No. 2
2019

ARHIMEDE

MATHEMATICAL JOURNAL

Articles
Problems
Mathlessons

ARHIMEDE ASSOCIATION



CONTENTS

Articles

Numerical sequences and polynomials
by Arkady M. Alt

A Generalization of an AMJ Inequality Problem
by Henry Ricardo

Problems

Elementary Problems: E71-E76
Easy-Medium Problems: EM71-EM76
Medium-Hard Problems: MH71-MH76
Advanced Problems: A71-A76
Mathlessons

Lifting the exponent
by Ismael Morales Lopez

On Basel Problem

by Marc Felipe i Alsina and José Luis Diaz-Barrero

On fast calculation of square roots and logarithms

by S. Camosso

Contests

114

121

127
128
130
132

135

145

150

Problems and solutions from the 60th edition of the Interna-

tional Mathematical Olympiad (IMO)
by Oscar Rivero Salgado

156



Solutions

Elementary Problems: E65-E70
Easy-Medium Problems: EM65-EM70
Medium-Hard Problems: MH65-MH70
Advanced Problems: A65-A70

167
177
186
202






Volume 6, No. 2, Autumn 2019 113

Articles
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attractive papers with elegant mathematical exposition. Articles
should include examples, applications and illustrations, when-
ever possible. Manuscripts submitted should not be currently
submitted to or accepted for publication in another journal.
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Numerical sequences and
polynomials

Arkady M. Alt

Abstract

In this paper, motivated by some problems of mathematical
Olympiad caliber, we present links between numerical se-
quences and polynomials.

1 Basic Results

Hereafter, we present a basic general problem and solve it. Applying
its solution, we will solve some other problems appeared elsewhere.

Problem 1 (Basic Problem). For a given sequence {ay},>o and
foralln > 0, let A,(x) be the sequence of polynomials of degree
at most n such that

A,(k) =ag, for0<k<n.
Find the value of A(n + 1).

Solution. For n = 0 we have that Ay(x) = ap is the constant
polynomial and Ag(1) = ag. So, Ag(x) = ap and Ay(1) = ay.

For n =1, let A;(x) = ag+ ayx. Since A;(0) = ag, then A,(x) =
ag + a;x. On the other hand, A,(1) = a1y <= a¢ + a1 = a; and
a; = a; —ag. Thus, A;(x) = ag+ (a1 — ag)x, from which it follows
that A1(2) = ao + 2(a1 — ap) = 2a; — ap.
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For n = 2, let Ax(x) = ap+ar1xz+asx(x—1). Since Ax(x) = A;(x)
for x = 0,1, then A;(x) = a9 + ayx for all  and, therefore,
Az(x) = Ai(x) + asx(x — 1). Using that A5(2) = a2 and A,(2) =
2a; — ag we obtain

ags — 2&1 —|— QAo

2lay + 2a1 — ag = as and oy = 51
Thus,
As(z) = Ay (z) + 2 22“'1 T (= 1)
:a0+al;a°w+“2_2;1+“"w(a;—1)

and
A2(3) = Qg — 30,1 + 30,2.

To emphasize that A, (n + 1) is not, generally speaking, a term
of the sequence {ay},>0, we set b, = A,(n + 1) for all n > 0.
Thus, our main goal is to express b, through the terms of the
sequence {a,},>o and to find the polynomial A, (x). For example,
we already have bo = Qgp, b1 = 2a, — Qagp, b2 = ag — 3a; + 3as and,
by the way, the polynomials Aq(x), A;1(x) and Ax(x).

Now, assume that we already have the polynomials Aq(x), A1(x),
.., A, () that satisfy the condition of the statement. We will find

T
Anti(z) = P(x) + otnya (n n 1)’
where deg(P(x)) < n and

(n i 1) _a(@— 1)((mn—+2i).!- (z —n)

as is well-known.

Since A,ii1(x) = A,(x) = P(z) for x = 0,1,2,...,n, then
P(xz) = A,(x) for all x and, therefore,

xr
Apii(z) = Ap(z) + 0y (n n 1>’
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where coefficient «,, 1, is determined by using A, 1;(n+1) = a,41.
We have

n+1
Gpnt1 = Apri(n+1) =A,(n+1) + apta (n " 1)
or
Apt1 = by + 01 <= apt1 = apy1 — by
Thus,

Ania(@) = 4,(@) + (anes =0 7 )

Applying the (n + 1)-times iterated difference operator A™*! to the
polynomial A, 1(x) = An(x) + g ( j_ 1) , we obtain
n

An+1(An+1(m)) = An+1(An(£B)) + A'"""l (an+l (’I’L + 1))

or
A" Ap1(2) =0+ appn = A" (A,44(0)) = ana,

from which, on account that A, ;(x) is a constant polynomial,
A"t (ag) = anyq follows. Thus, A, 41(x) = An(2)+A™ (a0)(,7,)

and, therefore, A, 1(n+1) = A,(n+1)+A"(ao)(71]) or ap1 =
b, + A"t (ag), from which it follows that b, = a,,+; — A" (ay).

Since for all n € N we ahve
n+l n+1
An+1(a0) = Z (—].)k( >Gn+1_k,
k=0 k

then we have

An(n + 1) = bn = Qp+t1 — A"+1(a0)
n+1 n + 1
= Qn41 — Z (—1)k( k >an+1—k:
k=0

n+1 ’I’L+ 1
= Z(—l)k_l( k )an+1—k
k=1
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and

An(@) = a0+ > A*(a) (Z") — éAk(ao) (2) O

k=1

Remark 1. As it is well-known, for any function f(x) the differ-
ence operator A is defined by Af(x) = f(x + 1) — f(x) and the
k-times iterated difference operator A* is defined recursively by
Af(xz) = f(x) and A*f(x) = A(A*1f(x)) for k € N. Since

A%c) =0, A((F)) = A(2) = 1 and A((7)) = (1) = (1) = (),
then
A (E)) — Ar x _ 0 ifk>n,
n n—k 1 ifk=n.
A natural generalization of Problem 1 is the following:
Problem 2. For a given sequence ag,Gi,...,0n,..., let A, ,(x),

n > 0, be a polynomial of degree at most n such that A,, (k) =
am+k Jor 0 < k < n. Find the value of Ay, n(n +1).

The answer is obvious and we have
Am,n(n + ]-) = Om4nt+1 — An+1(an)
n+1 n _|_ 1
= Qmint1 — Z (—1)k< & ) + Cmirnti1—k
k=0
n+1 n _|_ 1
= Z(—l)k_l( L ) + Gmint1-k
k=1
and

Amn(@) = am + 3 A¥(am) (‘Z) - é Ak (a,,) (2)

k=1

2 Applications

In what follows, some applications of the above results are given.
We begin with the following.
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Problem 3 (IMO Short List 1981). Let P(x) be a polynomial of
degree n such that

P(k) = 1/<”Zl>, for0 < k < n.

Find P(n +1).

Solution. Using the correlation

n+1 _|_ 1
Anfn+1) = 0 (" e
k=1

for a, =1/("") =1/(_ ") = ant1-k. we obtain

n+1—k
Pn+1)=A,(n+1) = ;iz(—l)’“_1 Kn ;: 1>/<n :L_—li_i k)]
= g(—nk—l = Z—l);—kl -

The next application appeared in [1] and it is stated as follows:

Problem 4. Let A(x) be a polynomial with integer coefficients
such that for 1 < k < n + 1 holds:

A(k) = 5",
Find the value of A(n + 2).

Solution. We will solve a more general problem replacing 5 with
any a # 1. Let ap = a**! (0 < k < n), A(z) = A,(z) and
A(n+2) = A,(n+1). Since

AtGan) = 20w = 32 (5o

i=0 \?

- aé(-l)l’(’j) a*~* = a(a — 1),
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then
An(z) = akgijo(a _ 1)k<:>

and

An+2)=A,(n+1) =a""? — 7%?(—1)’“‘1 (n ;: 1) a™t2k
=a(a"™ — (a — 1)”+1),.c_0
Finally, setting a = 5 we get A(n + 2) = 5(5"T! — 4n+t1), O
Remark 2. Note that, if a,, = aa™ + Bb", then

n

An(x) = Z <aa(a —1)* 4+ Bb(b — 1)’“)

k=0
and A(n +1) = aa(a™ — (a — 1)"*") + Bb(d™ — (b —1)"*).

Finally, we close this paper by giving an application involving
Fibonacci numbers.

Problem 5. Let {f,}n>0 be the Fibonacci sequence defined by
fo =0, fl =1, and fn—l—l = fn + fn—l for all n Z 1. Let Fm,n(m)
be a polynomial of degree at most n such that F,, (k) = fm+r JOr
0 < k < n. Determine F,, ,(n + 1).

Solution. First note that A(f,) = fau+1 — fn = fan—1. Then,
A*(fn) = fa_k, k < n. But what happens if £k > n? To get the an-
swer to this question we need to extend the definition of Fibonacci
sequence to negative values of n. We may define f_,, = (—1)"*'f,,
as it is well-known. On account of the preceding we have

Fm,ﬂ(n + 1) = .fm+n+1 - An+1(fm) == fm+n+1 - fm—n—l

and

Frn®) = frn 3. (";) AF(fm) = 3 (2) AF(fn) = 3 (”,z) Foni.

In particular, if m = 1 we get

Fl,n(n + 1) - fn+2 - f—n - fn+2 - (_1)n+1fn - fn+2 + (_1)nfn
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and
F () = i <2>f1—k =1+ i (:)fl—k =1+ i (2)(_1)kfk—1-
k=0 k=1 k=1
]
References

[1] “Problem 64”. Mathproblems 4.1 (2014), p. 244. 1SSN: 2217-
446X.
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A Generalization of an AMJ
Inequality Problem

Henry Ricardo

Abstract

In this article, we note a similar pattern in two inequalities
and prove a generalization that includes both. As a bonus, an
additional generalization is provided.

1 Introduction

Shortly after solving Problem 1 in this Journal [1], I encountered a
similar problem, Problem 2, shortlisted for the 2002 Junior Balkan
Mathematical Olympiad [2]:

Problem 1. Let a,b, c,d be positive numbers such that abed = 16.

Show that
5 b5 5 d5
@’ :c + > a’vb+ c+b*Ve+d+c*Vd+ a+d*vVa +b.

Problem 2. If a,b, c are positive real numbers such that abc = 2,
then

a*+b*+c>avb+c+bve+a+cva+b.

2 Analysis

What can we say about these inequalities? First of all, these
inequalities are not homogeneous—that is, all terms are not of
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the same degree. The left-hand side of Problem 1 has degree 5,
whereas the right-hand side is roughly (inaccurately) of degree
5/2. However, in each case, if we square each term in the right-
hand sum individually, we will have a homogeneous inequality—of
degree 5 in Problem 1 and of degree 3 in Problem 2. There does not
seem to be any way to homogenize these inequalities, and squaring
both sides creates very messy algebraic expressions. It seems as
if we have to think of some inequalities that deal with sums of
products and terms that are squared.

Now there are many inequalities that involve sums of products,
but arguably, the two simplest such inequalities are the Cauchy-
Schwarz and Chebyshev inequalities (the latter a generalization of
the rearrangement inequality):

Cauchy-Schwarz: For any real numbers z;,xs,...,x, and y;,
Yoy - - - s Yn, it holds that

iy Tayst A Eayn <2 F @i 4 f a2 JyR YR 4+ YR

Chebyshev: If the real numbers x;, x3,...,x, and yi,Yss...,Yn
are ordered the same way—that is, both sequences are increasing
or both decreasing—, then

=1 =1 =1
(The inequality is reversed if the two sequences are ordered differ-

ently).

Finally, we note that the dominant sides of Problem 1 and Prob-
lem 2 and the given conditions on the product of the variables
suggest power means:

Power Mean Inequality: If z,,x.,...,x, are positive real num-
bers and r > s for positive real numbers r and s, then

(iBI+$§+“'+ZBZ>1/T><ZBi—I-wg—l-"'—l-wfl)l/s

> /X X c Ty

n n

This inequality is valid for any real numbers r and s, but the
problems we are trying to solve involve positive values only.
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3 Main Result

As a generalization of the inequalities given by Problem 1 and
Problem 2, I propose the following:

Theorem 1. If ay,a-,...,a, are positive real numbers such that
aias---a, = C and k is a nonnegative integer, then

afk-}—l + a§k+1 T a121k+1

> M (ak¥vaz +as + asvas tas+ -+ akva, +az).

where M = /C@k+1)/n /2,

Proof. We apply Cauchy’s inequality to get

> ajvajntaji2<y2(a+a3t+- - +a2F) (e tazt - tag).
cyclic
(1)

Then, Chebyshev’s inequality gives us

\/Z(a%k + a2+ .. +a2k)(ay +as+ -+ ay,)
< \/2n(a§k+1 + a2 4. a2k, )

Finally, the power mean inequality yields

2k+1
af’“"‘l + a§k+1 4+ 4 aik“'l > n( vVaias - - an)

=n.CET/" =y, (3)
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Now we combine inequalities (1), (2) and (3) to conclude that

2k:1 2k+1 2k+1
+_|_a ++,,_+an+

— \/(a2k—|—1 co 4 a2kt1)2
2k+1 2k+1
> \fm(@@ 7 a3 ez
_/m 2k+1 2k+1 2k+1
= - 2n(aj + a3 + -+ a?ktl)
2n
_m 2k+1 2k+1 2k+1
=/ — -\/2n(ay +a3 " 4 -0 4 a2kt
2n
——
M

2
> M/2(a?* + a2k + - -+ + a2)(a; + ag + -+ + a,)
@

> M Z a (VALTES] +CLJ‘+2. [l

cyclic

Note that

M \/ﬁ \/n(m)ZkJrl C(2k+1)/n
R 2n VT

Thus, in Problem 1, we have £k = 2, n = 4, C = 16, giving us
M = /165/4/2 = /16 = 4. For Problem 2, we have k =1, n = 3,
C =2, sothat M = /23/3/2 = 1.

There is an alternative solution for Problem 2 given in [2], but this
method does not generalize easily.

4 A Bonus

Although the result described in the previous section generalizes
the inequalities from Problem 1 and Problem 2, we can do more.
The following inequality extends our main result to the case of even
exponents in the dominant member of the inequality:
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Theorem 2. [f k is a positive integer and a,as,...,a, are posi-
tive real numbers such that a;as---a,, = C, then

a?* 4+ a2* ... 1 2
ZM( a%k_l(az + a3)+\/a§k_1(a3 + ay)+-- '+\/€l,,21k_1(011 + az)),

where M = /C?k/m /2.

The proof is essentially the same as the proof of Theorem 1.
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Problems

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical problems. Proposals
are always welcome. Please observe the following guidelines when
submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on
separate sheets, each indicating the name and address of the
sender. Drawings must be suitable for reproduction.

2. Proposals should be accompanied by solutions. An asterisk (*)
indicates that neither the proposer nor the editor has supplied
a solution.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu

The section is divided into four subsections: Elementary Problems,
Easy-Medium High School Problems, Medium-Hard High School
Problems, and Advanced Problems mainly for undergraduates.
Proposals that appeared in Math Contests around the world and
most appropriate for Math Olympiads training are always welcome.
The source of these proposals will appear when the solutions are
published.

