in the same set of four rows, and this is exactly what we

were asked to prove.

Solution 2 by Victor Martin Chabrera, Barcelona, Spain. Con-
sider the 211 columns of the rectangle. Let us call a column white
if it has more white squares than black squares, and black other-
wise. By the pigeonhole principle, either at least 106 columns are
white or at least the same amount are black.

Assume WLOG at least 106 are white. Each of these columns has
at least 4 white squares. Let us choose exactly 4 of those white
squares and paint them in green. Note that if two squares are
green, they were originally white, so it is enough to see that we can
find such a 4 x 4 “subsquare” painted in green.

Note that we could have only painted the green squares in one

of the (}) = 35 possible combinations. As 106 > 3 - 35, this
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means that, by the pigeonhole principle, there are 4 columns out
of the at least 106 white ones that are painted with the same green
combination. The four green squares of each of these four columns
give the desired 4 x 4 “subsquare”.

E-92. Proposed by Michel Bataille, Rouen, France. Let m,n be
positive integers such that n > m. Prove that m + 1 divides

(mn —1)- (:1)

Solution 1 by Brian Bradie, Christopher Newport University,
Newport News, VA, USA. If n = m, then

(mn—1)- (n) =(m?*—-1)- <m> =m?—1=(m+1)(m — 1),
m m
which is clearly divisible by m + 1. Now, suppose n = m + k for
some positive integer k. Then,
mn—1=mm+k)—1=m(m+1)+mk—m—1
=(m+1)(m+k—1)—k,

and
k k
(mn —1) - (") —(m+1)(m+k—1)- (m+ ) k. <m+ )
m m m
Because the binomial coefficient (mntk) is an integer, the term
m+ k
(m—i—l)(m—l—k—l)-( >
m
is divisible by m + 1. Additionally,
" m+ k _k(m+k:)! _ (m+Ek)!
m ) mlk!  m!(k—1)!
(m + k)! m + k
= ]_ = 1 M )
mAD) i oie—o ~ ™Y 4
so the term
(")
k-
m

is also divisible by m + 1. Thus, m + 1 divides (mn — 1) - () for
all positive integers n, m such that n > m.
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Solution 2 by the proposer. We have

=+ (1) = o = 017

o () - 2

e (2) - (1)

- (m+1)<"' (:) - (Z:D)

n+1

1) is an integer.

and the result follows since n - (:l) — (

Also solved by Victor Martin Chabrera, Barcelona, Spain.

E-93. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let A(x1,y1), B(x2,y2), C(xs,ys) be the vertices of
a triangle where a, b, c are the lengths of its sides. Prove that its
incenter lies at the point

(a331 + bxy + cxs ay, + by: + cy3>
a+b+c ’ a+b+ec )
Solution 1 by Michel Bataille, Rouen, France. Let [ XY Z]| de-

note the area of triangle XY Z. If M is a point interior to the
triangle ABC', we know that

[MBC]MA + [MCA]ME + [MAB|MC = 0.
Taking M = I, the incenter of AABC, we have [IBC| = r2a,
rb re
where r is the inradius, and similarly, [ICA] = 2 [IAB] = o

It follows that

aTA 4+ bIB +cIC =0,

If O is the origin, we obtain

a(OA — O) + b(OB — Of) + ¢(0C — 01) = 0,
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that is,

aOA + bOB + cOC = (a + b+ ¢)O.
This means that the coordinates of I are
(aﬁ?l + bxy + cxs ay; + by + cy3>
a+b+c ’ a+b+c '
Solution 2 by the proposer. The equation of side AB is given by

z y 1
Ty y1 1
T2 Y2 1

= x(y1 — ¥2) — yY(x1 — x2) + T1Y2 — T2y1 = 0.

Likewise, the equations of sides BC and C' A are x(y2—ys) —y(x2—
x3) +T2ys — T3y = 0 and z(ys —y1) —y(r3 —x1) + T3y —T1ys = 0,
respectively.

The equation of bisector £, is

lz(y1 — y2) — y(x1 — x2) + T1Y2 — T2v1|
c

_x(ys —y1) — y(xs — @1) + T3y1 — T1Ys|
- b

and the equation of bisector ¢, is

|z(y1 — y2) — y(z1 — T2) + T1Yy2 — T241]
c

_ |z(y2 — y3) — y(w2 — @3) + T2y3 — T3Yy2|
a

Solving the preceding system yields

ax; + bxy + cxs ay, + by: + cys
I=(x,y) = , .
a+b+c at+b+ec

Solution 3 by Brian Bradie, Christopher Newport University,
Newport News, VA, USA. The incenter of the triangle ABC lies
at the intersection of the triangle’s angle bisectors. Let A’ denote
the point at which the bisection of angle A intersects the side BC'.
By the angle bisector theorem,

(4

b
A=B+ S (C-B)=—— B+ C.
b+ec

b+ec b+ec
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It then follows that the line segment from A to A’ is given para-
metrically by

(1 t)A-l—t( b g °© c)
b+ec b+c '
Similarly, let B’ denote the point at which the bisection of angle B

intersects the side AC. Then,
a (A—C) = a A+ c
a-+c a 4+ c a-—+c

and the line segment from B to B’ is given parametrically by

B'=C+ C,

(1—S)B+s( * A+ c C).
a

+ c a-+c
s _ b+e __ a+tc
The segments AA’ and BB’ intersect for t = [ 5¢ and s = {7
at the point
a b c

A B+ ——
a+b+c +a—|—b—|—c +a—|—b—|—c
Thus, the incenter of the triangle ABC lies at the point

(aw1+bazz+cw3 ay, +byz+cy3)
a+b+ec ’ a+b+ec '

Also solved by Victor Martin Chabrera, Barcelona, Spain, and Daniel
Vacaru, Pitesti, Romania.

E-94. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Find all nonnegative integers n and p such that n2+9n +1 = 117.

Solution 1 by Brian Bradie, Christopher Newport University,
Newport News, VA, USA. Withn =0, n2+9n+1 =1 = 11°,
and with n = 1, n2 +9n + 1 = 11 = 11!, so the ordered pairs
(n,p) = (0,0) and (1,1) satisfy n? + 9n + 1 = 117. To see that
these are the only ordered pairs of nonnegative integers such that
n?+9n+1 =117, note n?> +9n + 1 > 11 for n > 1; therefore,
only positive integer powers of 11 need be considered. Now,
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n=1:n*4+9n+1=11=0 (mod 11);
n=2:n>4+9n+1=23=1 (mod 11);
n=3 n?+9n+1=37=4 (mod 11);
n=4:n>+9n+1=53=9 (mod 11);
n=5n*+9n+1=71=5 (mod 11);
n=6:n*+9n+1=91=3 (mod 11);
n=7n*+9n+1=113 =3 (mod 11);
n=8 n?2+9n+1=137=5 (mod 11);
n=9:n>+9n+1=163=9 (mod 11);
n=10:n?24+9n+1 =191 =4 (mod 11);
n=11:n*>4+9n+1=221=1 (mod 11),

and

(n+11)>4+9(n+11) +1 = n® + 9n + 1 + 22n + 220
=n?+9n + 1+ 11(2n + 20)
=n?’+9n+1 (mod 11).

This implies n? + 9n + 1 is divisible by 11 (and can therefore
possibly equal a positive integer power of 11) if and only if n is of
the form 1 + 11m for some nonnegative integer m. Next,

(14+11m)24+9(14+11m)+1 =114+121m+121m?* =11 (1+11m+11m?).

If m = 0, we recover the solution (n,p) = (1,1) noted earlier.
However, for any m > 1,

1+11m+11m?*=1 (mod 11),

which means that 1 + 11m + 11m? can never be a positive integer
power of 11. Accordingly, no number of the form n = 1 4 11m for
any integer m > 1 yields n? + 9n + 1 that is equal to a positive
integer power of 11.

In summary, the only nonnegative integer solutions of n?4+9n+1 =
117 are (n,p) = (0,0) and (n,p) = (1,1).

Solution 2 by Michel Bataille, Rouen, France. The pairs (0, 0)
and (1,1) are obvious solutions for (n,p). We show that there are
no other solutions.
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Let (n,p) be a solution. If p = 0 then n(n 4+ 9) =0, hence n =0
and (n,p) = (0,0).
Now, suppose that p > 1. Then we have

(n —1)? =117 — 11n, (1)

so that 11 divides (n — 1)? (since p > 1). Since 11 is a prime, 11
also divides n — 1 and we have n = 11k + 1 for some nonnegative
integer k. From (1), we obtain 117~! — 11k(k+1) = 1. If p > 1,
11 divides the left side but not the right side, which cannot occur.
Therefore we must have p = 1 and so 11k(k + 1) = 0. Thus k = 0,
n =11k +1 =1 and (n,p) = (1,1). This completes the proof.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. It is
trivial to see that the only solutions (n,p) with p < 1 are (0,0)
and (1,1).

Now, let us assume (n,p) is a solution, with p > 2. Observe
that n? —9n + 1 = (n — 1)2 4+ 11n. Reducing modulo 11 we get
(n —1)2 = 0 (mod 11). As 11 is a prime, this means (n — 1) is
a multiple of 11, which also means that (n — 1)? is a multiple of
121. So, reducing modulo 121, we get

IIn=n-1)>2+11n=11=0 (mod 121).

This means that both n and n — 1 are multiples of 11, which is
absurd, and we conclude that the only solutions are (0,0) and

(1,1).

Solution 4 by Todor Zaharinov, Sofia, Bulgaria. It is clear that
n = 0, p = 0 is a solution.