Solutions to the problems stated in this issue should be posted
before

April 30, 2020



Volume 6, No. 2, Autumn 2019 127

Elementary Problems

E-71. Proposed by Marc Felipe i Alsina and José Luis Diaz-Ba-
rrero, BarcelonaTech, Barcelona, Spain. Let F,, be the n-th Fi-
bonacci number, defined by Fo =0, F; =1and F,, = F,,_1 + F,_»
for all n > 2. Is the number F3rg370367 0dd or even?

E-72. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Find all real solutions of the equation

11* + 60" = 617.

E-73. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let x,y, z be positive real numbers. Prove that

[xy [yz [zx
9 2 + ) ey + ? > 3.
E-74. Proposed by Marc Felipe i Alsina and José Luis Diaz-Ba-
rrero, BarcelonaTech, Barcelona, Spain. Let ABC be a triangle.
With the usual notations, show that
a? + sin® A N b2 + sin®’ B n c? +sin’C
a -+ sin A b+sinB c+sinC
B (a + b+ ¢)? + (sin A + sin B + sin C)?
o a+b+c+sinA+sinB+sinC

E-75. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ABC and ABD be two congruent triangles.
Vertices C' and D lie on opposite sides of AB. If CD meets AB
in X, then prove that XC = X D.

E-76. Proposed by Marc Felipe i Alsina and José Luis Diaz-Ba-
rrero, BarcelonaTech, Barcelona, Spain. Let n be a positive integer.
Compute the following sum:

o) =)+ 0) - () = v ()
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Easy-Medium Problems

EM-71. Proposed by Oriol Baeza Guasch, CFIS, BarcelonaTech,
Terrassa, Spain. Let ABC be a triangle with orthocenter H. Let
M Dbe the midpoint of arc BC, and let P be the reflecion of H over
side BC'. If M P is perpendicular to H B, find the value of

/ABC
/BCA’

EM-72. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Show that the inequality

(=% +2)° n (v +2)" n (22 +2)° S 3
3V4yTzt + 4 3V4ztrt4+ 4 3V4xTyt+4 T

holds for all non negative reals z, y, z.

EM-73. Proposed by Andrés Saez Schwedt, Universidad de Leon,
Spain. Let E be a point on side CD of a square ABCD, and
let H be the orthocenter of triangle ABE. The lines BE and
AFE meet the circumcircles of triangles AEH and BEH again at
points P and @, respectively. The lines AP and BQ intersect at
F. Prove that the circle of diameter AB is tangent to the incircle
of triangle ABF'.

EM-74. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let A(x) = "+a,_ 12" ' +a,_2x™ %+...4+a1x+ao
be a polynomial of degree n > 1 with nonnegative coefficients.
Prove that

A(k) <™ +1

,;A(k:)—FA(n—k) -2

n

EM-75. Proposed by Oriol Baeza Guasch, CFIS BarcelonaTech,
Terrassa, Spain. Let ABC be a triangle with incenter I and cir-
cumcenter O. Denote by D, E and F' the contact points of the
incircle with the sides BC, C A and AB, respectively. Let Q be
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the second intersection of the circumcircles of ABC and BDF'.
Finally, let N be the midpoint of arc BC containing A. Prove that
lines NQ@Q, IO and AB are concurrent.

EM-76. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let P be an interior point in AABC so that AP N BC = {E},
BP N AC = {F}, CPn AB = {G} and £(BGC) = £(AEC) =
£(BFA). Show that, if AP + BP + CP = 0, then ABC is an
equilateral triangle.
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Medium-Hard Problems

MH-71. Proposed by Andrés Saez Schwedt, Universidad de Leén,
Spain. ABCD is a convex quadrilateral satisfying Z/CAD =
ZDCA and Z/ZDCB = ZCBA. Let r be the external bisector
of the angle /D AB and let s be the reflection of the line AC with
respect to BC'. Prove that the lines r, s and BD are parallel or
concurrent.

MH-72. Proposed by Pedro H. O. Pantoja, Natal/RN, Brazil. Find
the solution of the equation sin® z — cos® x = 74/3/16.

MH-73. Proposed by Oriol Baeza Guasch, CFIS BarcelonaTech,
Terrassa, Spain. Let ABC be a triangle (AB < AC) with incenter
I and circumcenter O. Let E be the contact point of the incircle
with side CA. Denote by N the midpoint of arc BC' containing
A, and denote by M the midpoint of arc AC not containing B.
Finally, suppose line IO intersects side AB at point P. Show that
lines NP and M E meet at the circumcircle of ABC'.

MH-74. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Solve in real numbers the following system of equa-
tions:

a’c b%a c?b

b3—|—abc+c3—|—abc+a3—|—abc:2'

aVv'b + by/c + cyv/a = 3 Vabe, }
3

MH-75. Proposed by Mihdly Bencze, Brasov, Roamnia. Let n >
1 be an integer number. Prove that

2n n
{Z v/16m2 4+ k:J =Tn? + {Z Vn2 4+ k:J
k=1 k=1
where |x| represents the integer part of x.

MH-76. Proposed by Mihaela Berindeanu, Bucharest, Romania.
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Calculate

_ f(a@d )"
lim / -
n—o00 J (5:134 + 1)
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Advanced Problems

A-71. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Evaluate

/ﬁ/2 costx + 2sin’x
x.
0

2 + sin*x + costx

A-72. Proposed by Ander Lamaison Vidarte, Berlin, Germany.
For any matrix A € Ms42(R) prove that A - A* has at most 16
strictly negative entries.

A-73. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a, b be real numbers such that 0 < a < b.
Prove that for any =, z5,...,x, € [a,b] there exists a number &
(a < & < b) such that

arctan®(z,) + arctan®(x;) + ... + arctan®(z,,) = n arctan®(¢).

A-74. Proposed by Marc Felipe i Alsina, BarcelonaTech, Barce-
lona, Spain. Let f: [0,1] — R be a twice differentiable function
such that f”(x) < 0 for all z € [0, 1]. For all n > 2, prove that

[ s@ae=""tim+ (") [ e

A-75. Proposed by Nicolae Papacu, Slobozia, Romania. Let A,
B € GL(n,R) be two matrices distinct from the identity and let
p > 1 be an integer number. If B3 = I and AB = B?PA, prove
that:

1. B3=1,
2. AB=BAifandonlyif 3|(p — 2).

A-76. Proposed by Mihdly Bencze, Brasov, Romania, and José
Luis Diaz-Barrero, BarcelonaTech, Barcelona, Spain. Let a, b, ¢
be three positive reals numbers such that abc = 1. Prove that

I'(a) r'(b) I'(c)
1+a+ ab 1+b+be 1+c+ca —
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where T is the gamma function.
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Mathlessons

This section of the Journal offers readers an opportunity to ex-

change interesting and elegant mathematical notes and lessons
with material useful to solve mathematical problems.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria
Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,
08034 Barcelona, Spain, or by e-mail to

jose.luis.diaz@upc.edu
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Lifting the exponent

Ismael Morales Lopez

1 Introduction

Many properties of the integers, like being a perfect power or be-
ing a sum of two squares, can be reformulated in terms of their
prime factors. Sometimes, the information that is contained in the
factorization of an integer is not enough to reformulate other no-
tions related to integers, such as being a solution of a diophantine
equation, but this data does definitely provide insightful restric-
tions on the possibilities of such solutions. In many cases, these
restrictions are enough to completely solve the equation.

It is obvious that, if the greatest powers of p which appear in the
factorizations of a and b are p™ and p", respectively, then p™*"
is the greatest power of p that appears when factoring ab. This
can be summarized in the following lemma.

Lemma 1. For every prime number p and every a, b integers we
have that v,(ab) = v,(a) + v,(b).

It is important to state the following algebraic lemma. It appears
constantly when dealing with inequalities that involve a diference
of perfect powers of the same exponent.

Lemma 2. Let x > y be positive integers. For every positive inte-
ger N we have that ¥ —y~ > N(z —vy), with equality if and only
ifN=1.

Proof. Observe that

=N _ yN N—-1 N—-1
_ Z a:kyN—l—k > Z 1= N.
r—Yy k=0 k=0
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If N> 2, zyN¥=2 > 2 > 2, and thus

N _oyN  N-1
r Yy o _ S akyN-lok > N 41
r—Yy k=0

So the equality holds if and only if we are in the case N =1. [

Whenever we introduce quantities of arithmetic interest in number
theory, it is also convenient to have some control over their size. A
very simple bound of this type is the following.

Lemma 3 (Standard bound). Let n be a positive integer. Let p be
a prime number. Then, we have that v,(n) < log,(n), with equality
if and only if n is a power of p.

Proof. Factor n = p*m, where p does not divide m. Then, it is
clear that log,(n) = log,(p*)+log,(m) = k+log,(m) > k = v,(n),
with equality if and only if log,(m) = 0, which occurs exactly when
m = 1, that is, when n = p* is a power of p. O

2 Statement of the lemma

Theorem 1 (LTE lemma, v1). Let x and y be two integers, let n
be a positive integer and p an odd prime such that p | ¢ — y but p
does not divide x (and hence neither y). Then, it is true that

vp(2" —y") = vp(® — y) +vp(n).
Notice that we can modify a little bit the result to have a theorem
about the sum of powers of odd exponent, just replacing y by —y.

Theorem 2 (LTE lemma, v2). Let x and y be two integers, let n
be an odd positive integer and p an odd prime such thatp | x + y
but p does not divide x (and hence neither y). Then, it is true that

vp(T™ +y") = vp(x + y) + vp(n).
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It is also convenient to have a version of this result for the case
p = 2. It turns out that the equation varies a little bit because
there also appears an extra factor = + y, but it is analogous.
The proof of this version will be skipped because we are more
interested in the applications of the lemma, but there are still some
clever and valuable tricks used in the proof, which can be found
elsewhere. However, the case where the involved prime p is odd,
i. e. Theorem 1, will be proved later after analysing some easy
examples.

Theorem 3 (LTE Lemma, v3). Let x and y be two odd integers
and let n be an even positive integer. Then,

va(z™ — y") = va(x? — y?) + va(n) — 1.

3 Examples

These three versions 1, 2 and 3 of the Lifting the exponent lemma
will be simultaneously called LTE lemma. It should be clear from
the context which is the one we are using.

Example 1. 73 divides 949 — 249,

Proof. We are going to prove more than that. It is clear that 7 | 9—2
and 7 does not divide 9. Hence, we can apply Theorem 1 to deduce
that

vr(9% — 2%%) = 17(9 — 2) + 17(49) = 3,

so 73| 9% — 249 but 7* does not divide 94° — 249, O
Example 2. 11° divides 10" + 1.

Proof. We are going to check that the greatest power of 11 which
divides 10" + 1 is 11°. Observe that 11 | 10 + 1, 11* is odd and
11 does not divide 10, so, by Theorem 2,

v11(10"" + 1) = 5,

hence 11° | 10"* 4 1 but 11° does not divide 10" + 1. O
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We recall the following definitions before introducing the third
example.

Let a be coprime with m. We denote by ord,,(a) the minimum
positive integer n for which a™ = 1 mod m. It is a well known
fact that ord,,a | ¢(m). We say that a is a primitive root module
m if ord,,a = ¢(m).

Example 3. 2 is a primitive root module 3* for every positive inte-
ger k.

Proof. 1t is easy to compute ¢(3%) = 2-3*~1, Suppose that 2" = 1
mod 3%, or equivalently,

1/3(2” — 1) Z k.

It is clear that n must be even since otherwise 3 cannot divide
2™ — 1. We write n = 2u.

vs(2" —1) =v3(4" — 1) =v3(4 — 1) + v3(u) =1+ v3(u),

which is greater or equal to k if and only if 3*~! | u. We have
just proved that 2 - 3*~1 is the minimum n with its above defining

property. [

4 Proof of the lemma

The proof will consist on the combination of two lemmas. If we
were trying to prove Theorem 1 by induction on v,(n), i. e., on the
number of primes p that appear on the factorization of n, then
the following two lemmas would naturally arise. The first can be
understood as the base case of the induction, and the second one
is precisely the step of induction. In this way, it will be clear how
to combine both lemmas in order to prove our first version of the
LTE.

Lemma 4. Let x and y be two integers, let n be a positive integer
and p a prime such that p | * — y but p does not divide x (and
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hence neither y). Aditionally, assume that (n,p) = 1. Then, it is
true that

vp(z™ —y") = vp(z — y).

Proof. First, we factor the expression

n—1
r" — yn — (:B _ y)(Z wkyn—l—k>.
k=0
We will prove that p cannot divide Y7~ 2*y™~1~*, and it will follow
directly that v,(z" — y™) = vp(x — y). Since z = y mod p, we
have that S7) 2*y" 1% = nz™ ! mod p. The last congruence
cannot be zero because neither n nor "1 are 0 modulo p. O

It will be in the following lemma where the fact that p is prime is
crucial.

Lemma 5. Let x and y be two integers and p an odd prime such
that p | ¢ — y but p does not divide x (and hence neither y). Then,
it is true that

vp(2? — y*) = vp(x —y) + 1.

Proof. The idea is similar to the proof of the previous lemma, but
the details will be a bit more subtle. Consider again the following
factorization:

p—1
xP — yP = (xz — y) (Z mk:yp—l—k>.

k=0
In this case, we have to check that v,(>5_¢ z*y?~1~*) = 1. Notice
that P8 z*y?~1~* = pazP~! = 0 mod p. Now we have to check
that p? does not divide SP_0 xFyP~1-% Let x = y + tp with t € Z.
With the aid of the Binomial theorem combined with the fact
that a prime g always divides the binomial coefficients (;) for
1 <m < qg—1, itis deduced that, for every 1 < k < p — 1, the
following holds:

z* = (y + tp)* = y* + ky* " 'tp+ (terms which are divisible by p?)
=y* + ky* tp mod p°.
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This yields that x*yP~!=* = yP~! + kyP~2tp mod p? for all 0 <
k < p —1, and adding these equations up we get

L Ly (p—1)p
Y akyPimh = 3 (yP 4 kyPtp) = pyP T + <2>y”‘2tp
k=0 k=0

=py* ' + (p

5 )y”‘2tp2 =py? ' Z0 mod p?,

where we have used that ”7‘1 € Z (p is odd) and that p does not
divide y. ]
We already have all the ingredients to prove Theorem 1.

Proof of Theorem 1. Let n = p™t, where p is prime and ¢ is not
divisible by p, so v,(n) = m. Observe that, for every k > 1, the
numbers ¥ and y* are not divisible by p and their difference is
a multiple of x — y, hence divisible by p. Consequently, we can
apply Lemma 4 to prove that

vp(a™ — ™) = v (") — (y77)") = v — y™"),

because p does not divide ¢. On the other side, applying Lemma 5
to the pair ' and y? ' for each 1 < j < m we prove that

Vp(:vpj — ypj) = up(acpj_l — y”j_l) + 1.
Adding these equations up we obtain
vp(a?” — y") = vp(x — y) + m.
In conclusion,
vp(z" — y") = vp(x — y) + vp(n),

and the proof is complete. O

5 Proposed problems

The application of LTE lemma may not be strictly necessary to
solve the following problems, but it certainly provides the most
elegant and natural solution for most of them.
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Problem 1. Show that the only positive integer value of a for
which 4(a™ + 1) is a perfect cube for all positive integers n is 1.