Denote P(n) = n? + 9n + 1.

Let p > 1. Then 11 | P(n) or P(n) =0 (mod 11).

Directly calculate

n 0|1]2|3|4
P(n) (mod11) |1 |0 |1/4|9

71819110
33|59 4

5
5

P(1lm+1)=P(1) =0 (mod 11).
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Hence 11 | P(n) if and only if n = 11m + 1 for nonnegative integer
m.

P(n)=n*4+9n+1
= (1lm+1)>+9(11m +1) +1
= 121m? + 121m + 11
= 11(11m(m + 1) + 1)
= 117.

111 (11m(m + 1) 4+ 1), hence (11m(m + 1) + 1) = 1 and either
m=0n=1,p=1lorm=—1,n=—-10,p=1, but n < 0.

In conclusion, the solutions for nonnegative integers are n = 0,
p=0andn=1,p=1.

Also solved by the proposer.
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Easy-Medium Problems

EM-89. Proposed by Michel Bataille, Rouen, France. Let a, b, c
be positive real numbers such that abc > 1. Prove that

2(a®* +b*+c*) >a+b+c+ 3.

Solution 1 by Daniel Vacaru, Pitesti, Romania. We have a+b+
2

c> 3vVabc = a+b-+c> 3. We have a? + b% +¢? > 3(\/3 abc) =
2

(a+b+c) B

a’+b%+4c? > 3. Furthermore, we have a?+4b%4c? > 3

(a+b+c)(a+b+c)
3

> a + b+ c. Then,

206>+ 0>+ ) =(a®>+b*+c*) 4+ (a®>+b*+c%) >a+b+c+3.

Solution 2 by the proposer. Since a? + b + ¢? > ab + bc + ca,
it is sufficient to show that

a2+b2—i—c2—|—ab—|—bc—i—ca2a—l—b—l—c—|—3,

or even that
2 1 2 1 2 1
aa+——a—-1)+(b°+-—-b—-1)+|(c"+——c—1) >0 (1)
a b c
(since ab > 1,bc > %, ca > 7). Now, for positive «z we have

w2+l_w_1::v3—|—1—ac2—a::(33—1)2(:13—|—1) S
x T T

2 0,

hence (1) holds, the left-hand side being the sum of three nonnega-
tive numbers.

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA; Victor Martin
Chabrera, Barcelona, Spain, and Sarah B. Seales, Peoria, AZ, USA.
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EM-90. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let {a,},>0 be the sequence defined by a, =
18™ 4+ 20™. Find the remainder of a7, when divided by 722.

Solution 1 by Michel Bataille, Rouen, France. We show that
the requested remainder is 2. We will apply the following lemma:

Let k be a positive integer and a,b be integers such that b = a
(mod p*), where p is a prime. Then, b®» = a? (mod p*t1!).

Proof. From b = a + cp* for some integer ¢ and the binomial
theorem, we deduce that

b = (a + cp®)” = a” + pa?~*(cp®) + dp**
for some integer d. Thus b? = a? (mod p*t1). O

Now, observing that 182 = 1 = 20? (mod 19) and applying the
lemma twice, we obtain

182X =1 (mod 19%), 18* =1 (mod 19°)
and similarly, 202%'%° =1 (mod 193). It follows that
Qryp = 18%%19% 4 201X19° = 2 (mod 19%),
which means that arz; = 2+m-193 for some integer m. Clearly, m

is positive and since ar22 is even, m must be even as well. Setting
m = 2¢, we obtain ars2 = 2 + (19£) - 722 and the result follows.

Solution 2 by the proposer. We have
a, = 18" 4+ 20" = (19 — 1)" + (19 4+ 1)"

-y (Z)(—l)’“w""“ +y <Z> 197k

k=0 k=0

n n
:2(19”+< )19"—2+...+< )192+1>,
2 n—2
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when n is even. Thus,

722 722
= 2(19722 19720 4+ .. 192 + 1
ar22 ( +<2> + +<720> —l—)
722 722
=24+2.19%(197%° 19718 4+ ..
wag(1om g (G0 s (10))

::2-y722<19”24-<n>1gmo-k...+-< " )1924-1>
2 n—2

=2 (mod 722).
So, the remainder is 2, and we are done.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. Con-
sider the polynomial P(z) = (19 4+ x)™2 = Y722 ("2%)19kg722—k,
The polynomial Q(x) = W will be P(x) after removing all
its monomials of odd degree. By construction of @, we have

722 361 /7929 . 361 /799 .
Q)= > ( )19’“:2( ,)1923:Z< _)3617.
o<k<t22 \ K j=o \ 27 j=o \ 2
k even

Let m = 18722 + 20722, Taking into account that m = 2Q(1),

361 /722 . 361 /722 .
m=2+2) 13619 =2+ 722 ) 1361971,

J j=1

from where we immediately see that m = 2 (mod 722).

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA, and Todor Za-
harinov, Sofia, Bulgaria.

EM-91. Proposed by Ghitescu Cosmina, student 8" grade, Bu-
curesti, Romania. Let ABC be a triangle with the sides a > b > c.
If R is the circumradius of AABC, r,, 1, 7. are the rays of the
excircles, p is the semiperimeter and a? + b? + ¢ = 8R?, then
prove that

3v/3 P

in A in B inC .
ﬁ+1(s1n + sin B + sin )<ra+rb+rc—4R
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Solution 1 by Michel Bataille, Rouen, France. We shall use
some known relations between the elements of the triangle:

e +7To+1.=1+4R, a®*+b*>+ c* =2p* — 2r> — 8rR,

p?> — (r +2R)?
4R?2

’

sin A +sin B +sinC = Z cos Acos BcosC =

where r denotes the inradius.

The inequality to be proved can be written as 3V3 2 < P, thatis,

V2+1

R S 3v3

r \/§ + 1
From the hypothesis a®+b?+c? = 8 R?, we deduce that 2p? —2r? —
8rR = 8R?, hence p? = (r + 2R)? so that cos A cos BcosC = 0.
As a result, the triangle is right-angled, and a, as its largest side, is
its hypotenuse. But in such a triangle, we have r = p — @ = 2=
(if I is the incenter and E and F are its projections on AC and
AB, then AEIF is a square with side r = AE = *¢=2),
Now, since (b + ¢)? < 2(b? + ¢?), we obtain that

. < V2(b2+¢c?) —a V2a? —a a(\/i—l)
- 2

- vrrme _oV2mD o pva-o).

(1)

It follows that £ > /2 4+ 1 and (1) holds because v2 + 1 > j%fl

Solution 2 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. We start with two known necessary and sufficient con-
ditions for a triangle with semiperimeter p and inradius r to be
right-angled:

a’> + b% + ¢? = 8R?, p=2R+r.
Since we are told that a > b > ¢, the given triangle ABC is
right-angled with hypothenuse a(= 2R).

We will use the following well-known relations, which are valid for
every triangle:

sinA—l—sinB—l—sinng, re +7p + 7. = 4R + 7,
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from which it follows that

p
(sin A+ sin B +sinC)(r, + 75 + 7. — 4R)
P R R 2 a

= = — = = 2 = . (2)
.7 T p—2R p—a —a+b+ec

But
(b+ c)? < 2(b* + ¢*) = (by the Pythagorean theorem) = 2a?

and
b+c<av?, (3)

with equality only when the triangle is isosceles right-angled.

Since we are assuming that b and c are not equal, using (2) and
(3), we obtain

b 1
(sin A +sin B +sinC)(r, + 7o + 7. — 4R) > —14++/2

or, equivalently,

p

(1—|—\/§)(sinA—|—sinB—|—sinC) < v+ et 7. — 4R’

which is a refinement of the proposed inequality.

Also solved by Marian Ursarescu “Roman-Vodda” National College,
Roman, Romania; Daniel Vacaru, Pitesti, Romania, and the pro-
poser.

EM-92. Proposed by Oscar Rivero Salgado, BarcelonaTech, Bar-
celona, Spain. Find all the solutions in the set of positive integers
of the equation

xt + >
2 +y

=x+y.



Volume 8, No. 2, Autumn 2021 227

Solution 1 by Michel Bataille, Rouen, France. As it is readily
checked, the pairs (1,2) and (2,2) are solutions for (x,y). We
show that there are no other solutions.

Let (z,y) be a solution. We first show that if z > 2, then y < x.
Indeed, if x > 2, then

2 +y’ <z*+9y°=(x+y)(2®+y).

hence z? — zy+y? < 2+ y, from which we deduce that y —z < 1,
that is, y < x.

Second, we show that we must have x < 2. To this end, we remark
that the equation gives

zy(z+1) —2*(z-1) =y° —y* >0

and, therefore, y(z + 1) > z?(x — 1). Assuming = > 3, we
would have y < z, hence z*(z — 1) < z(x + 1) or (z — 1) < 2,
contradicting * > 3.

Now, if = 1, we must have y2 —y — 2 = 0, hence y = 2 and
(z,y) = (1,2). If x = 2, we obtain y® — y?> — 6y + 8 = 0. Since
y =1or y =2 (because y < z), we must have y = 2 so that
(z,y) = (2,2). This completes the proof.

Solution 2 by the proposer. The proposed equation can be rewrit-
ten as

z* +y® = 2® + 2’y + zy + Y2
Suppose that z,y > 2. In that case, we will prove that we have the
following inequalities,
4 3 x4 3
T Loy Ty
2 2 2
which, when added together, make it impossible to achieve the
initial equality. The first two inequalities are immediate. For
the latter, by virtue of the inequality between the arithmetic and
geometric means, we have

T 2
> x° + zy,

4 3 22032 2432
ﬁ > $2y3/2 = g —+ g > x2 + xy.
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In the last step, we used that % >%>1y %1/2 > 7> 1.

We can only study the cases in which one of the variables is at
most 2.

e Case x = 1. In this case we get
Y+1=(y+1)°’=y"+2y+1,

or alternatively y(y? —y — 2) = y(y — 2)(y + 1), whose only
solution in the positive integers is y = 2.
e Case x = 2. In this case we get

Y’ +16 = (y +4)(y +2) = y* + 6y + 8,

or alternatively y3 — y?> — 6y + 8 = 0. Any solution in the
positive integers would be a divisor of 8, and it is immediately
proven that the only possible solution is y = 2.

e Case y = 1. We obtain

2t4+1=(*+1)(z+1)=2>+2* +x+1,

or z(x® — ?> — ¢ — 1) = 0, that has no solutions in the set of
positive integers.
e Case y = 2. Now, we have

'+ 8= (x?+2)(z + 2) = 2 + 22® + 2z + 4,

or alternatively x* — 3 — 22? — 2z + 4 = 0. Any solution in
the positive integers will divide 4. It is verified that = 1 and
x = 2 work (they were already obtained before).

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. We
can see case by case that the only solutions (x,y) with z,y < 2
are (1,2) and (2, 2). Let us show these are the only ones:

e If y > z and y > 2 let us rewrite the equation as 1% =

Tty
x? + y. We have the following:
:L.4 _|_ ,y3 > m3 + y3
r+y = xT+vy

So, there will only be a solution when the two inequalities are
equalities, which implies x =1 and y =« + 1 = 2.

=z’ —zy+y’=a"+yly—z) >z’ +y.
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o If x > y and = > 2, let us rewrite the expression as z* + y® =
(z+y)(z%+y). We can bound the left hand side by z*+y* > z*,
and the right hand side by (z +y)(z?+vy) < 2z(z?+x) < 4x3.
Note that, for z = 3, we have 81 = z* > 2z(x® 4+ z) = 72, and
for x > 4, z* > 4z, making the equality impossible.

EM-93. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ABC be an isosceles triangle with AB = BC.
Let M be an interior point such that ZAMC = 2 - ZABC'. Let
K be a point on AM such that /ZBKM = ZABC'. Prove that
4KM - -MC < BK?.

Solution by the proposer. Let P be the intersection point of
CM and BK. On account of ZAMC =2-/ABC and /BKM =
/ABC, we have

/KPM = /AMC — /BKM = Z/ABC,

from which it follows that PM = M K.

B
B

Figure 1: Scheme for solving problem EM-93.

On the other hand, triangles AKB and BPC are congruent be-
cause

/KAB = /BKM — /ABK = /ABC — Z/ABK = /PBC,

/AKB = 180° — /KPM = /BPC,
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and furthermore AB = BC'. From the above, we have
BK =PC=PM+MC=MK +MC,

and
KM+ MC BK
VKM - MC < : =

from which the statement follows.

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain.

EM-94. Proposed by Toma-Ioan Dumitrescu, Bucharest, Roma-
nia. Let a, b, ¢ be positive reals such that a + b+ ¢ = 5. Prove

that s e P
a c + + c2
il — > 10.
—l— + + atbre =
Solution 1 by Michel Bataille, Rouen, France. It is well-known
that for any real numbers x, y, z the inequality xzy + yz + zax <

x2 4+ y? + 22 holds. It follows that
25 = (a+b+c)® =a?+b>+c*+2(ab+bc+ca) < 3(a®+ b+ ?)
and, therefore,

a2+b2—|—c2_a2+b2—|—c2>25/3_5 "
at+b+ec 5 - 5 3

Besides, the Cauchy-Schwarz inequality yields

a4 b4 4
( —|—a—|— )(ab+bc—|—ca)>(a + b% 4 c*)?

and, remarking that “—; + % + % = Z—: + 2% + % we deduce that

a® b A (a®+b? —|—c2)2 ) 25
— — b? 2> 2
+ +a_ ab + be + ca Z2a"+b 42 3 @)

(using ab + bc + ca < a? + b? + ¢? again).
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Now, by addition, (1) and (2) give

a?’_|_b‘°'_|_c3_|_a,2—|—b2+c2 S 25+5_10
b c a at+b+c — 3 3
Equality holds when a = b= ¢ = 5/3.

Solution 2 by Brian Bradie, Department of Mathematics,
Christopher Newport University, Newport News, VA, USA. By
the Cauchy-Schwarz inequality,

Next,
a® + b? 4+ ¢ > ab + bc + ca

because it is equivalent to
1 1 1
“(a—b)2+(b—0c)>+ (c—a)? >0,
S(@=b)?+ (=0 + (c—a)? 2

and, by the arithmetic mean—quadratic mean inequality,

a2+b2+c2>w.
- 3

Thus,

a® b A a?+b+ 1
AT i i N S 2<1 )
b+c+a+ a+b+ec 2 (@ + 0" +c) +a—|—b—|—c

1
>§<(a—|—b—|—c)2—l—a—|—b—|—c)

1
5(25+5) =10.

Also solved by Henry Ricardo, Westchester Area Math Circle, Pur-
chase, NY, USA, and the proposer.
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Medium-Hard Problems

MH-89. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let F,, be the n-th Fibonacci number defined by
Fy =0, F, =1and, foralln > 2, F,, = F,,_, + F,,_,. Prove that

2
n F3 1 n F5
> > IRl
k=1 Fk+1 FnFn+1 k=1 Fk:+1

(Here, the subscripts are taken modulo n).

Solution 1 by the proposer. Consider the discrete distribution
of probability (X, fx) defined in the following table.

X |JF/F F/F ... \/F,/F

Ff Fy Fy
Ix e
FnFn—l—l FnFn+1 FnFn+1
Then,
F? 1 n Fp
B(X) = Z F "FE ~ F.F, 2\ For
k+1 ndt'n+1 n+1 k=1 k+1
Likewise,
n F F2 1 n F3

k=1 Fk+1 FnFn+1 FnFn+1 k=1 Fk:+1

Since Var(X) = E(X?) — E*(X) > 0, then E(X?) > E?(X) and
we have

2
1 n F3 S 1 F3
F.Fo1 (= Foyr1 — \FoFoi1 =\ Froa ’

from which the statement follows. Equality holds when n = 1, and
we are done.
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Solution 2 by Michel Bataille, Rouen, France. (We do not take
subscripts modulo n.)

From the Cauchy-Schwarz inequality, we obtain

2 2
n F3 n F3 n F5
F? ‘F | = .
(1;1 Fk+1> (Z > (,;1 Fiota k) <kZ=:1 Fk+1) .

But we have Y7, F2 = F,F,,: thisis true for n =1 and it if

holds for some pos1t1ve integer n, then Y324 F2 = F, F,,,,+F? =
Foi1(Fp+F,y1) = F,,11F, 12, hence by 1nduct10n the formula holds

for all positive integer n. Dividing (1) by F,, F,,+1, we deduce that

2
n  F3 1 n Fp
DL > )
k=1 Frer1 7 FaFrnpa \ o= | Fra

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA; Moti Levy, Re-
hovot, Israel; Victor Martin Chabrera, Barcelona, Spain, and Marian
Ursarescu, “Roman-Voda” National College, Roman, Romania.

MH-90. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be a scalene triangle. Let N be the center of the nine-point circle
of AABC and Za = Z/BAC'. If AN is parallel to BC, prove that

—bc
2R?
Solution 1 by the proposer. Let O, H,G, M be the center of

circumcircle, the orthocenter, the centroid of AABC and the
midpoint of BC, respectively.

CoOsx =

It is well known that N lies on the Euler Line HGO and HN =
NO; HG = 2GO; OG = 2GN; AG =2GM.

Without loss of generality, we may assume that b > ¢. Consider
Cartesian coordinates with M = (0,0), B = (—a/2,0), C =
(a/2,0), A = (—6,3t).
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Let Ay = AHNBC and A’ = AN NOM. The line HAy 1 BC,
OM 1 BC and N is the midpoint of HO, hence N lies on the
perpendicular bisector of Ay M and from AN | BC, it follows that
N = (-3,3t), A’ = (0, 3t).

GM/AM = 1/3 or G = (—2,t). Let G’ be the pedal of G on
OM. AONA' ~ AOGG’ and OG/ON = 2/3, hence O — G =
2/3(0—-N),1/3-0=G—-2/3-N,0O=3-G—2-N = (0,—3t).
b> = AC? = AA3, + AuC? = 9t? + (a/2 + 6)2,
¢ = AB? = AA}, + AgB? = 9t* + (a/2 — 6)?,
R?> = 0OA®? = 0A” + AA”? = 36t* + 36,
R? = OB? = OM? + BM? = 9t* 4 a? /4.
Hence a? = 36(3t* + 4). The area of AABC is

1 3 abc
S=-AAy-BC = —-at, S=—.
2 2 1R
By the law of cosines we have
a?(b? + ¢ — a?)
2a?bc
18(—144 + a? — 180t2)(4 + 3t2)

2a2be
—1296£2(4 + 3t2)
2a2be
—16S2 —a?b3c?