Solution. It is clear that a = 1 verifies that 4(a™ 4+ 1) = 8 for each
positive integer n and, hence, it is a perfect cube. Now assume
that a verifies such condition; our aim is to prove that a = 1. This
value is the unique one for which the expression 4(a™ + 1) is not
strictly increasing and this is the fact that we have to exploit. We
will assume that a > 1 to reach a contradiction. In the language
of valuations, the condition given in the statement is equivalent to
the fact that, for every prime p, the integer v,(a™ + 1) is a multiple
of 3 for every n > 1. The first observation is that a is odd because
otherwise v3(4(a + 1)) = 2. This implies that a® + 1 has the odd
factor a> —a +1 > 1, and so, p | a® + 1 for some odd prime p. By
the LTE lemma, v,(a®*? +1) = v,(a®+ 1) + 1, which is not divisible
by 3 simply because v,(a® + 1) is. We conclude the proof with the
previous contradiction. []

Problem 2. For some positive integer n > 1, the number 3" — 2™
is a perfect power of a prime. Prove that n is a prime number.

Solution. Let 3™ — 2™ = p* for some positive integer k > 0 (in fact,
k > 1 because n > 1) and let g be a prime divisor of n. Clearly, p
isnot 2 or 3, so p > 5.

Let t = n/q. Since the odd prime factors of 37 — 29 are also factors
of (39)" — (29)" = p*, we have that 39 — 27 is also a perfect power
of p. It is important to remind that a perfect power of a prime p is
completely determined by its p-valuation. We can apply the LTE
lemma to obtain that

39t _9at — pr(3"—2”) — pr(3q—2q)pr(t) — (311_2Q)pr(t) < (3'1_2(1)1;’

and hence we must be in the equality case of Lemma 2, which
implies that ¢t = 1. Thus, n = q is prime. O

Problem 3. Let n be a square-free positive integer. Show that
there do not exist coprime positive integers x, y such that

(x+y)° " +y"
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Solution. Let us assume the opposite. Let x, y be positive integers
verifying the divisibility condition of the statement. We will first
prove that n cannot be even. If it were the case, then x + y is odd
because 4 cannot divide =™ + y™ when z and y are coprime. We
pick a prime p dividing « 4+ y. It must also divide =" 4+ y" = 22"
mod p. Since p is odd, then p divides x but then p would be a
common factor of x and y, which are assumed to be coprime. This
contradiction proves that n is odd. At this moment, we analyse
two different cases.

e There exists an odd prime p dividing = + y. And by the LTE
lemma, v,(z™ + y") = vp(x+y) +vp(n) < vp(x+y)+1<
3vp(z+vy) = vp((z+y)?). In particular, (z+y)3 cannot divide
x™ 4+ y™, which contradicts our initial assumption.

e The number x + y is a power of 2, so « and y are odd. Then,

" +yn n—1 .
— Z .’Dk’y 1 k:(_l)k:
T _I_ Yy k=0

is the sum of an odd number of odd numbers, so it is odd and
it is deduced that vy (™ + y™) = va(x + y) < 3vz2(x + y). The
contradiction follows as in the previous case. O

Problem 4. Find all positive integers x, y such that p* — y? =1,
where p is a prime.

Solution. Notice that the equation can be rewritten in such a way
that the sum of powers 1 + y? appears on the right side, being
equal to a perfect power of a prime p. This is the right observation
towards an application of the LTE lemma. Let us distinguish the
parity of the prime p.

If p = 2, then we have 2* = 1 4 y2. It is clear that = cannot be
greater or equal to 2 because otherwise 4 would divide 1 + y?2,
which is impossible since a perfect square leaves a remainder of
0 or 1 modulo 4. Then, x = 1, which yields the trivial solution
x=y=1and p=2.

The case p odd is more interesting. Notice that 1 + vy | 1 + y? = p*
and, thus, 1 4+ y must be a power of p. In particular, p divides
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1+ y, so we are in the right conditions for applying the LTE lemma.
We have v, (1 + y?) = v,(1 4+ y) + 1, which implies that

14+ y?P = pl/p(l-l-yl’) — pup(l-l-y)p — (]_ + y)p,

because = = p*»® if x is a perfect power of p. We use the Newton
binomial expansion:

ply—1)+2p—1=9yP =1+ (y—1))°
> (y—1)P+p(y—1)P""+

p(p—1)
2

p(pz_ 1) (y_ 1)p—2_|_1

> (y—1)*(1+p)+ (y—1)+1.

It is easy to see that ”(Z’T_l)(y —1) > p(y — 1) and, hence, (y —
1)2(1 +p) +1 < 2p — 1, which is false if y > 3. Therefore, y = 2.
And the last inequality can be written as 2+ p > 2p — 1, so p = 3.
By the initial equation, 3* = 1 4+ 2% = 9, and thus =z = 2.

It can be easily checked that the obtained tuples (x,y,p), (1,1, 2)
and (2,2,3), are indeed solutions. By the previous reasoning,
there are no more. ]

Problem 5. Let x, y be two positive rational numbers such that
x™ — y" is a positive integer for infinitely many positive integers n.
Show that x and y are both positive integers.

Solution. We will proceed by contradiction. The first observation
is that, if the sum of two rational numbers is an integer, then they
have the same denominator when considered in their standard
irreducible form. For some positive integer n, ™ and y™ have
integer difference, hence ™ and y™ (or, equivalently,  and y) have
the same denominator. We can now write = a/c and y = b/c,
with (a,c¢) = (b,¢) = 1, a > b and ¢ > 0. In this context, the
condition of the statement can be reformulated as follows: there
exists an increasing sequence of positive integers {n;};>1 for which
c" divides a™ — b™. Since x and y are not integers, ¢ > 1 and
there exists a prime p dividing c.

The idea is that v,(c") = nv,(c) is linear in n but v,(a™ — b™)
will be proved to have at most logarithmic asymptotical order. In
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particular, v,(c") > vp(a™ — b™) for a sufficiently large n. This is
a contradiction because the previous inequality cannot hold for
those n such that ¢™ divides a™ — b™. Thus, it suffices to prove the
previous assertion about the asymptotic behaviour of v,(a™ — b™)
and this work will be done with the aid of the LTE lemma. Consider
the sequence m; = ged(n,,...,n;) of positive integers. It is clearly
non-increasing and, consequently, it is eventually constant. We
call that last constant d. It is easily proved that d divides m; for
all 2 > 1.

On the other hand, a™ = b™ mod p for every ¢ > 1. Recall that

d = gcd(ny,...,ny) for all sufficiently large IV, so p also divides
a? — b? by Bézout's identity. Precisely, for those N for which d =
ged(nq,...,ny) there exist kq,...,kny such that >N k;n; = d

which can be used to prove that a = [[Y, a¥"i = [[Y, bk = b?
mod p.

At this point, we have all the ingredients. By Theorem 1 and the
standard bound given in Lemma 3,

n;

vp(a™ — ™) = y,(a? — b%) + Vp(d) < vy(a® —b%) + log,(n;),

as expected. The proof is complete. [
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On Basel Problem

Marc Felipe i Alsina and José Luis Diaz-Barrero

1 Introduction

The Basel problem is a mathematical analysis problem with rele-
vance in number theory. It was posed by Pietro Mengoli in 1650,
solved by Leonhard Euler in 1734, and read in 1735 at the St.
Petersburg Academy of Sciences. Since the solution of the prob-
lem had resisted the attacks of the main mathematicians since
1650, Euler’s solution gave him immediate fame when he was only
twenty-eight years old. Euler generalized the problem considerably,
and his ideas were used years later by Bernhard Riemann in his
1859 document entitled “On the number of primes less than a
given magnitude” [3], in which he defined the zeta function and
proved its basic properties. Since then, the result is called the
Basel problem, Euler’'s hometown, as well as the Bernoulli family’s
that attacked it without success.

2 The Basel problem

The Basel problem asks for the exact summation of the reciprocals
of the squares of the positive integers. It is stated as follows:

Problem 1. Compute

§1_1+1+1+1+1+
—mn?2 12 22 32 42 52
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Solution (Euler). We have to compute

x 1 1 1 1 . 1 1 1 1
LT ptetetept =g tateat o)
On account of Cradan-Viéte’s formulae, we know that, if a polyno-
mial

Ax) =z" + ap 12" '+ an_22™ 2+ ... + a1z + ag
has nonzero zeros x;, s, ..., ,, then the sum of their reciprocals
satisfies
1 1 1 1
—t—+— 4+ ...+ — = —a.
1 T2 T3 T,

Now, we consider the function

3 335 §B7 a.,,9
Sin(m):m—y-i—i'—ﬁ-ky—...
:m<1_3!+5!_7!+9!_'“>:mﬂm)

Since the roots of sin(x) = 0 are 0, 4w, +27,+3x ..., then the
zeros of f(x) are +m,£27, 37 ... We make the substitution y =
xz? in f(x) and we get the function

T Ve T

. Y
g(y)—l—a+a—ﬁ+a—--w

whose zeros are w2, (27)2, (37)2... Now, we count the sum of their
reciprocals in two ways. From the expression of g(y),

> 1 1 1
> —=—(-g) =<
el Yn 3! 6

On the other hand,

§1_1+1+1+ _1<1+1+1+1+ )
=y, w2 22x% 32g2 72 22 32 42 '

Equating the preceding expressions yields

1(1+1+1+1+ )_1
w2 22 32 42 6
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from which it follows that

S | 71.2
= ]
n§::1 n? 6

Another classical interesting problem connected with the previous
one is the following

Problem 2. Consider the set {1,2,...,n}, with n — oco. What
is the probability that two positive integers from this set chosen at
random are relatively prime?

Solution. First, we observe that the two numbers, say R and S,
are coprime if and only if they do not have any common prime
factor p. For the case p = 2 we have to find the probability that R
and S do not have the factor 2 in common. Instead of computing
this probability, we will compute the probability that R and S
do have 2 as a common factor, that is, both are even. Since the
probability that R is even is 1/2 and the probability that S is
even is also 1/2, then the probability that R and S independently
chosen are both even is 1/22. Something similar occurs for primes
3, 5 and, more generally, for any prime p. Thus, we conclude that
1-— p% is the probability that numbers R and S do not have the
common factor p. By the Chinese remainder theorem, for different
primes p the events “p divides R and S~ are independent. Then,
R and S are coprime with probability

= (=)0 )0 0~ 3)

where the product is taken over all primes p.

Let P, be the probability that (R, S) = d. Since the probability
that d | R is 1/d and the probability that d | S is also 1/d,
then the probability that d divides both R and S is 1/d?. Since
d=(R,S), then (R/d,S/d) = 1, and the probability of this event
has previously been called P. Thus, the probability that (R, S) = d
is P/d? and, therefore, we may conclude that

> P > 1

e Pip=h
d=1 d=1
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from which it follows that
o 1\7* 1 1 1 -1
P = — =(14+ =4+ =4+ —=4--- .
(gcﬂ) <+22+32+42+ )

Inverting both terms of the last expression and using the preceding
yields

and on account that
1 e 1\" 1 1
— — ) =14+ —4+ —+...,
1- I% nz::o<p2> * 2 + 4 *
then we have to see that

H<1+1+1+ )—Oo A I R e

_ p?  pt )T = d2 - 22 ' 32 ' 42

really holds. Indeed, multiplying up the terms in the LHS and
invoking the Fundamental Theorem of Arithmetics we get all the
terms in the RHS and viceversa.

Finally, we obtain that

on account of Problem 1. 0
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On fast calculation of square
roots and logarithms

S. Camosso

Abstract

In this brief article we review basic algorithms for a fast calcu-
lation of square roots and logarithms. The necessity to have
“good” approximations of these mathematical entities arises
from the ancient Chinese civilization.

1 Introduction

Ch’in Chiu-shao was a Chinese mathematician who proposed
different ways to approximate roots. The following inequalities are
a remarkable example:

T r
2 -
a+2a+1 < va —I—r<a—|—2a.

The second is used in order to approximate the square root as
va?2+r~a-+ i We will prove this formula in the next section.
This is not the only example presented by the Chinese mathemati-
cian, and other formulas can be found in [2].

Now, square roots are not the only mathematical object that needs
to be approximated, we also have logarithms. In [1], Euler describes
a method for the determination of logarithms by hand. The method
uses different properties of logarithms and the formula

logx + logy

log /xy = 5
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Let us consider an example: the determination of log; 42. The first
step is to change the base from 3 to 10: lf’ogg‘tf. The second step
consists of observing that log42 = log4.2-10 = 1 4 log4.2. We
have to determine log 4.2. We know that v/10 ~ 3.162278 and that

0+1
log v1-1 :_;:0.5.

Now +/10 < 4.2 < 10, so 0.5 < log4.2 < 1. We repeat the
calculations with v/31.62278 ~ 5.623413 and

0.5+1

log v/3.162278 - 10 = = 0.75.

Now 3.162278 < 4.2 < 5.623413, so 0.5 < log4.2 < 0.75. We
repeat the calculations with 1/3.162278 - 5.623413 ~ 4.216965 and

0.5 4 0.75
log v/3.162278 - 5.623413 = — = 0.625.

One can proceed in this way with more precision. We stop here, so
log4.2 ~ 0.625. The last step consists in the division by log 3 ~
0.477:

log; 42 ~ 3.41.

2 A fast square root

Let n be a positive integer, and let m be the nearest positive
integer to n such that m < n and m is a perfect square. We
define the positive quantity A = n — m and we remember the
Taylor expansion of /1 + = when z is in a neighborhood of 0:

2 3 =

r x T 5a? 1
V1 =14+—-———4——=—+--- 2 )x™ ™).
tE=lt e T e Tt +<n>w +o(@")

The aim is to find an approximation of 4/n that is fast to compute
manually.
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Proposition 1. Let n be a positive integer and m be the nearest
positive integer to n such that m < n and v/m = m’. Then,

A A
vn=m'+ +o(),
2m/’ m
where A = n — m.

Proof. We observe that /n = vm + A = /m\/(1+ 2). We call

m’ = {/m and, using the Taylor expansion, we find that

/ A A A
1—|—:1—|——|—o(). (1)
m 2m m

We only consider the first two terms of the Taylor expansion (1), so

A A
Vn = \/m(1—|—> ~m' +m —
m

2m’

Now, realizing that m’ = \/m, we are done. O

Example 1. We want a fast approximation of /5. Son =5, m =

4 and m' = 2. We have that
5—4 1
VE~24 =24 - =225,
+2-2 +4

This is a good approximation of simple computation.

3 A fast logarithm

For the logarithm we must remember the following Taylor expan-
sion:
2 3

T T x"
mn(l+zx)=2— —+ —+---+(=1)"""— +o(z™). (2
2 3 n

Proposition 2. Let n be a positive integer and m be the nearest
positive integer to n such that m < n and Inm = m’. Then,

, A A
Inn=m —|——|—o<>,

m m

where A = n — m.



Volume 6, No. 2, Autumn 2019 153

Proof. We observe that Inn = In(m + A) = Inm + log(1 + %)
We call m’ = Inm and, using the Taylor expansion, we find that

A A A
In <1+ ) = — —|—o<>.
m m m
We only consider the first term of the Taylor expansion (2), so

A A

lnn:lnm—l—ln(l—l—) ~Inm+4+ —.

m m

Now, realizing that m’ = Inm, we are done. O
3,

Example 2. We want a fast approximation of In3. So n =
m = e and m’ = 1. We have that

3—e 3
= — ~ 1.104.
e e

In3 =1+

This is a good approximation of simple computation.