2a2be - 2a2bcR?
—bc

2R?’
Solution 2 by Michel Bataille, Rouen, France. We introduce

CoOsx =

b? + ¢ — a? c + a® — b? a’? 4+ b*> — 2
Sp=———7——, Sp=———, Sc=——"——
4 2 b 2 © 2
(Conway’s notations) and recall the barycentric coordinates of
the circumcenter O and orthocenter H of AABC relatively to

(A, B, C),
O = (CL2SA H b2SB . C2SC), H = (SBSC . SCSA H SASB),
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and the equalities 2(SpSc+ScSa+SaSB) = a®*Ss+b*Sp+c*Sc =
8F2 where F is the area of AABC [see for example Focus On...
No 39, Crux Mathematicorum, Vol 46(1), January 2020, p. 26-31].

Since N is the midpoint of OH , we easily obtain
N = (ZSBSC + a2SA : 2SCSA + bsz . 2SASB + CZS(;').

The equation of the parallel to BC through A being y + z = 0,
the hypothesis AN || BC gives 25¢Sa + b*Sp + 2S4S + ¢®Sc =
0, that is, 2a?S4 + b%2Sg + c2Sc = 0 (since Sg + S = a?) or
a,2SA —+ 8F2 = 0.

Now, because S4 = bccosa and F = Z;, the latter readily

—bc
becomes cos o = 5

, as required.
R2
Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain.

MH-91. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. A triplet u,v,w € R[z,y, z] is called Barcelonian if
there exist polynomials A, B,C € R[z, y, z] such that

u2021A _|_ ,U2OZIB _|_ w20210 — 2021.

(@) Is the triplet of polynomials u = x 4+ 2y 4+ z, v = y + 2z + 3,
w = x + y + z Barcelonian?

(b) Is the triplet of polynomials v =« 4+ 2y + z, v = y + 2z + 3,
w = x + y — z + 4 Barcelonian?

Solution 1 by Moti Levy, Rehovot, Israel. Claim: A triplet of
polynomials u,v,w is Barcelonian if and only if the ideal I :=
(u,v,w), generated by the triplet u, v, w, is equal to the whole ring
Rlz, y, z].

Proof of claim:

(<=) Suppose a triplet of polynomials u, v, w is Barcelonian. Then,
the unit 1 belongs to the ideal (u,v,w), hence the ideal is equal
to the whole ring.
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(=) Suppose a triplet of polynomials u, v, w generates the whole
ring. That is, (u,v,w) = R[x, y, z]. We will prove by mathematical
induction that the triplet of polynomials 292!, v2021 /42021 gener-

ates the whole ring.

Suppose (u™,v™,w™) = Rz, y, z]. Then, there exist polynomials
A, B and C such that

u"A+v"B + w"C = 1.
Multiply both sides by u, so
u™ A+ v"™(uB) + w™(uC) = u.

Hence, u € (u™*, v™, w™). It follows that u™ € (u™t!, v™, w™)
and this implies that R[z, y, 2] = (u™,v™,w™) C (u™!, 0™, w™).
We conclude that (u™t!, v™, w™) = R[z, y, 2].

Therefore, by symmetry of u,v,w and the induction, we have

<u2021, '02021, w2021> — R[.’L’, Y, Z] .

a) The triplet (z 4+ 2y + z), (y + 2z 4+ 3), (x + y + 2) is not Barcelo-
nian since there are no three real numbers «, 3,~ such that

ax+2y+2)+BYy+2z+3)+y(x+y+z2) =1

101][a
2 11||8]|=0
1 21|~

has only the zero solution.

b) The triplet (x + 2y + 2), (y + 2z + 3), (x + y — z + 4) is Barcelo-
nian since

1 1 1
—?(w+2y—|—z)—|—;(y+2z—|—3)—|—?(w—l—y—z—|—4):1.

Solution 2 by Victor Martin Chabrera, Barcelona, Spain.

(a) It is easy to see that the application (x,y, z) — (u,v,w) is a
bijective affine map. In particular, this means (u,v,w) = (0,0, 0)
is the image of the application for some input values. For that
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case, however, the LHS of the equation is 0, and so such triplet of
polynomials cannot be Barcelonian.

(b) We can easily see that u = v+w — 7. Since (x,y, z) — (z,v,w)
is a bilinear affine map, we can write the equation as

(v+w—T7)*"*" A(z, v, w)+v***' B(x, v, w)+w?**' C(z, v, w) = 2021.

Let us try to make A, B and C independent from x. So, we want
to find A(v,w), B(v,w) and C(v,w) such that

(v+w — 7)* 2 A(v, w) + v*°*' B(v, w) + w***'C (v, w) = 2021.

Let p(v, w) = (*£2 — 1)***". We can see that its independent term

is equal to —1, and so we can write it as p(v,w) = q(v,w) — 1,
where g(v,w) will have null independent term. We can also see
that (v + w — 7)2021 = 72021 (y, w) = 7292 (q(v, w) — 1).

Now, let us set A(v,w) in the following manner:

2021
A(v,w) = —7[1 +q(v,w) + (v, w) + ...+ q4041(v,w)].

72021
And so, we will have the following:

(v+w — 7)*?' A(v, w)

= 7292 (q(v,w) — 1) - <_320221 1+q(v,w) + ...+ ¢ (v, w)])

= — 2021(q****(v, w) — 1) = 2021 — 2021¢****(v, w).

So, note that, apart from the independent term, this polynomial
will be made out of monomials of degree at least 4042. Let a;; =
[v'wI] (2021 — 2021¢***%(v, w)). Now, we are left with giving values
to B(v,w) and C(v,w). So, let b;; = [v'w/|B(v,w), and ¢;; =
[v*wI]C (v, w). We will consider these coefficients to be 0 if one of
its coefficients is negative.

Let Sij = Qj + bi—2021,j + C;,j—2021 - We need So0,0 — 2021 and
s;; = 0 if 4 + 7 > 0. The first condition is true by construction,
regardless of the choices of b;; and ¢; ;. Also, by construction,
air; =0if 0 < i+ j < 4042.

Now, we are just left with choosing b; ; and c¢; ; when ¢ 4+ 5 > 0.
We will consider the following four cases.



238 Arhimede Mathematical Journal

e If 4 < 2021 and j < 2021, we will have i + j < 4042, and as
a;j, bi_2021,; and c; j_2021 Will be 0, s;; will automatically be

0.

o If ¢ < 2021 and 5 > 2021, as we will have b;_2921,; = 0, we will
set ¢; ;2021 = —a; ;.

e Similarly, if 2« > 2021 and j < 2021, as we will have c; j_2021 =
0, we will set bi—2021,j = —a;;.

e The last case is when ¢ > 2021 and 57 > 2021. Here, we will
set b;_2021,j = Cij—2021 = — 52

As we have found polynomials A, B and C that satisfy the equa-
tion, we conclude that the initial triplet is Barcelonian.

Solution 3 by the proposer. (a) The answer is NO. Indeed, the
polynomials u, v, w are equal to zero at x = 3/2, y =0, z = —3/2.
This leads to 0 = 2021, which is impossible.

(b) The answer is YES. Indeed, we have that ©u — v — w = 1 and
then the following identity holds:

(—=1)matm2p)

nl!nz!n3!

u™ ™M w™ = 1.

(u—v—w)" = Z

ni+nz+ng=n

For n > 3-2021 4+ 1 = 6064 in each term the sum in the preceding
identity at least one power n; is greater or equal than 2021 (there
can be more than one n; with the same property). We may thus
rewrite the above identity as

U2021A + ,U202IB + w20210 — 1’

where A, B,C are not unique. Multiplying both terms of the
preceding expression by 2021 yields

u?°21(2021 - A) + v2°?1(2021 - B) + w?°?'(2021 - C)
— u2021Al + ,UZOZIB/ _|_ wZOZICl — 2021,

and we may conclude that triple (u, v, w) is Barcelonian.
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MH-92. Proposed by Oscar Rivero Salgado, BarcelonaTech, Bar-
celona, Spain. Let A and B be two symmetric n X n matrices with
real entries and such that A(A — B) = B. Show that

Tr(B3(B —A)) > Tr(A3(B — A)),
where Tr stands for the trace.

Solution 1 by Michel Bataille, Rouen, France. We denote by
MT the transpose of the matrix M.

Since AT = A and BT = B, we have
B=BT"=(A(A-B))" = (A-B)TAT = (AT-B")A = (A-B)A
so that A(A — B) = (A — B)A and, therefore, AB = BA.

Being symmetric with real entries, A and B are diagonalizable in
M, (R) and all their eigenvalues are real. But for commuting diago-
nalizable matrices, there exists a common basis of eigenvectors (see
at the end for a quick proof of this known result). Therefore, there
exists an invertible matrix P such that A = PDP~! and B =
PAP~! where D = diag(\;,...,A,) and A = diag(py,...sn)-
Here A4,...,\, are the eigenvalues of A and p.,...,u, are the
eigenvalues of B.

This said, we have to prove that Tr[(B* — A3%)(B — A)] > 0.

We calculate
(B® — A®)(B - A) = P(A> - D>)P'.P(A—-D)P'=PUP,
where U = (A3 — D?®)(A — D) = diag(vs,...,v,) with
v = (18— A (e — M) (k=1,...,n).
Thus,
Tr[(B®? — A*)(B— A)]=TrU) =vy + ...+ v,

and the desired result follows since v, > 0 for k = 1,...,n (for
z,y € R, 3 — y3 and = — y have the same sign).



240 Arhimede Mathematical Journal

Proof of the result about commuting diagonalizable matrices. Let
A, B be diagonalizable with AB = B A and let E), be an eigenspace
of A, associated with the eigenvalue A. If X € E,, then A(BX) =
B(AX) = B(AX) = ABX, hence BX € E,. Let B;: Ex — E,
be defined by B; X = BX for X € E, and let m and m; be the
minimal polynomial of B and B, respectively. For X € E,, we
have m(B;)X = m(B)X = 0, hence m(B;) = 0 and m, divides
m. Since m does not have multiple roots (B being diagonalizable),
the same is true of m; and B; is diagonalizable. This means that
we can find a basis of E) formed of eigenvectors of By, hence of B.
Doing the same for each eigenspace of A, the union of the bases
found is a basis formed of eigenvectors of both A and B.

Solution 2 by the proposer. From the given condition,
AB = A®> - B.
Using that A and B are both symmetric we have that

BA = BTAT = (AB)" = (A>)T — BT = A’ - B= AB.

Since both matrices commute and are symmetric, this means
that there exists a common set of eigenvectors simultaneously
diagonalizing both of them. Further, we may easily check that
any matrix of the form A®B®, with a,b € N, is symmetric and
diagonalizes in the same basis of eigenvectors used for both A and
B. In particular, if a common eigenvector v satisfies Av = Av and
Bv = pv, then A*Bby = A*ubv.

Let {\;} and {u;} stand for the ordered eigenvalues of A and B,
respectively, with respect to the common eigenbasis. Then, the
given inequality is equivalent to

Z /J’?(“i — i) 2> Z )‘?(“‘i — i),
or alternatively to

So(pd — A (s — A;) > 0.
=1
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The latter clearly holds since
(12— A2) (s — As) = (s — Xi)2(B2 4+ A2+ pidi) > 0.

Observe that in the last step we have used that for any real num-
bers a and b, a2+b2+ab:w > 0.

Remark. Alternatively, we may deduce the commutativity of A and
B by noting that

0=A’-AB-B+A—A—I+1=A(A-B-1)+(A—-B—-1)+1,
or alternatively as
A+I)(B—-A+1)=1.
This means that the matrix A + I is the inverseof B — A+ I, so
I=B-A+D)(A+1)=—-A*+BA+B+1,

and consequently (A — B)A = B. Comparing this expression with
the condition, we arrive to

AB = BA.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. Let
X =B—A,Y =A+B. Wecan write A and B as Y*2X and 1%,

2
respectively. So, we can rewrite the relation A(A — B) = B as

Y-X(—X) = 4% or, more conveniently, as YX = X?> - Y — X.

Let us show that both matrices X and Y commute. Take into
account that, by construction, both are symmetric:

Xy =X"YT=(vXx) = (X?-Y -X)'

:(X2)T—YT—XT:X2—Y—X:YX.

Now, we can rewrite the desired inequality Tr(B3(B — A)) >
Tr(A3(B — A)) as

(32257
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or, equivalently, and more conveniently, as
Tr([(Y + X)®> — (Y — X)?|X) > 0.

Developing further, and taking into account that XY = Y X, this
can be equivalently rewritten as

Tr(6Y>X? +2X*) >0

We will prove this last inequality. Since both X? and Y? are posi-
tive semidefinite symmetric matrices, and X commutes with Y,
then the products Y2X2 and X* will also be positive semidefi-
nite (since Y2X2 = (YX)(YX)T and X* = (X2)(X2)"). Since a
positive semidefinite matrix has non-negative trace, we get

Tr(6Y>X?* +2X*) = 6Tr(Y>X?) + 2Tr(X*) > 0,

completing the proof.

MH-93. Proposed by Daniel Vilardell Regué, CFIS, Barcelona-
Tech, Barcelona, Spain. Let F,, be the n-th Fibbonacci number.
Prove that for all odd n the following equality holds:

g -1 k
Eﬁzz(z +>.
b0 2k

Solution 1 by Michel Bataille, Rouen, France. We shall use the
well-known relation

12 /g
ﬂﬂzzﬁl:) (1)

k=0

which holds for any nonnegative integer n (and is easily proved by
induction using (37]) = (;) + (,.J,) or by application of the general
formula

/2 ip — K\ ek (14+/TF2\" (1—yTIFaz\"
V1 —) =|—F (=¥ = ,
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see R. L. Graham, D. E. Knuth, O. Patashnik, Concrete Mathemat-
ics, Addison-Wesley, 1994, formula 5-74).

We have to prove that

m m—|—k>
Fopiq = ) 2)
e = 2 ("o

From (1) with n = 2m, we obtain Fy,,;1 = 3 (*™~*) so that
K=o

Fomi1 = ,:n;, ((2737z ;)k— k) - ,ci:o (22(2 : :)>
£ ()R )

and (2) follows.

Solution 2 by Moti Levy, Rehovot, Israel. Actually, we will
prove that the following two equalities hold:

ml/m—1+k
Fgm_1:Z< >,
k=0 2k
m im—1+k
Fm:Z( 2k — 1 )
k=1

Let

mlim —1+k m m—1+k
Som-1= ) (m ok >, Som = Z(m >

k=0

Then, for m =1,
O 'm—1+k

51:Z< ):Fl’ (3)

and
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ml/im—1+4+k m ‘m—1+k
Som—1 + Som = Z( ok ) Z( >

k=0 k=1 Zk_l
molim—1+k m—1+k

2 (M) E (MR D)
m—1 — k — k

:1+k§::1<<m 2;+ >+ 2kiJ{ >>+1
m—1 k

- (M)

We used above the combinatorial identity (m 1) + (’,’:__11) = (’,’:)

Similarly, one can show that

S2m + SZm—l—l — S2m—i—2' (6)

By (5), (6), (3) and (4), it is evident that the sequence (S,,) obeys the
recurrence rule and initial conditions of the Fibonacci sequence,
hence it is identical to the Fibonacci sequence.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. Us-

n—1

ing the change of variables j = "5~ — k, we can rewrite the given
expression as

z(*'“): <+k)

k=0 2k k=0 nT_l_

51 (il Bl ()
j=0 .7 JEZ .7 .

Here, we are using the more general definition of the binomial
coefficients, stating that (}) =0 if K ¢ {0,..., N}, which is the

case for values of j that lie outside the range [0, 3|.
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We will show that the formula

nex (1

J

holds regardless of the parity of n using induction. For n € {0,1}
it trivially holds. Given a value n > 1, assume the formula holds
for each 0 < k < n. Then, using the identity (}) = (".") + (77;).

k k—1

()= () s
("I (t )

i€Z ? JEL J
== n—2+Fn—1:Fn’

completing the proof.

Solution 4 by the proposer. To prove this equality, we are going
to use a double counting technique and we are going to count the
number of compositions of n as the sum of odd positive numbers.

We first divide the set of compositions into two sets, the ones that
have 1 as the last element and the ones that do not. Those sets
are disjoint and each composition is in one of those two sets. Let
¢; be the number of compositions of ¢ as the sum of odd positive
numbers. Then, we have that the first set is equal to ¢,,_; since
we can add a 1 the each composition of n — 1 at the end. We also
have that the second set is equal to ¢, _» since we can add 2 to the
last number in each composition of n — 2.

We know that the number of partitions of 1 and 2 in odd parts is
both 1, therefore we have that

Cp = Cp_1 + Cp_2, cp =cy =1,

and we know that recurrence is the same as the Fibbonacci recur-
rence. Therefore ¢,, = F,,.

We will now count that in a different way. We will first find the
number of ways to compose a number n in k odd parts and then
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we will sum that for all k. The number of ways to compose n in
t odd parts is the same as the ways to compose n — t into even
parts which is the same as the number of ways to compose ”?_t (if
n is odd and t even we know that the sum of ¢ odd numbers is an

even number so the number of compositions for ¢ even will be 0).

We also know that the number of compositions of a number into
t parts is ("7*]"!) Therefore, setting t = 2k + 1, we find that the
number of partitions

n—1 n—1
g n=@ktl) 4 2k +1—1 :g L4k
2k +1—1 o\ 2k )

k=0

from where we can conclude that
n—1 —1
2 n—1 _|_ k
F, = 2 .
()

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA, and Angel Plaza,
University of Las Palmas de Gran Canaria, Spain.

MH-94. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let ABC be an acute triangle, with £(BAC) = 45°. Outside
the triangle take the points X, Y, Z so that AB and AC are
hypotenuses in the isosceles right triangles ABX and AY C and
the quadrilateral ABZC is a parallelogram. If CX N BY = {W},
then show that AW and AZ are isogonal lines.

Solution 1 by the proposer. Let us denote CX N AB = {X'},
BY NAC ={Y'}, AWNBC = W',

Then,

AX'/ O'(XAX/) XA'XX"Sil’l(AXX,)'
X'B  o(XBX')

XB-XX'-sin(BXX') -

N | =N | =
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z

Figure 2: Scheme for solution 1 to problem MH-94.

where XA = X B (ABX is aright isosceles triangle), so
AX'  sin(AXX')
X'B  sin(BXX')'

(1)

From the Sine And Cosine Rules, we have

sin(AX X’)  sin(XAC)

AC C
sin(BXX') sin&BC)
BC —  XC

SO
sin(AXX’) AC -sin(XAC)
sin(BXX’)  BC - sin(XBC)
_ AC - sin 90° B AC
- BC -sin(45° + B) BC -sin(A + B)’

Relationship (1) becomes
AX' . AC
X’'B  BC -sinC’
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Analogously,
AY’ AB

Y'C BC-sinB’

From Ceva’s Theorem
BW’' CY’' X'A AC

. . == 1AB . N - 19
wW'C Y'A X'B BC -sinC

> BW’ AB-sinC AB?