4 A generalization

We can generalize the first proposition by considering the Taylor

expansion in two variables x and y:
STdotymid oot oy— 2 z-y+... (3
£ =~ — —Y — X — — — —& - . o
Y 2 2y 8 Sy 4 Y

Proposition 3. Let n be a positive integer and m, p, t be three
positive integers such that m, p, t < n, n = m+ p+t and

vm = m'. Then,
A A
+ O()9
2m/’ m

Proof. The proof is similar to the first proposition where we apply
the Taylor expansion (3) to

vVn=m'+

where A = p + t.

p t
5., T

2m

t
Vvn=+vm 1—|—£—|——zm’—l—
m m

2m’’
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Figure 1: Representation of z = 4/1 +  + y and the plane z =
1 1

Example 3. We want to approximate /6, son =6, m =4, p =
t = 1 and using the formula we have that

1 1
Ve~24+ - 1~ ~2.5.
+-4.+-4
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Contests

In this section, the Journal offers sets of problems appeared in
different mathematical contests over the world, as well as their
solutions. This gives readers an opportunity to find interesting
problems and develop their own solutions.

No problem is permanently closed. We will be very pleased to
consider new solutions to problems posted in this section for pub-
lication. Please, send submittals to José Luis Diaz-Barrero, En-
ginyeria Civil i Ambiental, UPC BARCELONATECH, Jordi Girona
1-3, C2, 08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu
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Problems and solutions from
the 60th edition of the
International Mathematical
Olympiad (IMO)

Oscar Rivero Salgado

1 Introduction

The 60th edition of the International Mathematical Olympiad took
place in July 2019 in Bath (United Kingdom). The number of coun-
tries attending the competition with at least one contestant was
114, a new record for the IMO. The number of contestants was
also impressive: there were 643 this year. The competition was
developed in two consecutive days, and contestants had to solve
three problems each day in a maximum time of four hours and
a half. Each problem was graded with an integer mark between
0 and 7 points, so the maximum possible score was 42 points,
achieved this year by six students. According to the usual stan-
dards, at most half of the students can get a medal, and then these
are awarded in the proportion 1:2:3 for gold, silver and bronze,
respectively. Under these circumstances, the number of points
needed to get a bronze distinction were 17; for a silver medal, 24
points were necessary, and only those who reached 31 points got a
gold medal. By countries, both the People’s Republic of China and
the United States of America got 227 points out of 252, while the
Republic of Korea was just one point below.
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Spain made an outstanding performance, with a new record of
points (110) and relative position. They finished in the 42nd
position and, for the first time, five of the students got a bronze
medal, while the remaining one got an honorable mention. The
team was composed by Pau Cantos (22 points), Leonardo Costa
(21), Albert Lopez (19), Oriol Baeza (17), Pablo Soto (17), and Juan
Brieva (14). The delegation was completed by Maria Gaspar, as the
chief of the delegation, and by Oscar Rivero, as the deputy leader.

We present now the four problems which were solved by at least
one Spaniard contestant (problems 1, 2, 4 and 5), and include the
solutions given to them by our team (in some case slightly modified
by the deputy leader). In all the cases, the solutions follow the
ideas presented by the contestants, but we have done some little
modifications to ease the exposition.

2 Problems and solutions

We now present some problems that appeared in the paper, as well
as some solutions and comments to them.

Problem 1. Let Z be the set of integers. Determine all functions
f+Z — Z such that, for all integers a and b,

f(2a) +2f(b) = f(f(a +b)).

Comment. Five of the students gave complete solutions to this
question. All of them require an algebraic manipulation before
getting that any solution to the functional equation is of the form
f(x) = Cx + d, where C and d are integer constants; after that,
one has to guess which are the possible values for the constants.
There are two main approaches for the first (and harder) part:
either by different substitutions (as sketched in the first solution we
present) or by passing to a Cauchy equation, whose solutions are
well-known (as presented in the second solution, which assumes
certain knowledge of functional equations by the reader of this
note).
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Solution 1 by Juan Brieva Ramirez. Setting a = 0 and b = 0,
we obtain

3f(0) = f(£(0)). (1)

When we evaluate the given expression at (a,0) and (0,a) and
subtract both equations, one gets

f(2a) + £(0) = 2f(a). (2)
Using now (2), from the original equation we have
2f(a) +2f(b) = f(f(a+ b)) + £(0). (3)

If we do b — —a in (3), and then use (1), we obtain

f(a) + f(=a) = 2£(0). (4)

We finally substitute (—a,a + 1) in the given equation and, using
(4), one gets

fla+1) — f(a) =C,
where C = w. Since the difference between two consecu-

tive integers is a constant, we have that all possible functions are
of the form f(x) = Cx + d.

From the condition (1),
3d = f(d) =Cd+d,

and then, either d = 0 or C' = 2. In the latter case, an easy check
shows that all the solutions of the form f(x) = 2z + d are valid
and satisfy the given condition. If d = 0, one easyly gets that either
C = 2 (and this solution is already included in the previous case)
or C = 0 (and this solution clearly satisfies the given condition).

We conclude that the possible solutions are either f(x) = 0, or
f(x) =2x + d, where d € Z.

Solution 2 by Oriol Baeza Guasch. As in the previous solution,
a straightforward substitution gives

2f(a) + £(0) = f(f(a)),
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and setting a = = + vy,
2f(z+y)+ £(0) = f(f(z +y)) =2f(z) +2f(y) — f(0). ()

Therefore,

f(x +y) = f(0) = (f(=) — £(0)) + (f(y) — £(0)). (6)
Defining g(x) = f(x) — f(0), equation (6) gives

g(x+y) =g(z) +g(y). (7)

But (7) is a Cauchy equation, whose unique solutions are given by
g(x) = Cx, where C € Z. Then, all possible solutions have the
form f(x) = Cx + f(0). Proceeding as before by substituting in
the original equation, we get that either f(0) = 0 or C = 2, and
by a careful analysis of each case we get that either f(x) = 0, or
f(x) = 2x + f(0), with f(0) € Z.

Problem 2. In triangle ABC, point A, lies on side BC and
point B, lies on side AC'. Let P and @ be points on segments A A,
and BB, respectively, such that PQ is parallel to AB. Let P, be a
point on line PB; such that B, lies strictly between P and P;, and
/PP,C = Z/ZBAC. Similarly, let Q, be a point on line QA; such
that A, lies strictly between Q and Q,, and ZCQ.:Q = ZCBA.
Prove that points P, Q, P;, and @, are concyclic.

Solution by Pablo Soto Martin. Let X stand for the cut point of
the circumcircle of A;CQ; with AA,. Similarly, let Y denote the
intersection of the circumcircle of B;CP; with BB;.

We begin by claiming that both X and Y belong to the circumcircle
of ABC'. This is true because

LA, XC =/LA,Q:.C = LZABC

and
/BYC =/B,P,C = /BAC.

We now prove that the following three quadrilaterals are cyclic:
PQXQ,, PQY P, and PQXY . In particular, these three facts
together imply that PQP,Q, XY is cyclic, and we are done.
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Begin with PQ X Q,. In this case,
/QPX = /BAX = /BCX = /A:1Q:X = /ZQQ. X. (8)

For PQY P;, the proof is symmetric, following the same angle
chasing procedure as in (8). Finally, for PQXY we just observe
that

/PQY = /ABY = /AXY = /PXY,

and hence the conclusion follows.

Problem 4. Find all pairs (k,n) of positive integers such that
B = (@ )2 2)(2 — 4) e (20— 2,

Notation. As a general piece of notation for the two solutions
we present, for a given prime p, let v,(n) stand for the greatest
integer such that p*»(™ divides n but p*»(™+! does not. All the
approaches to the problem are based on comparing the growth of
both sides: one option is by using two different primes (as shown
in the second solution), and the other one is using one prime and
the usual absolute value (as shown in the first solution, which
is maybe the most natural approach to the problem, although in
the last part it requires some nasty computations). The second
solution uses as a well-known fact the lifting the exponent lemma.

Solution 1 by Pau Cantos Coll. We begin by observing that

k k k k k k
va(kt) = [Z] + 5]+ |5+ <D=k
Since
n n n n n—1 n(n_l)
va((2" —1)(2" —2)(2" —4)--- (2" — 2 )):T’
we obtain that
n(n — 1)
T<k. 9)

On the other hand, we have

27" > (2" —1)(2" — 2)(2" — 4)--- (2" — 2"7) = k. (10)
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Putting (9) and (10) together, one gets

nn =Dy, (1)

on? >(
2

For n = 7, this is false, since

21! = 218.39.54.73.11.13.17-19 > 218.29.28.26.93.93.94.94 5 249

We now show by induction that, indeed, the opposite inequality
as that of (11) holds for n > 7. For n = 7 it has already been
checked. Then, using the induction hypothesis, we obtain

((n 21)n>! S (n(nz— 1))n(n(n2— 1)>! S gn . gn®
— gnP+3n § gnit2ntl _ 2(n+1)2,

and we have proved that there are no solutions for n > 7.
Small cases have to be checked by hand.

e When n = 6, the right hand side is 63 - 62 - 60 - 56 - 48 - 32.
Since 31 is a prime dividing 62, k£ > 31 and then the left hand
side would be clearly greater than the right hand side.

e When n = 5, the right hand side is 31 -30-28 24 - 16. Since
31 is prime, k > 31 and then, as before, the left hand side
would be greater than the right hand side.

e When n = 4, the right hand side is 15-14-12-8. Then, k > 7;
if k = 7, the 2-adic valuation of both sides does not agree. If
k > 14, the left hand side is bigger than the right hand side.

e When n = 3, the right hand side is 7- 6 - 4 = 168, which is
not a factorial of an integer number.

e When n = 2, the right hand side is 6 = 3!, so (3,2) is a
solution.

e When n = 1, we obtain the solution (1,1).

Therefore, the unique possible solutions are (3,2) and (1,1).

Solution 2 by Albert Lopez Bruch. We compare the 5-adic and
7-adic valuations of both sides to reach a contradiction. We begin
with the prime 7. In this case, for determining

R;(n) = v (2" —1)(2" 1 —1)..- (22 = 1)(2 — 1)),
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we just recall that, by virtue of the lifting the exponent lemma,
v7(2¢ — 1) = 0 when £ is not a multiple of 3, and

v7(2Y) = v, (€) +1 forall£ € 3-N.
Then,

e = 2] ;7 L 2 252

Similarly, for
Rs(n) =vs((2" - 12" —1)---(2* - 1)(2 - 1)),
we have that vs(2¢ — 1) = 0 if £ is not a multiple of 4, and
v5(2) =wvs(0) +1 forall£ € 4-N.
We have that

R = 2] [ 2+ [+ <

Then, note that

5n n — 2
16 > Bs(n) = vs(k!) 2 vr(k!) = Re(n) 2
Hence, n < 32. This means that, indeed, since only the first two

terms can contribute, Rs(n) < % + 2"—0 = % and, therefore,

(12)

3n n—2
10 — 3
Then, n < 20. We distinguish now several cases.

(13)

e If n is congruent to O modulo 3, then equation (12) can be
refined to 5n/16 > n/3, which never holds.
e If n is congruent to 1 modulo 3, and moreover n < 20, equa-

tion (13) becomes
n—1

n
— >

4 — 3
When n = 1 we get the solution (1,1). When n = 4, we
proceed as in the previous solution to see that there are no
possible solutions. All the cases corresponding to n > 4 are
automatically excluded.
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e When n = 20, R5(20) = R7(20) = 6. Hence, vs(k!) = 6, so
25 < k < 29. At the same time, v7(k!) = 6, so 42 < k < 48,
and this is a contradicition.

e If n < 20 and n is congruent to 2 modulo 3, equation (13) is

replaced by

n—2
> ,
- 3

|3

son < 8. If n = 8, Rs(8) R7(8) = 2. In this case,
vs(k!) = 2, so 10 < k < 14, but at the same time v7(k!) = 2,
and this forces 14 < k < 20. Hence, the unique option is
k = 14, but one can easily check that the pair (14, 8) does not
work.

e The case n = 5 is discarded as before, and when n = 2 we get
the solution (3, 2).

Hence, the only possible solutions are (3,2) and (1,1).

Problem 5. The Bank of Bath issues coins with an H on one
side and a T on the other. Harry has n of these coins arranged
in a line from left to right. He repeatedly performs the following
operation: if there are exactly £ > 0 coins showing H, then he
turns over the k-th coin from the left; otherwise, all coins show T'
and he stops. For example, if n = 3 the process starting with the
configuration THT would be THT —- HHT — HTT — TTT,
which stops after three operations.

(@) Show that, for each initial configuration, Harry stops after a
finite number of operations.

(b) For each initial configuration C, let L(C) be the number of
operations before Harry stops. For example, L(THT) = 3 and
L(TTT) = 0. Determine the average value of L(C) over all 2"
possible initial configurations C'.

Comment. Before properly presenting the solutions given by the
contestants, we point out that there are several straightforward
ways to solve just part (a) without simultaneously solving part (b),
as it will be the case with the two solutions we discuss here, due
to Leonardo Costa and Albert Lopez. For the sake of completeness,
we indicate a strategy for part (a), following the script of Pablo Soto.
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Assume that the process does not finish; since any configuration
completely determines the subsequent movements, this would
mean that we get a cycle. Suppose that we are in a position of the
cycle where the number of appearances of the H is minimum, and
say that at that moment we have k times that letter, with k& > 1.
Therefore, at position k& we have the letter T' (otherwise, we would
move to a situation with fewer than k& H'’s). This means that, in the
following movement, we continue towards the right of the sequence,
until we find a letter H. If there were no more H'’s beyond the
initial position, that initial letter would be necessarily an H, by
the conditions of the problem. When we find the first H, we
switch its state, so this becomes a T', and we begin the movement
towards the left, until one finds a new T'. Observe in particular
that at position k there is the letter H, and we do pass through
it, since all the intermediate positions until the moment were H,
by construction. When this happens, it becomes a T'. Hence,
since the state of the intermediate positions has not changed (we
have gone through them exactly twice), we get a configuration with
strictly fewer H'’s than the initial one. This is a contradiction, that
comes from having supposed that the process never finishes.

Solution 1 by Albert Lépez Bruch. Let ¢, denote the average
number of operations for sequences of length n. We proceed by
induction to solve both parts of the problem. For n = 1 it is easy,
and one gets ¢; = 1/2.

Consider a sequence of length n + 1. If it finishes with a T, this
does not affect the sequence of operations at all, since we never
reach that position (it would require n + 1 appearances of the H,
including the last one), and hence the number of operations is the
same as those needed for the word of length n obtained by deleting
the last coin. Moreover, in this case the process finishes, since the
induction hypothesis guarantees this.

We now take a word of length n 4+ 1 finishing with an H. Say
that the word is of the form aja....a,H. We establish a bijection
between words of length n + 1 finishing with an H and words of
length n by sending

alaz...anH —> (_zn...d2(_11,



Volume 6, No. 2, Autumn 2019 165

where a; € {H,T} and a; is H when a; is T and viceversa. This
bijection commutes with the operation described in the statement
of the problem; moreover, it is indeed a bijection, with the inverse
given by

alaz...anﬁ&n...&zalH.

To see that it commutes with the operation, say that after applying
it to the initial word we get a;as...ax...a,H; if we apply now
the bijection we get a,, ...ax...as2a;. But this is precisely the
result of applying the operation to a,, ... a2a;, since this word has
n—(k—1) = n — k + 1 times the letter H, and precisely its
(n — k + 1)-th element is a,, that now gets reversed. Hence, the
process arrives to a situation of H ... HH. Moreover, this shows
that, after the same number of operations needed in the case of
length n to get all T’s, we get a solution of all H’s. From here, and
after n + 1 operations, we can finish.