W'C ~ AC-sinB  AC?’
So, in AABC, AW’ is symmedian and AZ is the median from A
(AZ is a diagonal in the parallelogram ABZ(C'). The median and
the symmedian are isogonal lines, so

L(BAW) = £(ZAC).

Solution 2 by Michel Bataille, Rouen, France. Since AC is
parallel to BZ, we have that /ZBC = ZACB, hence {(ZBA) =
£(ABC) + £(ACB) = 180° — 45° = 135°. Observing that
£(ABX) = 45°, we deduce that Z, B, X are collinear. Similarly,
Z,C,Y are collinear. Note also that the points A, X,Y, Z are on
the circle with diameter AZ (since £(AXZ) = L(AY Z) = 90°).

Let E be the midpoint of AB and let {(AXY) = o, L(AY X) = 3.
Note that (X AY) = 45° + 45° 4+ 45° = 135°, hence a + 3 = 45°.
Since £(X AFE) = 45°, we have £(EXY) = 45° — a = 3.

Now, suppose that we have already proved that AW and XY are
perpendicular. Then, since XE | AB, we obtain that L (BAW) =
L(EXY) = B; we also have L(ZAC) = L(AZB) = (3 (since
AC || ZB), hence L(ZAC) = £(BAW) = 3 and AW, AZ are
isogonal.

It remains to prove that AW 1 XY . To this end, we show that
the dot product AW - X 17 is 0.

Let AB =¢, AC =b. Then, BX = £, BZ = b, CY =
CZ = ¢, hence

8o

(bV2+¢)B = (bV2)X +¢cZ, (eV2+b)C = (cV2)Y +bZ,
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Figure 3: Scheme for solution 2 to problem MH-94.

from which we deduce that the point
(V2 4+ be)C + (b°V2)X = (b®°V2 + be) B + (2V2)Y

is the point of intersection W of CX and BY and, therefore,
mW = (b°v/2)X + (c?v/2)Y + bcZ, where m = b*v/2 + c*v/2 + be.

We have AZ-AY = AZ- % sina = %AY = % (since L(ZAY) =

V2 V2
90° — «) and, similarly, AZ - AX = < also AX - AY = =5
-2 _ be . . .
=5~ = —3.5- A simple calculation then gives

H \ \ \ b2 2
mAW - AY = ((b*v2)AX + (c*V2)AY + bcAZ) - AY = \/% :

and similarly m AW . AX = bjf; . It follows that

mAW - XY = mAW - AY — mAW - AX = 0,
as desired.

Solution 3 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. On the one hand, since /BAC = ZACY (= 45°), we have
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AB || CY . On the other hand, the point Z given by our construc-
tion is such that AB || ZC. Thus, points Y, C, Z are collinear
(Euclides).

X B D VA

Y

Figure 4: Scheme for solution 3 to problem MH-94.

Applying Menelaus’s theorem to the triad of points B, W, Y on
the sides of triangle XCZ, we obtain

XW CY ZB
WC YZ BX

’

where

XW  ( from similar triangles \ XD XB+ BD
- XWD and CWA T CcA CA

WB
from isosceles % + BD
= right-angled =¥

AAXB CA
from isosceles AC
CY CY CY ==
= = = right-angled | = 4 V2
YZ YC+CZ YC+AB AAYC W—i—AB
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and
ZB CA . . . CA
—= = (from isosceles right-angled triangle AX B) = —-.
BX BX Vo
Therefore, B o
vwtBD s CA
C B '
CA 5 +AB &
yielding
BD AB
AB  AC’
Since AB = CZ, then,
BD CZ
AB  AC’

making triangles ABD and ACZ similar (side-angle-side) with
LBAD = /ZAC, that is,

LBAW = /ZAC

(being ABZC a parallelogram, ZABD = Z/ABZ = ZACZ). Thus,
AW and AZ are equally inclined to the arms of /A and hence
are isogonal, as claimed.
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Advanced Problems

A-89. Proposed by Vasile Mircea Popa, “Lucian Blaga” University
of Sibiu, Romania. Calculate the integral

Solution 1 by Moti Levy, Rehovot, Israel. Let

oo \/5
I= — 1 dz.
/0 m2+w+1n(w) m

By change of variable t = /z,

oo t21In(t?)
Izz/ B IV T
o t*+t24+1

Then,

oo t21n(t 1 t?2In(t
1:4/ n()dt—|—4/ n(t)
1 0

12 + 1 th 42+ 1
1 In(t) 1 t2In(t)
= —4 ———dt+4 ——dt
/Ot4—|—t2—|—1 + /Ot4—i—t2—|—1
1 t2 -1
=4 | ———— In(¢)dt.
/0 tt4+t24+1 n(t)

After integration by parts,
11 11
I:2/ tln(t2+t+1)dt—2/ Zln(tz—t—i—l)dt.
0 0
It follows that

/01 1 In(t* +t + 1) dt :/01 ! In((1—e'5¢t)(1— e ¥¥t)) dt
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An integral representation of the Dilogarithm function Liy(2) is
(see Wikipedia entry, “Polylogarithm”)

11
Lis(2) = —/0 SIn(l—zt)dt, |z <1.

Hence,

- 27

/01 1 In(t2 + ¢+ 1) dt = —Lip(e'¥) — Lip(e ™% ).

Now we use a known property of the Dilogarithm function (see
Wikipedia entry, “Polylogarithm”),

Li2<e27r1la:> + Li2(e—27rim> — 27T2B2($) — 271_2(;32 —x+ é)

It follows that
- 2 1\2 1 1 1
. PE-us . —3=E\ 2 - N ) — 2
~Lia(¢F) — Lig (e7F) = —2m <<3> (3) + 6) T
Similarly,

11 11 . 1 .
/ n In(t> —t+1)dt = /O n In(1 — e'st)dt —|—/ “In(1 — e *s")dt
0
= —Tia(e'F) — Lia(e)

(GO R
= 27 - =+ =—=7".
6 6 6 18
We conclude that the definite integral is equal to

1 1 1
I=2(-n? 71'2) ==
(67 18

9 3
Solution 2 by the proposer. Let us denote
oo 1
[ [© YEle o
o 24+ x+1
1 1
A= vzinz de.
0o 24+ x4+1

B:/*~ﬁmwdw
1 x24+x+1
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We consider the A integral and we have successively:

1(1—xz)zzlnw
A:/ dx
0

1 — a3
1
/1 2z Ilnx /1 x3 lna:
= dx —
o 1 — a8 1—:133
1 oo
:/ Zw3”+% lnwda:—/ Zm3"+% Inxzdx
0 n=0 0 n=0
o 1 1 1 3
= Z(/ m3"+5lnwdm—/ w3”+2lnmdm).
0 0

Next, using the following relationship:

1 1
a = >
/0 x®Inxdx = (a e’ a€cR, a>0,
we obtain
1 oo 1 1
A= — 9 _ 9 ‘
Slory wry) Sl TR 7

We also have the following relationship of the trigamma function:

> 1
HO S N

And we obtained the value of the A integral:

o91(s) = (3)]

Now we consider the B integral and substitute y = i to obtain

1y zlny
o y? +y+1

Proceeding similarly to the A integral, we obtain

-3

B = — dy.
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This results in

e n=oll) en (D) -2 ()]

Finally, using trigamma’s reflection formula

7.‘.2

Pi(x) + (1 —x) =

sin?(mwx)’

o () +(3) =ity =

The special value of the trigamma function, 4, (1) = =", is known,
yielding

we obtain

2
I:;(471'2—71'2> = il

Thus, the problem is solved.

Solution 3 by Michel Bataille, Rouen, France. Let I be the
given integral. The change of variables = = u~2 leads to

_ / Inu
N wt+u+1
We now apply a formula deduced from a suitable contour integra-

tion, as detailed in [1]: setting f(z) = m we have

oo Inu 1
/ ————— du = ——Re(o),

o w4 w241 2
where o is the sum of the residues of f(z)(log 2)? at the poles of
f(z) and log z = In(|z|) 4+ 40 when 0 < 6 = arg(z) < 2.

The poles of f(z) are —w?, w, w?, and —w, where w = exp(27i/3).
The residues of f(z)(log 2)? at these poles, respectively, are

(im/3)? . 7©?/9 (2iw/3)?  —4m?/9
4(—w?)3 — 2w2 44 2w? 4(w)d +2w 442w’
(4i7/3)>  —167%/9 (5im/3)*  257%/9

4(w)3 + 2w? 44 2w?’ —4—2w  4+2w’
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and their sum is

Tn%/3 572/3 _71'2( 7 5 )
44+ 2w 44 2w2 6

2 ]
6 \24+w 24 w? :E.(S_&\/g)

so that Re(o) = %2. It follows that

[1] H. Cartan, Elementary Theory of Analytic Functions of One or
Several Complex Variables, Dover, 1995, ch. III, p. 109.

Also solved by Floricd Anastase, “Alexandru Odobescu” High
School, Lehliu-Gara, Calarasi, Romania, and Brian Bradie, Depart-
ment of Mathematics, Christopher Newport University, Newport
News, VA, USA.

A-90. Proposed by Michel Bataille, Rouen, France. For n € N,
let P, = I (2k —1). Find
k=1

n Pn
£ = lim and lim (/' P, — nf).

n— 00 n n—o0

Solution 1 by Moti Levy, Rehovot, Israel. We have

(2n)!

2np!

P, = ﬁ(zk—l) = (2n— 1) =
k=1

The asymptotic expansion of the factorial is

1 1
n! = v27rn"+2e_"’<1 + O())

n
Therefore,

V2r2¥tin? e~ (1 4 O(L)) , 1
P, = ; nil o= 2ntapn —“(1 0())
2"\/27rn"+§e—"(1 + O(%)) e + n
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and thus

n—>00 n—o0

n  2n
lim Py —nl = lim (21+;n _ )
e

= E lim (Zﬁ — 1>n = g lim (eﬁ — 1)n

eTl—)OO
2 In 2 1
= — lim (1—|——|—O<> —1>n
e n—oo 2’)’L n2
2 In 2 1 In 2
= — lim ( + O())n = —.
e "o\ 2n n? e

Solution 2 by the proposer. We have

(2n)! _ (2n)!

Pp=1-3:---- (2n—1):2.4 ..... (2n)  27(n!)’

It follows that

1
In({/P,) = —(In((2n)!) — In(n!) — nIn(2)).
n
Using the well-known asymptotic expansion as n — oo:

In(n!) =nln(n) —n + 1n(2n) +a+ o(1)
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(where a = In(+/27)), we successively obtain

In(n) In(2)
2 + 2

In((2n)!) = 2nln(n) 4+ 2n(In(2) — 1) + + a + o(1)

and In(2)
1n(06§5::1n(n)+-hqz/e)4-—§;;~+¢xl/n)

We deduce that

2 In(2
VP, = nexp( n(2) + o(l/n))
e n
2n In
26(1 @, (1/n))
2n  In(2
=2 o)
e
Thus,
VP, 2 In(2
= — 2) 4+ o(1/n)
n e
and we can conclude
2 In(2
L=— and lim ({/P, — nf) = n( )
e n—oo e
Solution 3 by Victor Martin Chabrera, Barcelona, Spain. We
can see that P, = (;72,' .

Using Stirling’s approximation: n! = v27n(2)"(14+ O(2)), we
obtain

@:\7/ 47Tn<26"7)l

2*V2mn(y)"(1+0(3))

- fafiro(l) - A sof )

From here, we immediately obtain

n/ 2n 2n 1
0= lim Y — him e V2(1+0(%)) |2
n—oo n n—00 n e
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Now, we are left with computing the other limit:

)

n—oo

2
lim {/P, —né= lim {n 2€/§<1+0<
n o e

= lim 24"’(2{‘/5—1) — 2 lim (‘/5:1)

Let us compute this limit by applying 'Hopital’s rule on functions
f(z) =22 —1 and g(z) = 1, which both tend to 0 as n — oo:

1 1 1
2% —1 (2 —1) L —ldax
hm —_— = llm —_— e = llm T
T— 00 1 r—r00 da1 T— 00 1
x dz = x2

— lim (In2)2% = In2.
r—ro0

And so, we obtain

2In2 In4
lim /P, —nt = —2 =%

Solution 4 by Brian Bradie, Department of Mathematics,

Christopher Newport University, Newport News, VA, USA. By
Stirling’s approximation,

1
n! = e "n"t/2y 271'(1 + O())
n

Thus,
L _ (2n)!
P, = kl;[1(2k: 1) = P
_e7(2n)* 227 (1 + O(3))
N 2"8—”n”+1/2\/%(1 + 0(%))
2n+1/2nn 1
- vof}))
en n
and

— 2n 1/(2 1 2n In 2 1
e n? e 2n n?
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It then follows that

. vV P, 2 In 2 1 2
B: lim = lim (1++O( )) = —,
2n

n—o00 n n—oo e n2

and

lim ({/P, — nt) = JH&(M +0(1>> _ 2

Also solved by Floricd Anastase, “Alexandru Odobescu” High
School, Lehliu-Gara, Calarasi, Romania, and Henry Ricardo,
Westchester Area Math Circle, Purchase, NY, USA.

A-91. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be an acute, scalene triangle with orthocenter H and centroid G.
Let A,, B;, C; be the feet of perpendiculars from H on the sidelines
BC,CA, AB, respectively. Let G, be the centroid of AA;B,C;. If
HG is parallel to BC, then prove that HG, is parallel to B,C;.

Solution 1 by Michel Bataille, Rouen, France. We embed the
problem in the complex plane and, without loss of generality, we
suppose that the circumcircle of AABC is the unit circle. We
denote by m (lower-case letter) the affix of the point M (upper-
case letter). With this notation, we have aa = bb = cé = 1 and
g = %Hc, h = a + b+ c. The condition HG parallel to BC
h—

becomes % = Efg, which by an easy calculation gives

ab + bc + ca = —a(a + b+ ¢). (1)

From the equations z + bcz = b+ c and z — bcz = a — % of BC
and the altitude AH, we deduce the affix a; = 1(h — %). With b,
and ¢, obtained cyclically, it follows that

g =5 =53

a; +b;+ ¢ h 1(bc ca+ab>
3 2 6 c

where for convenience we set w = % + €2 4 9b,
Now, we show that under condition (1), HG; is parallel to B;C,
that is,

(h —g1)(b1 —c1) = (b1 — c1)(h — g1). 2)
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From b; — ¢; = (2 — <), we deduce that b; — c; = —a?(by — c1)

and (2) writes as 3h + w = —a?(3h + w). We readily obtain
abc(3h + w) = (ab + be + ca)® + abe(a + b + ¢)
and
—a?(3h + w)abc = —a?((a + b+ ¢)? + ab + bc + ca)).
By subtraction we see that abc[(3h + w) + a?(3h + w)] equals
(ab+bc+-ca)(a+b)(a+c)+a(a+b+c)(a+b)(a+c) =0 (using (1))
so that 3h + w = —a?(3h + w), as desired.

Solution 2 by the proposer. Let M be the midpoint of BC' and
let D, E, F be the feet of perpendiculars from A; on the lines AB,
AC, B,C}, respectively.

We first establish two lemmas.
Lemma 1. The orthocenter H is the incenter of A;B.C.

Proof. Since BA;HC, is a cyclic quadrilateral,
/AC1H = /A;BH = /CBB; = 90° — ~.
Since HC;AB, is a cyclic quadrilateral,
/HC1B; = /HAB, = ZA1AC = 90° — ~.

Thus, LA,C1H = ZHC,B; or C1H is the bisector of the angle
A,C1B;. Similarly, B;H and A,H bisect the angles at B; and
A;. Thus the point H is the incenter of the triangle A, B,C;. [

Lemma 2. Let D, and E, be the reflections of A, in AB and AC,
respectively. Then, the points B:,C:, D,, E; are collinear.

Proof. Since cyclic quadrilaterals BA;HC; and HC1AB;,

éBclAl - ABHAl - ABlHA - ABlclA.



262 Arhimede Mathematical Journal

But D;C, is the reflection of A;C; in AB, hence DA, 1 AB,
AchlD &= AAlch and ADICID = ZAlch = ZAICIB =
LACB;.
ADICIB:[ - ZchlB + ZBClBl
- ZchlB —|— éBClA - éAClBl - 1800.

Similarly, Z/E,B;C; = 180° and the points B;,C;, D,, E; are
collinear. O

From AD.C,D &£ ANA,C,D and AE\BE = ANA,B;F and from
Lemma 2, it follows that D]_C]_ = A]_Cl, E]_B]_ = A1B1 or D]_E]_ =
A1C1 + ClBl + BlAl'

Let F' and I be feet of perpendiculars from A, and H, respectively,
on D, E,;. Thus, A, F is an altitude of AA;B;C,. From Lemma 1,
H1 is the inradius of triangle AA;BC;.

The area of triangle A;B;C] is

1 1
SA131(71 = EAIF - B,C, = EHI - D1 E;.

DE is a mid-segment of the triangle A; D, E; so DE = %DlEl.

Since HG || BC, AAHG ~ AAA;M or AH : AA, = AG :
AM = 2 : 3. The homothety h(A, 2) carries AAA; M to AAHG,
NAAD to ANAHC,, ANAAE to ANAHB,, hence AAC, B, is the
image of triangle ADE under the homothety h. It follows that

2 1
CiB, =-DE =-D1E
b1 =g Pt

and

1 1 3
SAlBlcl = EAIF . Blcl = EHI . D1E1 = EHI . Blcl or AlF:3HI.
Let J, K be the intersection points of the line C; B; with A; H and

A,G, respectively. Since AJIH ~ AJFA,, JH : JA, = HI :
AlF:12301'A1H:A1J:2:3:A1G1:AlK.

It follows AA; HG, is the image of A A;JK under the homothety
(Al, g), SO HGl ” JK , that is, HGl || Blcl.
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A-92., Proposed by Oscar Rivero Salgado, BarcelonaTech, Barce-
lona, Spain. Let n be a positive integer, and consider the set of
2" matrices whose coefficients are either O or 1. Let o, be the
proportion of those matrices whose determinant is an odd number.
Prove that a« = lim,,_, ., «,, exists and show that

1 1

4 2 /e

Solution 1 by Michel Bataille, Rouen, France. For any integer
m, let m denote the class of m modulo 2, so that m € F, = {0,1},
the field with two elements. For A = (a;;) € M,(Z), let A =
(a;;) € M, (F2). Since det(A) = det(A), the integer det(A) is an
odd integer if and only if det(A) = 1, that is, if and only if A is
invertible. Since there are (2" —1)(2" —2) --- (2™ —2"~1) invertible
matrices in M,,(F>), we have

(2" —1)(2" —2)--- (2" —2"") ﬁ(l 1)

] _
2n k=1

(8] =

Noticing that for all » € N, a, > 0 and 22 =1 — & < 1, the
sequence (a,,) is decreasing and bounded below by 0, hence it is
convergent.