Therefore, we get

Cn c,+n-+1 n+1
Chnt1 = — T ——(——— = Cyp )

2 2 2

and by the induction hypothesis one easily concludes. The answer
is just

_n(n+1)

Solution 2 by Leonardo Costa Lesage. We keep the same no-
tations as before, where ¢, stands for the expected number of
movements. In this case, we proceed again by induction, but

we need to consider two base cases, those being ¢; = 1/2 and
Cop = 3/2

There are three kinds of sequences of length n + 2: (a) those
finishing with a T'; (b) those beginning with an H; and (c) those
beginning with a T' and finishing with an H. The proportion of
the first two kinds is 1/2, but the intersection is non-empty: those
sequences beginning with an H and finishing with a T" (proportion
1/4) are being counted twice!

Let us determine the number of operations in all three cases,
showing that the process always finishes. In the first one, since we
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never reach the last position (it would require n + 2 appearances
of the H), it is the same as the sequence of length n 4+ 1 removing
the last coin. This gives an average number of ¢, ;. In the second
case, the first coin shifts everything by one position, and therefore
we can neglect it until the end, where we get an extra move. The
average is c,+1 + 1. We now consider its intersection, given by
the sequences beginning with a H and finishing with a T'. Taking
into account the previous considerations, we take the n central
coins, and since until the end the coins placed in the extremes
do not affect the operations, we reach a configuration of the form
HTT...TT, and therefore the average number of movements is
now c, + 1.

In the third and last case, everything goes as in the second one,
and after the movements corresponding to the n central positions,
we get TT ... TH. From here, it takes 2n 4+ 3 moves to finish.
Observe that we have established that in all the cases the process
terminates by reducing to shorter sequences where the induction
hypothesis applies. Therefore,

Cn Cni1+1 c,+1 c,+2n+ 3 n -+ 2
e —~ = Cny1+ :

C. =
w2 2 2 4 4 2

We already know that ¢; = 1/2 and ¢; = 3/2, and hence we can
prove by a direct induction argument that

n(n + 1)
—

n:

Oscar Rivero Salgado
Department of Mathematics
BarcelonaTech

Barcelona, Spain
oscar.rivero@upc.edu
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Solutions

No problem is ever permanently closed. We will be very pleased to
consider new solutions or comments on past problems for publica-
tion.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria
Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,
08034 Barcelona, Spain, or by e-mail to

jose.luis.diaz@upc.edu

Elementary Problems

E-65. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. In a deck of cards there are six diamond cards, five
club cards, four heart cards and three spade cards. We choose
some of them, in such a way that we pick at least one card from
each suit. In how many ways can we make such a choice?

Solution by Alberto Espuny Diaz, University of Birmingham,
Birmingham, United Kingdom. Given any set of n distinct ele-
ments, the number of ways to choose a subset with at least one
element is 2™ — 1 (there are 2™ possible subsets, and we ignore
the empty set). Thus, we can choose diamonds, clubs, hearts and
spades in 26—1, 2°—1, 24 —1 and 23 — 1 ways, respectively. There-
fore, by the rule of product, the total number N of all possible
ways to make such choices is

N =(2°-1)(2° —1)(2* — 1)(2° — 1) = 205065.
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Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.

E—-66. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Find the number of all positive divisors of 461892
which are not cubes of a positive integer.

Solution by Fernando Ballesta Yagiie, Universidad de Murcia,
Murcia, Spain. The factorization is 46189 = 4199 - 11 = 323 - 13 -
11 =19-17-13-11. So 46189'? = 192 . 1712.1312. 1112,

The divisors of this number are of the form 19¢ - 17% . 13¢ . 114,
where a, b, ¢ and d are between 0 and 12. With these exponents,
each divisor can be visualized as a vector of the form (a, b, c, d)
where each vector is associated with the divisor 19 - 17%.13¢. 1149,
with a, b, ¢ and d in the same range mentioned before.

As there are 13 options for each exponent, there are 13* divisors.
In order to count how many of them are not cubes, we are going to
count how many are cubes, and then subtract this number from
the number of total divisors.

In order for a number to be a cube, it is necessary that the primes
in its factorization have exponents that are multiples of 3. In this
case, as the exponents move between 0 and 12, the only options
for them to be a multiple of 3 are 0, 3, 6, 9 and 12. Therefore,
there are 5 options for each exponent, and we have to choose 4
exponents, so there are 5* divisors of the number 46189'? that are
cubes and 13* — 5* = 27936 that are not cubes.

Also solved by Alberto Espuny Diaz, University of Birmingham,
Birmingham, United Kingdom; Henry Ricardo, Westchester Area
Math Circle, NY, USA, and the proposer.

E-67. Proposed by José Gibergans-Baguena, BarcelonaTech, Bar-
celona, Spain. Find all polynomials A(x) of degree 4 such that
A(l) = A(—2) = A(3) = A(—4) = 3 and A(0) = 6.

Solution 1 by Sarah B. Seales, Northern Arizona University,
Arizona, USA. We are asked to find all polynomials A(x) of degree
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4 such that A(1) = A(—-2) = A(3) = A(—4) = 3 and A(0) = 6.
We will construct such a polynomial and show that it is the only
solution.

The polynomial A(z) = a(x — 1)(x + 2)(x — 3)(x + 4) + 3 satisfies
A(l) = A(—2) = A(3) = A(—4) = 3, and so we use the condition
A(0) = 6 to find a. We have

A(0) = a(-1)(2)(—3)(4) + 3 =6,
which simplifies to a = £, giving us
1 13 7

1
A(x) = gaz‘l -+ Zw?’ — gmz - Za: + 6.

Now, let us assume for contradiction that there is another poly-
nomial B(xz) such that B(1) = B(—2) = B(3) = B(—4) = 3 and
B(0) = 6. By the Identity Theorem for polynomials of degree four,
if B(x) = A(x) for five or more values, then B(x) is the same
polynomial as A(x). Since

B(1) = A(1) = 3,

B(—2) = A(—=2) = 3,
B(3) = A(3) = 3,
B(—4) = A(—4) = 3,
B(0) = A(0) = 6,

we see that B(z) is the same polynomial as A(z). Therefore, the
only solution is

1 1 13 7
Az) = —z* + -2®* — —2* — -~z + 6.
(x) " + 2 2 2 +
Solution 2 by Henry Ricardo, Westchester Area Math Circle,
NY, USA. The polynomial is given by
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and it is unique since an n-th degree polynomial is determined by
its value at n 4+ 1 points.

To prove this, we use the Lagrange interpolating polynomial, the
unique polynomial A(x) of degree at most n — 1 that passes
through the n points (x;,y;), where y; = A(x;) for i =1,2,...,n.
In our problem, we have

5 5 T — T
A(z) =) Aj(x) ,where Aj(z)=y; [ ——.
j=1 k=1,k#j Lj — Tk
with z;, = (—=1)*(k — 1) for k =1,2,...,5, y; = 6, and y; = 3 for
j=2,3,4,5.

After a bit of tedious algebra, this yields

1 1 13 7
Axz) = —z* + -2®* — —2* — -~z + 6.
(x) 833 + 4w 3 T 4:1; +
Solution 3 by Henry Ricardo, Westchester Area Math Circle,
NY, USA. The polynomial is given by
1 1 13 7
Alz) = —a* 4+ ~2®* — —2> — —x + 6,
(@) 8 + 4 8 4 +
and it is unique since an n-th degree polynomial is determined by
its value at n 4+ 1 points.

To prove this, let A(z) = asz* + azz® + ax® 4+ a1 + ao. The given
values of A(x) at the points = 0,1, —2,3, and 4 yield ag = 6
and the system of linear equations

as+az+az+a; =—3

16a4, — 8as + 4a, — 2a; = —3
81CL4 —|— 27&3 —|— 9&2 —|— 3&1 = -3 ’

2560,4 — 640,3 + 160,2 — 40,1 = -3

which we can write in the form

1 1 1 1 as —3
16 -8 4 —2\[as| [ -3
81 27 9 3 a; | — | -3

256 —64 16 —4 a; -3
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The inverse of the matrix of coefficients is easily (but tediously)
found to be

_1r _1 1 1
OO O
P O S sl B
3 60, 105 56
5 5 T 105 140
and so we have
1 _1 1 1 _3 1
ay 30 060 210 28¢ 5 8
as —= = —— — =
e | =1 2 2 MW _a = s
2 3 60 105 56 8
a S T S i _3 _7
1 5 5 105 140 1

Also solved by Fernando Ballesta Yagiie, Universidad de Murcia,
Murcia, Spain; José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain; Irene Fernandez Ferndndez, IES El Carmen, Murcia, Spain;
Rovsen Pirguliyev, Sumgait City, Azerbaijan; Henry Ricardo, West-
chester Area Math Circle, NY, USA (one more solution), and the pro-
poser.

E—-68. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Find all positive integers a and b such that ab =
10648 and lcm{a, b} = 968.

Solution 1 by Fernando Ballesta Yagiie, Universidad de Murcia,
Murcia, Spain. We know that ab = lcm(a, b)-gcd(a, b). Therefore,
as 10648 = 968 - 11, we have that gcd(a,b) = 11. Also, note that
968 = 23 .112, so 10648 = 23 .113. Since the greatest common
divisor of these two numbers is 11, we can write a = 11a’ and
b = 11¥’, where a’ and b’ are coprimes. The other 11 in the prime
factorization of 10648 will be in the prime factorization of a’ or in
the one of ’. And, as the least common multiple is 112 - 23, we
have that either a’ or & must be 23. So the only two options are:

a =11-23 b =1;
a =23 b =11,

which implies that either a = 112 .23 and b = 11, or a = 11 - 23
and b = 112 (and vice versa, that is, interchanging a and b).
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Solution 2 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. The greatest common divisor of a and b is

ab _ 10648 11
lem(a,b) 968

Consequently, a = 11a’ and b = 11¥’, where a’ and b’ are rela-
tively prime natural numbers and, hence, using the assumption
that ab = 10648, we obtain a’b’ = 88.

From this,
(a’,b') = (1,88),(8,11), (11, 8), (88, 1)

and
(a,b) = (11,968), (88,121), (121, 88), (968,11).

Also solved by Alberto Espuny Diaz, University of Birmingham,
Birmingham, United Kingdom; Irene Fernandez Fernandez, IES El
Carmen, Murcia, Spain; Rovsen Pirguliyev, Sumgait City, Azerbai-
jan; Henry Ricardo, Westchester Area Math Circle, NY, USA, and
the proposer.

E—-69. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ABC be a triangle such that 3/A = 2/B.
Bisector of BC meets C A at point X . If AB = BX, then find the
measure of the angles of triangle ABC'.

Solution by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. In isosceles triangle ABX, the base angle BX A is also
ZA, and its vertical angle ABX is 180° — 2/A.

Since X lies on the perpendicular bisector of BC, then BX = XC,
making ABXC isosceles and ZXBC = ZC.

We have in figure 1 that
/B =/ABX + /XBC = (180° — 2/A) + ZC,

that is,
2A + B — C = 180°. (1)
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Figure 1: Scheme for the solution of Problem E-69.

We also have

3A — 2B = 0°, (2)
A+ B+ C = 180°. (3)

Solving (1), (2) and (3) simultaneously, we get

/A = 60° /B = 90° ZC = 30°.

Also solved by Sarah B. Seales, Northern Arizona University, Ari-
zona, USA, and the proposer.

E-70. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. A 2019 side square is divided, by drawing parallel
lines to the sides, into 4076361 equal squares. What is the total
number of squares that appear in this figure?

Solution 1 by Irene Fernandez Fernandez, IES El Carmen,
Murcia, Spain. To solve the problem, we use a square divided
into 25 equal squares as an example (see figure 2). There are 25
one-unit-sided squares. We have that, if we want to find out the
number of two-unit-sided different squares that can come out of it,
we must calculate [5 — (2 — 1)]?, as there are 4 different two-unit
columns and rows (delimited by the red, green, orange and light
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blue lines) and when distributing the columns and rows in groups
of two there is one column that cannot be paired. The same hap-
pens with the three and four-unit-sided squares (the columns and
rows that cannot be paired are (3 — 1) and (4 — 1) respectively).
Hence, the total number of different squares that can be formed in
a five-unit-sided square which is divided into 25 equal squares is

[6-A-1)P+[B-2-D]*+[5—-(3-1)*+[5—(4—1)]*+[5—(5-1)]*.

[ |

C 11

Figure 2: Scheme for Solution 1 of Problem E-70.

To find out the number of k-unit-sided different squares that can
be formed in an n-unit-sided square, taking into account that the
number of columns and rows that cannot be paired in each case
are (k — 1), we must calculate

n—A-DP+[n-2-)P+n-C-1)+...+[n—(k—1)]".

Therefore, the general procedure to find out all the squares that
can be formed in an n-unit-sided square is
-1 -DF+n-2-1)P+R-B-D]+...
+n—(k-1DPF+...+[n—(n—1)>2

Hence, if we apply that reasoning to the 2019-unit-sided square
(as /4076361 = 2019), we have that

[2019—(1—1)]? + [2019—(2—1)]* + ... + [2019— (2019 —1)]?
=2019% + 2018% +2017% + ... + 2% + 12,
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Therefore, applying the sum-of-squares formula n(n+1)(2n+1)/6,
the total number of squares is

2019-(2019 + 1)-(2-2019 + 1) _ 2019-2020-4039
6 o 6

=2745429470.

Solution 2 by Fernando Ballesta Yagiie, Universidad de Murcia,
Murcia, Spain. Note that 4076361 = 20192, so we have a side
square of dimension 2019 x 2019. To count how many squares
can be formed with all these 20192 little squares, we are going to
fix the square in position (i, j), for 1 < 4,5 < 2019, and we are
going to count how many squares can be obtained that have the
square in position (i, ) as the inferior left corner.

For example, we can begin with ¢+ = j = 1, that is, the lower left
corner of the side square. When we fix this square, we can form
2019 squares: one of side 1, one of side 2, and all the way up to
one of side 2019 (which would be the whole side square).

Now, let us consider the positions (1,2), (2,2) and (2,1). We can
form squares of dimension 1,2, ...,2018, but not one of dimension
2019, because we would include the square in the position (1,2 +
2018) = (1,2020), which is not in the side square.

In general, for the position (i, j) with max{i,j} = k we can form
2019 — (k—1) = 2020 — k squares. Since there are 2k — 1 positions
(i,7) with max{s,j} = k, we have that, summing up for k£ =
1,...,2019, the number of squares we can build is

1-2019+3-20184+5-2017+...+(2-2019—-1)-1
2019

= 3 (2k — 1)(2020 — k) = 2745429470.
k=1

Solution 3 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. The answer is 2745429470. In problem E 1572 [The Amer-
ican Mathematical Monthly, 71 (1964) 92-93] I showed that the
number of squares on an m X n chess board with m > n is

nn+1)3m+1—n)
5 )
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which reduces to
n(n+1)(2n 4 1)

6

for m = n. The last expression, in the case n = 2019, yields the
solution to the proposed problem.

Also solved by Alberto Espuny Diaz, University of Birmingham,
Birmingham, United Kingdom; Henry Ricardo, Westchester Area
Math Circle, NY, USA, and the proposer.
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Easy-Medium Problems

EM-65. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n be a positive integer. Show that

(n7 . n)(714n+7 _|_ 112n+1)
is a multiple of 4242.

Solution 1 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. Since 7 is a prime number, n” is congruent to n with
respect to the modulus 7, that is, n” — n is divisible by 7.