The limit « being [] (1 — 4 ). the inequalities to be proved are
k=1

equivalent to

o 1 1
—2In2< —In2 + Zln(l—) < —In2-——,
k=2 2k 2

that is, to
1 1
— —In(1— — In 2. 1
5 <k§:2< n( o )) < In (1)
Since —In(1 — x) > x for « € (0,1), we have
L (m(-p))> R =y
k=2

which proves the left inequality of (1).
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Since . L L
—In({l——) = —
( 2k> ngl n 2kn
we obtain
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2

S~ 3~7
i

S
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_

I
8 118
[t

" n2n(2n — 1)

n

Observing that 5.y < 3+ With equality only for n = 1, we
deduce that

0 1 > 1 1
—In|l1—- — — =—In{1— =) =1In2,
() < N =l g) =

k=2
so that the right inequality of (1) is now proved.

Solution 2 by the proposer. The condition of having odd de-
terminant means that the matrix is invertible over the field of 2
elements. We claim that, for a fixed n, the number of matrices
with odd determinant is

n—1

a, = [[ (2" — 2.

=0

Indeed, the condition of non-zero determinant means that all the
rows are linearly independent, so once we have fixed ¢ rows there
are 2" — 2! options for the (i + 1)-th row, since we must exclude
the 2¢ linear combinations obtained by considering the first ¢ rows.
Note that all these linear combinations are distinct by the condition
of being linearly independent. From the expression for a,,, we have
that
any1 = (2" — 1)2"a,,.
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Then,

Oni1 = (1 — 2" Ha,,

with a; = 1/2. In other words,

= f[(1 —27%).

Now, the convergence of the sequence «,, follows from the conver-
gence of the sum Y%, 2. To compute its value, we work instead
with —log(a,), since it admits the simpler expression

—log(ay) = Z Z = i

1
i=1j=1J - 2% j=1 Jic (2])Z

In particular,
> 1
—log(a) = —
jz=:1 j(27 —1)
where the exchange of the order of summation is now possible
since the sequence («,) converges (alternatively, in the sum all
the terms are positive). From here,

1 > 1
——l—log(2) —1—1—27 < —log(a) < 1—|—2Z,72j:210g(2).

32-].2 j=2

Taking exponentials in the previous expressions, we obtain

as claimed.

Remark. With a computer, we see that a numerical approximation
of this value is 0.2888, which is of course between 0.25 and 0.3033.

Also solved by Moti Levy, Rehovot, Israel.
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A-93. Proposed by José Pérez Cano, CFIS, BarcelonaTech, Barce-
lona, Spain. Let p > 2 be a prime number such that p = 2 (mod
3) and let a, b, c, d be positive integers. If p divides ac — 3bd and
ad + be, prove that either p divides a and b or p divides ¢ and d.

Solution 1 by the proposer. We first prove that either p divides
a? + 3b? or p divides c? + 3d2.

Proof. The hypothesis is equivalent to saying that

ac — 3bd = pr,
ad + bc = ps,

for some integers r, s. Hence,

p*(r? + 3s?) = (pr)* + 3(ps)®
= (ac — 3bd)? + 3(ad + bc)?
= a?c? + 9b%d? — 6abed + 3a3d? + 3b%c? + 6abed
= a?c? + 9b%d? + 3a’%d? + 3b3c?
= (a® + 3b%)(c® + 3d?).
Since p is prime and divides (a? + 3b?)(c? + 3d?) it either divides
a? + 3b? or c? + 3d>. O
We now know that p | a? 4+ 3b2 or p | ¢® + 3d?. WLOG, assume
p | a® + 3b%. Then, a? = —3b? (mod p). If @ Z 0 or samely b Z 0,

then we got —3 is a quadratic residue modulo p. But that is
impossible because

)-GI0)-cr -

which is true if p is odd, because of quadratic reciprocity and
p = 2 (mod 3) is not a quadratic residue. Therefore, —3 is not a
quadratic residue modulo p and we have p divides a and b as we
wanted.

Solution 2 by Michel Bataille, Rouen, France. Let u € Z and
v € N be such that ac — 3bd = up and ad + bc = vp. Solving for
c and d gives

c(a? + 3b%) = p(au + 3bv), d(a® + 3b%) = p(av — ub).
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It follows that if p does not divide a? + 3b?, then p divides both
c and d. Otherwise, p divides a? + 3b%. We show below that, in
addition, p divides b. Therefore, it also divides a?, hence a, so
that p divides both a and b.

With the purpose of a contradiction, assume that p does not divide
b. Then, b and p are coprime, hence there exists an integer e
such that be =1 (mod p). It follows that e?(a? + 3b?) = (ae)?*+ 3
(mod p) and therefore —3 is a square modulo p. However, using
the Legendre symbol and the law of quadratic reciprocity, we have

()= ()~ e~ () -

where the last equality follows from p = 2 (mod 3) and the fact
that 2 is not a square modulo 3. Thus, —3 is not a square modulo
p and we have reached the desired contradiction. We can now
conclude that either p divides ¢ and d or p divides a and b.

A-94. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let f be a real function having second derivative
in the interval [z, 23] and f’(x1) = f’(x2) = 0. Prove that there
exists at least one point ¢ € (x1,x3) such that

|f(x2) — f($1)|-

(T2 — x1)?

TG

Solution 1 by the proposer. If f is constant, the claim trivially
holds. Moreover, since f’'(x;) = f'(xz2) = 0, then f is not linear.
Applying Cauchy’s theorem to the functions f(x) and g(xz) =

_ 2
M in the interval x4, T1t T , we get
Ty + T2
® (‘f( 2 ) B ﬂwl)) f'(c1) Ty + x5
= , 1< < —.
(:1:2 — 331)2 Ci — 21 2

Likewise, applying Cauchy’s theorem to the functions f(z) and
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Ry
h(x) = (582258) in the interval | “- 1T %2 , T3 |, we obtain
Ty + @2
8(.f(£112)_.f( 9 ))_ f/(c2) $1+w2<c cw
($2 — m1)2 o Lo — Cz, 2 2 2

Adding up the above expressions yields
8(f(x2) — f(x1)) . f'(c1) 4 f'(c2)

(332 — 331)2 o Ci1 — X1 Lo — Cz.

On account that f’(x1) = f’(x2) = 0, we have that

f'(c1) + f'le2) _ fl(e) = f'(x1)  f(m2) — f(c2)
Ci1 — &1 ZBz—Cz_ Ci — X7 Lo — Co

= f"(d1) + f"(d2).

where x; < d; < ¢; and ¢; < dy < 2. Now, it holds that
8(f(z2) = f(=1))| _ | f'(er) n I (c2)

(2 — x1)? C1 —T1 T2 — Cy

< [F7(d)] + 17 (d2)].

Since f(x1) # f(x2), then at least one of the numbers |f”(d;)| or
|f”(d2)| is nonzero. Let

|7(c)| = max{|f"(d1)|,|f"(d2)

};
then
8|f(z2) — f(x1)]
(T2 — 1)?

and the statement follows. If |f”(d1)| = |f”(d2)| then equality
holds.

< 2(f"(c)

Solution 2 by Ander Lamaison Vidarte, Brno, Czech Republic.
Let m = # We claim that the following equality holds:

Fxs) — f(z1) = /:(m — 2)f"(z) da. (1)
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Indeed, given f’(x;) = 0, we have

fla2) = f@) = [ Fw)ay
Tz /3c ” (2) dy da
_ /w Tz(mz — ) f"(z) de.

From the previous expression we substract the following:

T2 Lo — X

0= 222 (@) — F@) = [ P @) de,

which produces (1). Now assume for contradiction that the state-
ment is false, and apply the triangle inequality to (1):

F@2) = F@n)] < [ Im — @]l (@)| de
|f(332) — f(z1)]

(wz—ml)Z - |m — iB| dx

=[f(x2) — f(z1)],

which is a contradiction. Hence the statement holds.

Solution 3 by Victor Martin Chabrera, Barcelona, Spain. Let
us define K = 4M We want to show that there is a point

(x2—x1)?

¢ € [x1,x5] such that |f”(c)| > K.

Assume there is no such point. Then,
F@) =f@)+ [ f@wae= [ @ d< K@ -a)
and, similarly,

F@) =f@) = [ wat=— [T ) dt < K@z - o).
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So
@) = F@)l = | [ F®)ay

L1
x1+xo

= /w ’ f’(t)dt+/:ﬂ F'(¢) dt

x1+xo

T2
- /w ; K(x_ml)dt+ﬁl+m2 K(zy — x)dt
1 2

(z2522)° | (=252)°
2 T 2

_K( - )

_ @) — F@)] (@2 — )?
(22 — x1)? 4

= |f(z2) — f(z1)],

leading to a contradiction and completing the proof.

=K

Remark 1. We can see that the bound is sharp. That is, if we
changed the > of the statement for a >, it would not remain true.
The counterexample would come from setting

F(z2)—f(z1) ; z1+x
f//( ) _ 4 (;2_:,31)21 fry <z < 12 2,
r) = _4f($2)—f(931) l-f:cl—i-mz <z <z
2 = 2

(z2—wx1)2

Also solved by Michel Bataille, Rouen, France; Brian Bradie, De-
partment of Mathematics, Christopher Newport University, Newport
News, VA, USA, and Moti Levy, Rehovot, Israel.

MEA CULPA

By mistake, I inadvertently did not credit Philippe Fondanaiche,
Paris, France, with sending solutions to the following problems:
E-83, E-84, E-86, E-88, MH-83, MH-85, MH-87, MH-88. I apolo-
gize if this has caused any inconvenience to the author.
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