On the other hand, applying the identity
A2n+1 + B2n—|—1 — (A + B)(A2n _ A2n—lB _|_ V. AB2n—1 + B2n)

with A = 7" and B = 11, it follows that 7147+7 4 1127+ jg divisible
by 77 + 11 = 823554 and, hence, it is also divisible by 606 (since
606 | 823554).

We conclude that the product (n” — n)(714"+7 4 1127*1) is divisible
by 7 X 606 = 4242, as desired.

Solution 2 by Fernando Ballesta Yagiie, Universidad de Murcia,
Murcia, Spain. We need to prove that the product

(’I’L7 . n)(714n+7 _|_ 112n+1) — TI,(TL3 + 1)(”3 _ 1)[(77)2n+1 + 112n+1]

is divisible by 4242 = 101 -2 -3 - 7. So we need to check that the
product is divisible by 2, 3, 7 and 101.

Divisible by 2:

e If n =0 (mod 2), then the product is too.
e If n =1 (mod 2), then n® 4+ 1 and n3 — 1 are divisible by two,
so the product is too.

Divisible by 3:

e If n =0 (mod 3), then the product is too.
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e If n =1 (mod 3), then n® = 1 (mod 3), hence n® —1 =0
(mod 3), so then the product is too.

e If n = 2 (mod 3), then n® = 22 = 8 = 2 (mod 3), hence
n3® 4+ 1 =0 (mod 3) and, therefore, the product is too.

Last, when taking modulo 7, we have the following cases:

e =0 (mod 7) — n®*=0 (mod 7).

e n=1(mod7) = n*=1>=1 (mod 7).

e n=2 (mod7) — n*=2>=8=1 (mod 7).

e n=3 (mod7) — n®*=3>=27=—1 (mod 7).

e n=4 (mod7) — n*=4>=1 (mod 7).

e n=5 (mod 7)) — n®=53=—1 (mod 7).

e n=6=—-1 (mod7) — n®*=(—-1)3=—1 (mod 7).

There are two cases: if n is divisible by 7, which implies that the
product is divisible too; if n® has remainder 1 or —1 when divided
by 7, which added to 1 or —1 is 0. That is, n3 + 1 or n® — 1 will
be divisible by 7.

We have already seen that the product will by divisible by 42. All
that is left is to check that it is divisible by 101. In order to do that,
we are not going to get any information from the first 3 factors, so
let us study directly the last one: (77)2"+! 4 112"*1 It is easier if
we write it this way:
TT=7.7".7=3432.7=40>.7=1600-7 = (101 -15+85) - 7
=85.7=0595=90= —11 (mod 101).

Therefore,
(7)1 112 = (—11)2"T 112" =0 (mod 101),
were the last equality is obtained because the exponents are odd.

Solution 3 by the proposer. Since 4242 = 6 X 7 X 101, then it
will suffice to prove the following congruences:

(n” —n) (7T +11°"71) =0  (mod 6),
(n” —n) (7T + 112"+1> =0 (modT7),
(n” —n) (77T +11*"T1) =0 (mod 101).
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Since n"—n = (n—1)n(n+1)(n*4+n+1)(n?—n+1), then we have
that n” —n = 0 (mod 3). On the other hand, 714"+7 + 112"+1 js
even and, therefore, (n”™—n) (7" *t7+112"*1) =0 (mod 6). Likewise,
applying Fermat's Little Theorem we have that n” —n = 0 (mod 7).
Finally, we have to prove that 7'4"*7 4 112"+ = 0 (mod 101).
Indeed, we have

7' =7 (mod 101),

72 =49 (mod 101),

7 =40 (mod 101),

7* =78 (mod 101),

7° =41 (mod 101),

7® =85 (mod 101),

7"=90= —11 (mod 101).
Therefore, 714" = (77)?" = (—11)?" = 112" (mod 101). Multiply-
ing up both by 7" = —11 (mod 101) yields 7*4" .77 = 112" . (—11)
(mod 101), from which we get 7'4"*7 = —112"*! (mod 101), and
the claim follows.

Also solved by Rovsen Pirguliyev, Sumgait City, Azerbaijan.

EM-66. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let a, b, c be reals larger than or equal to one. Prove that

2019, 2019 6057
SR IR L
be a+b+ec

cyclic

Solution by the proposer. Note that, since a,b,c > 1, we have
that (a?°'® —1)(bc — 1) > 0, which means tht a?*'?bc — be — a?°? +
1 > 0 and, therefore, a?°'®bc + 1 > a?°!? 4 be.

Using the AM-GM inequality, we have that

a?''? 4 2018 > 2019a = a?**be 4+ 1 > 2019a — 2018 + be
— a**'%bc 4 2019 > bc + 2019a
a?*%pc + 2019 S bc + 2019a
be - be
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a?°1%bc + 2019 2019a
> 1+ .

be - be

Analogously,
b*%1%ac + 2019 2019b
> 14+

ac - ac

(2)

and

c*%ab + 2019 2019¢
> 1+ .

> (3)
ab ab
Adding (1), (2) and (3) up yields
a?"%c + 2019 a b c
>3+2019( — 4+ —+ — ). 4
Z be =3+ (bc + ac ab) @

cyclic

Observe that

2019(& n b n c>>2019 3 abce _2019-3
bc ac ab) — a?b2c? v abe
2019 -3 2019 -9

> = .
—at+tbtc a+b+e
3

Substituting this in (4), we have

a?*%bc + 2019 2019 -9
>3

C};hc be =3+ a+b+ec
2019, 2019 6057
— y &t > 3<1 >
cyclic bc a + b +c

Equality is reached for a = b =c = 1.

EM-67. Proposed by Oriol Baeza Guasch, Institut de Terrassa,
Terrassa, Spain. Let ABC be a triangle with incenter I. Let A’
be the intersection of ray AI with side BC. Define B’ and C’
similarly. Then, prove that

AI -BI-CI >8-A'T-B'I-C'I.

When does equality occur?
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Solution 1 by Andrés Saez Schwedt, Universidad de Leon,
Spain. Let a, b, ¢ be the lengths of the sides BC, CA, AB,

respectively. Since 4,8 = 45 = ¢ (by the bisector’s theorem) and

A’B+ A’C = BC = a, we deduce that A’B = *¢ and A’'C = bffc.

Looking at triangle A A’B with bisector BI, another application of
the bisector’s theorem yields

IA _ BA o c b+ec
TA BA’ b‘j:c a

Similar calculations lead immediately to
AI-BI-CI _ (b+c)(c+a)(a+b)
AT-BI-C'I abc ’

and one has to prove that this last quantity is at least 8.

But we know from the AM-GM inequality that
b+c>2vVbe, c+a>2vca, a+b>2vab.

Multiplication of the three inequalities above gives the desired
result.

Solution 2 by the proposer. By Van Aubel's theorem, we can

compute the ratio
Al AC" AP

ATl coB T BC

And these other ratios can be found easily by the angle bisector
theorem:

AC" b AB' ¢
C'B a BC a
Therefore,
Al . b+ c
AT a

If we multiply the three ratios, we obtain

AI BI CI _ (b+c)(c+a)(a+D)
A'IB'IC'T abc ’
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B Al C
Figure 3: Construction for Solution 2 of Problem EM-67.

so the statement is equivalent to proving that
(b+c)(c+a)(a+d) S

LHS = 8.
abe
Manipulating,
LHS — 2abc + a(b® + c?) + b;c2 + a®) + c(a? + b?) > 8,
abe

Now, using the arithmetic-geometric mean inequality, we can ob-

tain

2abc + a(2bc) 4 b(2ca) + ¢(2ab)  8abc
abc ~ abc

This way, we have proved the statement, and because we used

AM-GM, the case of equality happens when a = b = ¢, i.e., when
the triangle is equilateral.

LHS >

Comment. Scott H. Brown, Auburn University, Montgomery AL,
USA, commented that a similar problem and its solution can be
found in the American Mathematical Monthly in Vol. 60, 1953,
No. 6, p. 421, E 1043. A solution of the problem can be found
in the Mathematics Magazine, Vol. 36, No. 4, 1963, p. 244;
and other solutions of the problem can be found in the American
Mathematical Monthly by Oppenheim (Vol. 68, No. 3, 1961, pp.
226-230) and Carlitz (Vol 71, No. 8, 1964, pp. 881-885).

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain; Scott H. Brown, Auburn University, Montgomery AL, USA,
and José Luis Diaz-Barrero, BarcelonaTech, Barcelona, Spain.
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EM-68. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. [Correction] Without the aid of a computer, show

that
1\2 a2 x2]?
tan — tan — —
Karc an 9> -+ (arc an 5) + 16]

1\4 4\ md
=2 (arctan ) =+ (arctan ) —.
9 5 256

Solution by Rovsen Pirguliyev, Sumgait City, Azerbaijan. Set-

ting @ = arctan 9 and b = arctan —, then we have

+b tan = + arctan - = "

a = arctan — + arctan — = —
9 5 4

tana + tanbd

because tan(a + b) = = 1. Putting these values
1 —tana:-tanb

into the well-known Candido’s identity,

(a® + b% + (a + b)*)? = 2(a* + b* + (a + b)?),

1 2 4 2 71_2 2
Karctan 9> + (arctan 5) +16]

1\* 4\* md
= 2 || arctan — arctan — — .
(retan g) + (aretan 2} -+ 2]

and we are done.

we get

Also solved by the proposer.

EM-69. Proposed by José Gibergans-Baguena and José Luis
Diaz-Barrero, BarcelonaTech, Barcelona, Spain. Let a, b, ¢ and
A, B, C be the lengths of the sides and the measure in radians of
the angles of an acute triangle ABC'. Prove that

a b c 2

+ + > 25
tanB -tanC tanA-tanC tan A-.tan B 3

where s is the semiperimeter of triangle ABC.
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Solution by the proposers. WLOG, we may assume that a >
b>c,and then A > B > C, as is well-known. On the other hand,
the function f: [0,7/2) — R defined by f(x) = tanx is increas-
ing. Therefore, tan A > tan B > tanC. Applying Chebyshev’s
inequality to the sequences a > b > c and tan A > tan B > tan C
yields

3(a-tan A4+b-tan B+c-tanC) > (a+b+c)(tan A+tan B+tan C).

Since tan A+tan B+tan C = tan A-tan B-tan C, as is well-known,
then the above inequality becomes

3(a-tan A+b-tan B+c-tanC) > (a+b+c)(tan A-tan B-tan C),

from which it follows that

a b c a+b+c 2
+ + > ="s.
tanB-tanC tanA-tanC tanA-tanB 3 3

Equality holds when A ABC is equilateral, and we are done.

EM-70. Proposed by José Gibergans-Baguena and José Luis
Diaz-Barrero, BarcelonaTech, Barcelona, Spain. Without the aid
of a computer, show that z* + x3 + x? + = + 1 divides

A(z) = 2% + 328 + 227 + 2254 + 5% + 227 4+ 28 + 22 + 3,
and find the remainder of the division of A(x) by =? — 1.

Solution by the proposers. Polynomial B(z) = z*+x*+z?+x+1
divides A(x) if and only if the zeroes of B(x) are zeroes of A(x).
Since z° — 1 = (x — 1)(z* + 3 + ®> + = + 1), then the roots ¢;
(1 <€ ¢ < 4)of B(x) = 0 are fifth roots of unity and they satisfy the
equation €®> = 1. We have that

A(m):699+3€98+697+2654+€52+€27+66+2€_|_3
=64—|—363—|—62—|—264—|—€2+€2+6—|—26—|—3
=3(*+e€+e?+e+1) =0,

and so B(z) divides A(x).
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Let m,n be distinct integer numbers. Then, we have
A(x) = (x — m)(x — n)C(x) + ax + b.

Since A(m) = am + b is the remainder obtained when dividing
A(x) by x — m and A(n) = an + b is the remainder obtained
when dividing A(x) by  — n, then the remainder obtained when
dividing A(x) by (x — m)(x — n) is given by

A(m) — A(n)w n mA(n) — nA(m) .

m—-n m—-n

ar +b=

In the particular case m = —1 and n = 1 we get A(—1) = 5 and
A(1) = 15, from which it follows that ax + b = 5z + 10.
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Medium-Hard Problems

MH-65. Proposed by Oriol Baeza Guasch, Institut de Terrassa,
Terrassa, Spain. Let ABC be a triangle such that ZCAB =
2/ABC. Denote the incenter by I and the circumcircle by I'.
From a point P on I', drop perpendiculars to lines AC, AI, AB,
and denote by X, Y, Z the respective feet. Let M be the inter-
section of lines XY and PZ. Show that lines CM, AY and the
perpendicular bisector of BC are concurrent.

Solution 1 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. Since AI (extended) and the perpendicular bisector of side
BC meet at L, the midpoint of the arc BC of I" not containing A,
it suffices to prove that the line CM passes through L.

The angles in AABC add up to 180° and ZCAB = 2 - ZABC.
Then, we have
/BCA =180°—-3-ZABC. (1)

Let {Q} = XZ N BC. Since X Z is the Simson line of the point
P with respect to AABC, we have PQ L BC. Since /PXA is
a right angle, the circle on PA as diameter passes through X.
Similarly, it passes through Y and Z. Thus, the five points P, A,
X,Y, Z all lie on a circle, and on chord Y Z we have

1
IMXQ=/YXZ =/YAZ = EACAB = /ABC. (2)
Moreover, cyclic quadrilateral PZAX implies that the exterior

angle C AZ is equal to the interior and opposite angle P. Thus,

/XPZ=/CAZ =/CAB =2-/ABC. (3)

Now, the right angles at X and @Q make PQC X a cyclic quadrilat-
eral, implying that

/XPQ = 180° — ZQCX,
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Figure 4: Scheme for Solution 1 of Problem MH-65.

that is,
/XPZ + /ZPQ = 180° — Z/BCA.

Substituting from (1) and (3) for /BC A and /X PZ, we obtain
/ZPQ = LZABC,

that is,
/MPQ = /ABC. (4)

By (2) and (4),

/MXQ = /MPQ (= /ABC),



188 Arhimede Mathematical Journal

so QM subtends equal angles at X and P, making PQM X cyclic.
Thus, points P, Q, M, C, X are concyclic, and on chord QM we
have

1
LMCB =/MCQ =/ MPQ =/ABC = EACAB = /ZLCB,

where the third equality follows by (4). Thus,
/MCB = /ZLCB

and points L, C', M are collinear, which is equivalent to what was
to be proved.

Solution 2 by the proposer. First, it should be noted that line
AY is the same as line AI. On the other hand, since the perpen-
dicular bisector of side BC divides arc BC in two equal halves, the
angles that look at these arcs must be the same. Therefore, the in-
tersection between the perpendicular bisector and the circumcircle,
say point A’, belongs to the angle bisector of ZCAB.

A1
Figure 5: Construction for Solution 2 of Problem MH-65.

Then, it will be enough to prove that A’ also belongs to line CM .
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Let us assume, for the sake of contradiction, that it does not. That
means that CM cuts I' at a point A”. Let us now take a look at
triangle AC A’. Note that the circumcircle of ABC, T, is also the
circumcircle of this triangle.

Next, if we drop a perpendicular from P to C A’, by Simson’s line
theorem, we will have that X, Y and the feet of this perpendicular
(let us denote it M’) are collinear. But we also know, by problem
construction, that X, Y and M are collinear, so X, Y, M and
M’ belong to the same line.

On the other hand, since /CAB = 2/ABC, /CA’A = Z/A’AB,
that means C A’ | AB, and that implies that PM 1 CA’. That
also tells us that the lines through P, Y and M and through P,
Y and M’ are the same. In other words, P, Y, M and M’ are
collinear.

However, that means that M and M’ are collinear in two different
lines, which is impossible unless M = M’. Thus, since C, M,
M’, A’ and A” are collinear, A’ and A” are the same point, and
we have come to a contradiction. Therefore, the three lines, CM,
AY and the perpendicular bisector of BC' concur.

MH-66. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-

celona, Spain. Let a, b, ¢, d be the roots of x*+6x3+7x2+6x+1 =

0. Find the value of
7—2a+7—2b+7—20+7—2d
1—a 1—0b 1—c 1—d

Solution 1 by Andrés Saez Schwedt, Universidad de Leon,
Spain. Note that z*+6x®*+72*>+6x+1 = (x>+x+1)(x*>+5x+1).
Without loss of generality, we may assume that a, b are the roots
of 22 +x + 1, and ¢, d are those of x? + 5 + 1, with the known
relations

a+b=-1, ab =1, c+d= -5, cd =1.

Now, we transform the proposed sum into an expression in terms



190 Arhimede Mathematical Journal

of {a + b,ab, c + d, cd}, as follows:

7—2a T—2b (T—2a)(1—b)+ (7 —2b)(1—a)
1—a 120 (1 —a)(1 — b)
14— 9(a+b) +4ab 14+9+4
T 1—(a+b)tab  1+1+1

b

and, similarly,

7—2c+7—2d_14—9(c+d)—|—4cd_14—|—45—|—4_
1—-¢ 1—-d 1—(c+d +ed  14+5+1

Therefore, the desired sum is equal to 9 + 9 = 18.

Solution 2 by Sarah B. Seales, Northern Arizona University,
Arizona, USA. Let a, b, ¢, d be the roots of x*+6x3+7x2+6x+1.
We are asked to find the value of

7—2a+7—2b+7—2c+7—2d
1—a 1-0 1—c 1—-d

7T—2x
1—x

The terms simplify to 2 — ﬁ so the expression becomes

or

1
We wish to find the sum + + +

The polynomial

A+x)*+6(1+x)*+71+x)*+6(1+x)+1
=z* 4 1023 + 3122 + 422 + 21

hasrootsa—1,b—1,c—1,d— 1.
Reversing the coefficients, we obtain the polynomial

21x* + 4222 + 312% + 102 + 1,
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which has roots

1 1 1 1
a—1 b—1 e¢—1 d-—1

By Vieta’s formula for the sum of the roots of a fourth degree
polynomial, we get

1 1 1 1 42
a—1 b—1 c¢c—1 d-—1 21

Plugging this in gives us

8 5( 1 + 1 + 1 + 1 )—8—|—10—18
a—1 b—1 c¢c—1 d—1) -

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain (two solutions), and the proposer.

MH-67. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let a, b, ¢, d be positive numbers such that abed = 16. Show
that

a’+ b5+ c® + d°
a’*vVb+c+b*Ve+d+cAvVd+a+d*Va+b< 1 :

Solution 1 by Henry Ricardo, Westchester Area Math Circle,
NY, USA. Appying the Cauchy-Schwarz inequality, we get

S a*Vbtce< V2t + bttt +dY)(a+btct+d). (1)

cyclic

Using Chebychev’s inequality, we get

V2(at + bt +ct+d)(a+b+c+d) < /8(a® + b5+ 5+ dd).
(2)
Now, the power mean inequality yields

a® + b° + & + d° > 4(Vabed)” = 128, 3)
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Combining (1), (2) and (3), we conclude that
a® 4+ b® +c® + d® = /(a® + b5 + 5 + d5)?
> \/128(a5 + b5 4 5 + db)
= 4\/8(a® + b® + ¢® + d°)
>4 Z a*vb + c.

cyclic

Equality holds ifand only if a =b=c=d = 2.

Solution 2 by Sarah B. Seales, Northern Arizona University,
Arizona, USA. The function f(x) = /x is concave on the set of
positive real numbers. Placing the variables inside the radicals,
the left hand side is

v atb + atc + \/b4c+ bid + \/c4d—|— cta + \/d4a—|- d4b
<4\/a4b—|— a‘c + b4c + b4d + cAd + c*a + d4a + d4b
- 4

by Jensen’s inequality. Without loss of generality, we may assume
that a < b < ¢ < d. By the rearrangement inequality,

a*b+a*c+bc+b*d+c*d+cta+d*a+d*b < 2(a® +b° 4 +d°),

so it suffices to show that

a® +b°+c° +d°
1 .
Squaring both sides and simplifying gives the equivalent inequality

128(a® + b° + c® + d°) < (a® + b° + & + d°)?,

21/2(a® + b5 4 5 + d°) <

and since all variables are positive, we reduce this to
128 < a® 4+ b + c® + d°.

Using the AM-GM inequality and abed = 16, we have a® + b° +
cS+d° > 4(abcd)3 = 128. Since all of our steps are reversible, the
inequality we wished to prove follows.

Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain; Andrés Saez Schwedt, Universidad de Leén, Spain, and the
proposer.
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MH-68. Proposed by Pedro Henrique O. Pantoja, Natal/RN, Bra-
zil. Are there m,n,k,s € N, s > 2, such that

(127m — 1)(127n + 1)
2k

=48611...11 x1944...44107
s s+2

Solution by the proposer. Let k = 4, so 2¥ = 8 - 2. Note that
48611---110-8 =388---880and 1944---441-2 = 388---882.
— — — —

s s+3 s+2 s+3
Therefore, (388---881 + 1)(388---881 —1) = 388..-881% — 1.
s+3 s+3 s+3

Making m = n, we have (127m)? — 1, so it suffices to prove that
there exists s > 0 such that 388---881 is divisible by 127.
s+3

Lemma. There exists a number of the form

38...81
~——
q

with more than two figures equal to 8 which is a multiple of 381.

Proof. Consider the numbers 38881, 388881, 3888881... By the
pigeonhole principle, two of these numbers leave the same residue
when divided by 381. Subtracting these two numbers, we obtain a
number of the form 38 &ﬁ 5000..., which is divisible by 381. Since

t
381 is coprime with 10, the number 388...85 + 381 = 38...81 is
t t+2

divisible by 381. O
As 381 = 3 x 127, the result follows.

Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain, and José Gibergans-Baguena, BarcelonaTech, Barcelona,
Spain.

MH-69. Proposed by Mihdly Bencze, Brasov, Romania. Find all
real solutions of the equation
95

34+ 2.5" 4+ 7 = — |z|3.
T T 102||
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Solution by the proposer. By inspection, we find that x = —1
is a solution. Since the function f: R — R defined by f(z) =
3 4+ 2.5% 4+ 7% is increasing on R and the function : R — R
defined by g(z) = 1 |z|® is decreasing on (—oo, 0] and increasing
in (0,4o00), then the only solution in (—o0,0] is * = —1. Now, we
will prove that this is the unique solution of the given equation.
Indeed, for all > 0 there exists a positive integer n, n = |x],

such that n < x < n + 1. It follows that
flx) =3"+2-5"4+7°>3"4+2.5" + 7",

On the other hand, by using mathematical induction, we may
prove that

95 95
)= — |z = —x3< (n+1)3<3"+2.5"+ 7"
g@) = > fof = @ < (n+ 1) <3+ 2-5"+

So, g(x) < f(x) for all x > 0 and we conclude that x = —1 is the
only solution of the equation.

Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain, and José Gibergans-Baguena, BarcelonaTech, Barcelona,
Spain.

MH-70. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let ABC be a triangle with incircle I and incenter I. The tangent
point between I' and BC is D, and between AC and I' is E. The
tangent to I' from a point X € AFE cuts ABinY. Let Z € BC
be a point so that BZ = AB. Show that if Y, I, Z are collinear
points, then X, I, D are also collinear points.

Solution 1 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. As usual, let a, b, ¢ denote the sides of AABC and s its
semiperimeter.

We shall prove the stronger statement that Y, I, Z are collinear if
and only if X, I, D are collinear, by means of the following lemma
(see figure 6).
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Lemma 1. Let X and Y be the intersections of CA and AB
with a tangent to the incircle of AABC'. Then, the following ho-
mographic and symmetrical relationship holds:

s+ AX - AY = bc(AX + AY) — be(s — a). (1)
A
X
Y
B &

Figure 6: Construction for Lemma 1.

Proof. By the Briggs’s formulae, applied to AABC,
2A_(s—b)(s—o)

bc '
and applied to AAXY , whose semiperimeter is s — a,

2 A _ ((s—a) - AX)((s —a) — AY)

sin® — =
2

sin

AY - AY
Hence,
(s—b)(s—c) (s—a—AX)(s—a— AY)
be - AX - AY !
which, when simplified, becomes equivalent to (1). [

Suppose first that Y, I, Z are collinear. Figure 7 shows I', the
incircle of AABC, touching the side AB at F'. Let AI (extended)
meet BC at L.

Since the tangents BF and BD are equal, subtracting BF = BD
from each side of AB = BZ, we have

AB — BF = BZ — BD,
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B D L

Z

Figure 7: Scheme for Solution 1 of Problem MH-70.
so that

AF =DZ,

implying right-angled triangles AF'I and ZDI are congruent (their
corresponding arms are equal) with /DZI = /F AI. That is,

/BZY = /BAL.

Therefore, triangles ABL and ZBY are congruent (A-S-A) with
AL=Y_Z.

By the law of sines applied to AABY , where /BZY = /BAL =
/A
2 9

AL  YZ BY _ BY
sinB  sinB  sin(/ZBZY) sin%
and
AL -sin4
BY = 2
sin B

Since the length of the angle bisector AL may be expressed as
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2bc cos %
— =, we have
b+ec
bcsin A
BY = —— ——,
(b+ c)sin B
or, equivalently (by the law of sines),
ca
BY = ,
b+c
and thus
ca  2c(s—a)

AY = AB — BY =c —

b+c b +c
By hypothesis, XY is tangent to I'. Then, substituting this ex-
pression for AY into (1) and solving for AX, we get

2b(b —c)(s — a,).

a2+b2_c2

AX =

Hence,
2b(b—c)(s—a)  2ab(s—c)
a?+b2—c2  a24+b2—c?’

and because the length of the tangent from vertex C of AABC to
the incircle is s — ¢, we have

CX =CA—-AX =b—

cx = 2 CD
- a? + b2 — c2 :

Remembering that ¢? = a? 4+ b?> — 2abcos C, it follows that CD =
CX - cosC, showing that ZX DC is aright angle, thatis, XD L
BC. Since ID 1 BC, then, we have X, I, D collinear. This
completes the proof of this implication.

Let us now prove the converse. Suppose X, I, D are collinear (see
figure 8). Then, triangle X DC is right-angled at D, so

CD s—c ab(a+ b —c)

— 2 ip2_o2 —
cos C % a? + b2 — ¢2

CX =
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B D L Z c

Figure 8: Construction for the converse implication of Problem
MH-70.

and

abla+b—c) 2b(b—c)(s—a)

AX =CA-CX =b— —
a? 4+ b2 — c2 a? 4+ b2 — 2

By hipothesis, XY is tangent to I'. Then, substituting this expres-
sion for AX into (1) and solving for AY, we get

2¢(s — a)
AY = ——~.
b+e
Hence,
2¢(s—a) ca

BY = AB — AY =c— = BL (2)

b+c b +c
by the angle bisector theorem applied to AABC at A, whence

LZ =BZ - BL=AB — BY = AY. (3)
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Moreover, by the angle bisector theorem applied to AABL at B,

L1 BL
—_— = . 4)
IA AB

Therefore, by (2), (3) and (4), the product of the ratios into which
Y, I, and Z divide the sides of AABL is

AY BZ LI _AY AB BL _
YB ZL IA BL AY AB

’

implying Y, I, and Z are collinear by the theorem of Menelaus.
As a bonus, we now state and prove the following exercise:

Let ABC be a triangle with incenter I and incircle I' touching the
side BC at D. Let DI (extended) meet side CA at X. Let Z
denote the point on side BC such that AB = BZ and let Z1
(extended) intersects AB atY . Then, XY is tangentto I.

Proof. Since X, I, and D are collinear, as are Y, I, and Z, we

2b(b — ¢)(s — a) 2¢(s — a)
have AX = and AY = ——~
a? + b2 — ¢2 b+ c

(see the results

above).

By the law of cosines applied to AAXY , we have
XY?=AX?24+ AY?—-2.AX - AY -cos A,

which, on substitution, yields

B 4a*b?(s — a)?
T (b4 )} (a? + b2 — ¢?)?

2

) b? + % — a?
since cos A = T It follows that
c

v — 2a*b(s — a)
N (b+c)(a? + b2 — c2)’
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and so, by letting s be the semiperimeter of AAXY , we have

1
s = (AX + AY + XY)

_ 1<2b(b —c)(s—a) n 2¢(s — a) 2a%b(s — a) )
2 a? + b2 — ¢2 b+c (b4 ¢)(a? + b% — ¢2?)

_(S_a).b(b2—c2)—|—c(a2—|—b2—cz)—|—a2b

N (b+ c)(a? + b% — ¢?)

— (s — ).b(a2+b2—02)—|—c(a2—|—b2—c2)

R (b+ ¢)(a? + b% — ¢?)

which is the length of the tangent from vertex A of AAXY to T,
implying that I'" is the excircle of AAXY beyond the side XY .
Thus, XY is tangent to I', as claimed. ]

Solution 2 by Andrés Saez Schwedt, Universidad de Leon,
Spain. We begin by drawing a picture, which includes two new
points V and X’: V belongs to AC, with VY ||BC, and X’ =

DI N AC (see figure 9). We claim that X’ = X, and this will solve

the problem.

c

Z D B

Figure 9: Construction for Solution 2 of Problem MH-70.

Since BA = BZ, it follows that the points A, Z are symmetric
with respect to the line BI, therefore one has /BZI = /BAI.
From this and the fact that VY||BC, we obtain the equalities

LVAI = /BAI = /BZI = /VYI,
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implying that the quadrilateral AY IV is cyclic. Moreover, IV =
IY because I lies on the bisector of /V AY . This means that the
line I X’ is a symmetry axis with V', Y being reflections of each
other. Note that this symmetry axis passes through the center of I'.
Finally, the fact that the line X’V is tangent to I' implies that its
reflection XY is also tangent, therefore X’ = X, as we claimed,
and we are finished.

Also solved by the proposer.
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Advanced Problems

A-65. Proposed by Marc Felipe i Alsina, BarcelonaTech, Barce-
lona, Spain. Let f: RT — R be a function satisfying

Flatb)— f@) < -

for all positive reals a and b. Show that |f(x) — f(1)| < |lnz| for
all z € RT.

Solution by Moti Levy, Rehovot, Israel. We begin by assuming

that « > 1. We divide the interval (1, «) into n subintervals, each
of length h so that h = -1, Then,

1) = F@)] = |3 £+ (b +1)h) — £+ kR)
< nflf(l + (k+1)h) — f(1 + kh)]|
= S IA( + k) +B) = £+ kD))

The inequality |f(a + b) — f(a)| < 2 implies that

|f((1 + kh) + h) — f(1 + kh)| <

9

1+ kh

and

n—1

7@ = FOI< ¥

The limit 723 H% exists and is equal to In x, therefore

=} 21
|f(w)—f(1)|s,g%l§1+kh:/l —dz = Ina.
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Now assume that < 1. We divide the interval (x,1) into n
subintervals, each of length h so that h = 1_73” Then,

£@) = £ = | $ 7= (k4 1)8) = 10— k)
< 17— (+ ) — 71— k)
= S 1A = k)~ 1) - (1= kD).
The inequality |f(a + b) — f(a)| < 2 implies that

h
[fQ —kh) — (A —kh —h))| < — .

and
n—1 h,

HOR GRS v

The limit 72 - kh exists and is equal to — In z, therefore

@ = s <y 3 (1) = [ e = —me

xTr

We conclude that |f(x) — f(1)| < |Inz| for all z € R™.

Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain, and the proposer.

A-66. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let A, B € 9Mt»(Z) be two square matrices satisfying the following
properties: AB = BA, det(A + B) = 3 and det(A3 + B3) = 9.
Prove that det(A? 4+ B?) € {%+5,1}.

Solution 1 by Moti Levy, Rehovot, Israel. The fact that AB =
BA implies that A and B are simultaneously triangularizable,
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that is, there exists an invertible matrix P such that

_ Al r -1
A_P{O As P,

B:P{“’l s }P—l.
0 p2

Thus, we have

AT+ * } 1
A"+ B"=P| "1 1 P
* { 0 AZ+uy

It follows that

det(A + B) = (A1 + p1) (A2 + p2) = 3,
det(A3 + B3) = ()\‘;’ + ui’) (Ag + ug) =9,

Our goal is to find all possible values of

det(A? + B*) = (AT + p17) (A3 + 13)-

Let
A1+ p=a,
3
A2 + o = o )
AL+ wi =0
9
XSl =
2 T My b

One of the solutions of the system (1) is given by

1 1
a — —v/3(/=(4b — a?),
6 a

1
2
3 1 1
a b
1
2

2a

1 1
a+ =3,/ =(4b — a3),
6 a

-1 \/1( 3b + 4a3) — 3
Ha = e Ve ™ R
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which yields

det(A? + B?) = (A7 + pf)(A] + p2) = 2<b> 42 o g 3)
1 1 2 2 a3 3 b 3

It is worth noting that the other three solutions of (1) give the same
value of det(A? 4+ B?).

Since Tr(A + B) € Z, then a + 2 € Z. Since Tr(A® + B®) € Z,
then b+ 7 € Z. Since det(A%+ B?) € Z, then 2(%)—%%(“—;)4—5 € 7.
Therefore, a € {1,—-1,3,—3} and b € {1,-1,3,-3,9, —9}.

Exhaustive check of the 24 pairs of a and b results in det(A? +
B?) € {£5,1}.

Solution 2 by the proposer. Let f: C — C be given by f(x) =
det(A 4+ xB). Observe that, since A, B € M., f is a quadratic
function with integer coefficients. Let

f(z) = ax® + bz + c,

with a, b, ¢ € Z. We know that det(A + B) = 3, so f(1) = 3,
which means that
at+b+c=3. 4)

We also know that AB = BA, so
A®+ B® = (A+ B)(A+ Be)(A + Be?),
with €2 4+ € + 1 = 0. In turn, this means that
det(A® + B?) = det(A + B) det(A + Be) det(A + Be?)
= F(D)f(e)f(e?). (5)
Finally, we also have that det(A® 4+ B3) = 9, so
9 = 3(ae® + be + c¢)(ae* + be® + ¢).
Using in calculus € = 1, we obtain that

a?+ b2+ c®—ab—ac— be = 3. (6)
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From (4) we have that ¢ = 3 — a — b, so (6) becomes

a?+b*+B—a—-b’*—ab—(a+b)(B3—a—->b)=3
<= 3a>+3b>—9a—9b+3ab+6=0
< a’+b*—-3a—3b+ab+2=0
<— a2—|—a(b—3)—|—b2—3b—|—2:O.
Since a € R, we have that A > 0, and so,
(b—3)>—4b> +126—-8 >0
<= —3b24+6b+1>0
<~ —-3b*+6b—3+4>0.

Thus, we conclude that 4 > (b — 1), which means that (b —1)2 €
{0,1}, thatis, b € {0,1,2}. Now we consider several cases:

e For b = 0 we have that a € {1,2} and ¢ = 3 — a — b, so the
solutions (a, b, c) are (1,0,2) and (2,0,1).

e For b = 1 we have a € {0,2} and ¢ = 3 — a — b, so the
solutions (a, b, c) are (0,1,2) and (2,1,0).

e For b = 2 we have a € {0,1} and ¢ = 3 — a — b, so the
solutions (a, b, ¢) are (0,2,1) and (1,2,0).

For the six solutions, we compute the value of
det(A? + B?) = det[(A + Bi)(A — iB)] = f(i) f(—1).

The results are summarised in the following table:

Sol. triples (a, b, ¢) f(x) det(A? + B?)
(1,2,0) f(x) =2* + 2= 5
(1,0,2) f(x) =x*+2 1
(2,1,0) f(x) =22* 4+ 5
(2,0,1) F(z) = 222 + 1 1
(0,1,2) flx) =x+2 -5
(0,2,1) f(z) = 2z + 1 —5

In conclusion, we have that

det(A? + B?) € {£5,1}.
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A—-67. Proposed by Rica Zamfir, Bucharest, Romania. Consider a
continuous function f: [a,b] — R satisfying that [ f(z) dz = 0.
Show that there exists a real number ¢ € (a, b) such that

c a-+b
[ 1@ da=(“37 =) e,
Solution 1 by Henry Ricardo, Westchester Math Circle, NY.

Define g(z) = (“ ;r b_ :1:> /w F(t)dt. Since g(a) = 0 = g(b), by

Rolle’s theorem there exists ¢ € (a,b) such that

0=g(0 = ("1 -c)r - [rwa

2 a

/:f(t) dt = (a;b _ c>f(c).

Solution 2 by the proposer. Consider the function g: [a,b] — R
defined by

9@) = @—a) [ fWat+ -2 [ 50 ar

Since g verifies Rolle’s Theorem, then there exists a ¢ € (a, b) such
that g’(¢) = 0. We have

(@) = [ F@dt+ (@ - a)f@) ~ [ Ft)dt — (b - 2)f()
_ /:f(t)dt _ /:f(t)dt — (a+b—2z) f(c).
Then, from g’(c) = 0, we obtain
/acf(t)dt _ /cbf(t)dt— (a+b— 2¢)f(c) = 0.

On account that f;’ f(x)dx = 0, we have [ f(t)dt = — fcb f(t) dt,
and the preceding becomes

2/:f(t) At = (a + b — 2¢)f(c),

from which, after division by 2, the statement follows.

or

Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,
Spain.



208 Arhimede Mathematical Journal

A-68. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Without the aid of a computer, find the value of

. n k2+n2
JH&H<1+)-

3
k=1 n

Solution 1 by Moti Levy, Rehovot, Israel. Let

N k2 + N2
Ly = (1 + )
I+

Then,

N k2—|-N2 N k2_|_N2 1
InLy = Infl4+ — | = —— 4+ 0 — ).
n Ly kzzzl 1’1( + INE ) 1?::1 N3 + (N>

Observe that
N k2 4+ N2 N E\%\ 1 1 4
- = 1 ) | = /1 N de = —
S = (§) ) faseae =g

as N — oco. We also have

. n k2_|_n2
InLy — 1117}1_)1’20 H (1 + )

3
k=1 n

as N — oco. Therefore,

. n k2+n2 4
lnnll_>r1010H<1—|—> =§,

3
k=1 n

or

Wik

. n k2_|_n2
J%H(H):e-

3
k=1 n

Solution 2 by Henry Ricardo, Westchester Math Circle, NY.
Let P, = [[p_, (1 + ¥5). Note that (k* + n?)/n® < 2/n < 1 for
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n > 2. Then,

n k2 2
In P, = Z ln(l + —|—3n>
n

k=1

z(’“”" +0())

:$2k2+1+0(1/n)
k=1

VTl L oasm)

as n — oo. Thus, lim,_ o P, = e*/3.

Solution 3 by the proposer. To compute the limit we need the
following result.

Lemma 2. If f: [0,1] — R} is an integrable function, then

n

1 k 1
Ii 14— f(= )| = el F@)d2,
dim [T+ f(7) =

k=1

Proof. Since f is integrable, then it is bounded and there exists
M > 0 such that |f(x)] < M for all x € [0,1]. Putting x;, =
L1f(k/n) for 1 < k < n in the well-known inequality

2
x
m—;ﬁln(l—l—m)gm, 0<x<1,

we get

() a2 <l o(2) = 2o(2)

Adding up the preceding expressions yields

n o1 k n k n 1 k n o1 k

—fl — — < In(f14+—Ff[—) )< —fl—).
,;nf(n) Z2’n2 f( > —,; n( +nf<n>>_kz::1nf(n)
Taking limits when n tends to +oco we obtain

[ @ae < fim (14 f(2)) < [ ey an
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because ) )
no1 k M

o<y - f() <

=1 2n2 " \n 2n2

and this tends to zero when n goes to +oo. Thus,

nli_)rg()éln(l —|—:Lf<:)) — /Olf(:zz) da
and . - L L -
g T2+ 7( )] = el .

k=1

Applying the above lemma to the function f: [0,1] — R} defined
by f(x) = «®> + 1, we have

k k2 k2 4+ n?
(E)-5 -
n n2 n2

and n 2 2

3
k=1 n

A-69. Proposed by Pedro Henrique O. Pantoja, Natal/RN, Brazil.

(i) Find all matrices A € M42(Z) with trace equal to zero such
that

(A—3I)(A*+ A+31) = ( __820 _120 )

(i) Let A be a matrix satisfying (i). Compute A2°20,

Solution 1 by Moti Levy, Rehovot, Israel. (i) Every matrix A
has at least one eigenvalue, hence the restriction that Tr(A) = 0

implies A = P 2 _0)\ P~1, where A\, —X are the eigenvalues of
A. Thus, we have
A0 _1 A2 0 _1 A2 01,4
(P . _}\P —3I>(P{C Az}P —|—P{C )\2P + 31

-2 1
~ | —80 —20
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or (after some simplification)

A3 — 2)2 0 1 7 1
P 0 —A3 — 2)2 }P — | —80 —11 ] ()
The eigenvalues of _20 11 } are —1 and —3. Hence, A3 —
2)2 = —1, which implies that X = 1.

a b

Let A =

} . Then, det A = —a? — bc = —\2. It follows that
1(a + va% + bc) ]
1

a®?+bc = 1. Thus, the eigenvectors of A are | ¢

i(a1—|— D] and [i(a— '1a’2+bc>] = i(al_ 1)}. Hence,
1 1
_ | cla+1) Z(a—1)
P= { 1 1
and L4
4 [ te I-1la
S P P

Now, from (1) we have

A3 — 272 0
0 =A% — 2

fa+1) f(a—1)][-1 o0 c z—zal_[ 7 1
1 1 Ho —3”—% za+ﬂ_{—80 —11}’

that is,

/| Jr

N |-

N

a—2 —(ll(a?—l)}:{ 7 1

c —a — 2 —80 —11
It follows that a = 29 and ¢ = —80. The condition a? + bc = 1
implies that b = =%~ = 1.
. 9 1| . (o
We conclude that the matrix {_ 80 —g| 18 the only matrix in

M, (Z) which satisfies the equation.

}\2020 0
0 ( _ A) 2020

10

ss 2020 __
(i) A =P 01

P—l — )\2020P|: :|P—1 — I
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Solution 2 by the proposer. (i) Simplifying the equality of the
statement, it suffices to verify that

3_ 2 7 1
AT—24 _(—80 —-11 )

A= ( a b )
c —a
A simple calculation shows that we want to verify that

a®+abc a’b+b3c B 2a2+2bc 0 _ 7 1
a’c+bc? —ad®—abe 0 2a2+2bc )\ —80 —11/°

Let

From the first matrix equality we obtain that a?(a — 2) = 7 —
bc(a — 2). This implies that a — 2 divides 7, that is, either a = 3
and bc = —2,0or a =9 and bc = —80, or a = 1 and bc = —8, or
a = —5 and bc = —26. From the second matrix equality we obtain
a’b + (be)b = 1. If a = 3 and be = —2, then 7b = 1, which is
impossible. If a = 9, then b = 1 and ¢ = —80. From the third

matrix equality we obtain ¢? 4+ 81c = —80, so ¢ = —1 or ¢ = —8&0.
Finally, from the fourth matrix equality we conclude that a = 9,
b =1and ¢ = —80 is a valid answer. If ¢ = 1 and bc = -8,

then —7b = 1, impossible. If a = —5 and bc = —26, then b = —1,
which means that ¢ = 26. From the third matrix equality we obtain
a’c + bc? = —26 # —80. Therefore, a = 9, b = 1 and ¢ = —80.

Note that 5
9 1\ _,
—80 —9 S
This means that

s o2 a4 _or_( 9 1\ _ (20\_( 7 1
wommasa=( )= (30)=( o )

as we wanted to see. So the answer is
9 1
A= ( —80 —9 )

(ﬁ) A2020 — (A2)1010 — I1010 =1T.
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A-70. Proposed by Mihdly Bencze, Brasov, Romania. Let G be
the set of positive reals. We define the composition of any two
z,y € G by

a® + a*°? +a¥ =2+ a®tY,

where a > 1. Prove that if x, x5, ...,x, are elements of G, then
nn—1 n—12
S Y L s 3" .
2 1§i<j§n 2 k=1

Solution 1 by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. For all z,y € G and a > 1 we have that

xoy =log,(1+ (a® —1)(a¥ —1)).

It can be easily proven that (G, o) is an abelian group. Now we
have, on account of the AM-GM inequality, that

a® —1+a% — 1\2
a®® —1 = (a" —1)(a™ — 1) < ( : )

or
2v/a*°% — 1 < a®™ + a™ — 2.
Adding up the above expressions yields

1<i<j<n 1<i<j<n 2
or

2(2) +2 Y Varr —1< (n—1) ) a™,
k=1

1<i<j<n

from which the statement follows.

Solution 2 by Moti Levy, Rehovot, Israel. By definition of the
composition,
a®°% — 1= (a" — 1)(a®™ — 1).

By the power mean inequality,

r; a®i — M amj J— aXi —
19;9:/( 1)( D=y —— 19%31(1 1)( 1).




214 Arhimede Mathematical Journal

Therefore, it is enough to prove that

D S e e S,
1<i<j<n k=1

or that
‘ ‘ In—1/>n 2
Z (a® —1)(a® — 1) < = Z(awk —-1) . (1)
1<i<j<n 2 n k=1
Clearly,
T x; L3 & T z; 1 & T 2
Yo (@ —-1)(a®—-1)==>_ > (a®—1)(a™—1)—= ) (a™ —1)%
1<i<j<n 2 1=1j5=1 2 k=1

2)
We substitute (2) into (1) and get the equivalent inequality

n n n n—1 n 2
> (@ —1)(a™ —1) < > (a®™ — 1)% + (2:(@“”e — 1)) .
i=1j=1 k=1 n k=1
Again, by the power mean inequality we get
1/.™ 2 n
(S =) < 3@ -
T \k=1 k=1

hence it is enough to show that

z": Xn:(a"’j —1)(a®™ —1)

i=1j=1

n—1

(Ee-0) = (G -n).

which is obvious since

3 3@ — 1)(a® — 1) = @(a _ 1>)2.

i=1j5=1

Also solved by the proposer.
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