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A powerful tool for the study
of systems of equations:
Bolzano type theorems

A. Canada and S. Villegas

1 Introduction and motivation

In secondary school, students are familiar with the study of equa-
tions. If they are of a particular kind, such as polynomials of
degree two or special types of trigonometric, logarithmic or ex-
ponential equations, the teacher provides methods and ideas for
obtaining the solutions explicitly. For example,

e The equation 2*~! + 2® 4 2*+1 — 28 has a unique solution,
x=3.

e The equation z* — 522 + 6 = 0 has four solutions: v/2, —v/2,
V3, and —/3.

e The equation 4sinx — cos2x + 1 = 0 has infinitely many
solutions: = km, k € Z (the set of integer numbers).

In these trivial examples, some basic properties of the considered
elementary functions are used to explicitly obtain the solutions:
the change of variable 2*~! = y in the first case, the change of
variable £? = y in the second case, and the use of the formula
— cos 2 = 2sin? 2 — 1, in the third one.

However, too many equations which arise in applied sciences can-
not be solved explicitly. For example,
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Figure 1: f(z) = z° — 5x — 1

1. The simple equation % — 5z — 1 = 0 has three real but not
rational solutions, i.e., solutions of the type

a
w:E,aEZ,bEZ\{O},

since according to Fubini’'s rule, the only possible rational
solutions of the previous equation are 1 and -1, and none of
them is a solution of that equation.

2. For any given real number a, the equation e*+x*+x+cosz =
a, has a unique solution, but it cannot be obtained explicitly.

AY

a/A._ -

/

Ry

Figure 2: f(z) = e* + 2®> + x + cosx

In these situations, Bolzano’s theorem provides a good method
to prove the existence of solutions. This theorem, together with
an additional study of the monotonicity of the given function, can
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provide an adequate and complete study on the solutions of the
considered equation.

Bolzano’s theorem contains all the conditions of a very good the-
orem: simple statement, affordable proof, and a large and wide
applicability in the scientific world.

Throughout the paper, R will denote the set of real numbers.

Theorem 1 (Bolzano, 1817). If for some real numbers a < b,
f : [a,b] — R is a continuous functions such that f(a) < 0 <
f(b), then there exists some point ¢ € (a, b) satisfying the equation

f(x) =0.

8y

Figure 3

For example, if f : R — R is defined by f(xz) = z* + h(z), with
k an odd natural number and h : R — R continuous and sat-
istying |w|li>rfi—loo ||*
lution. This is the case of a polynomial equation of odd degree
¥ + ap_12* '+ ...+ a1x + ap = 0 (where ay_1,...,a1,ao are
given real numbers), as well as the case where the function h is
continuous and bounded as in the equation z* —|—sin3(e””2 +7) =0.

= 0, then the equation f(x) = 0 has a so-

In regard to the existence of solutions, similar ideas can be used
if we consider scalar equations with several variables, i.e., f :
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R™ — R. If f is continuous and there exist some points a,b € R™
such that f(a) < 0 < f(b), then the equation in several variables
f(x1,...,2,) = 0 has at least one solution in the “open segment”
of R™ defined as

(a,b)gn = {(1 — N)a + Ab, A € (0,1)}.

The proof of this fact is trivial if we consider the continuous func-
tion g : [0,1] — R, defined as g(A) = f((1 — A)a + Ab) and we
observe that g(0) = f(a) < 0 < f(b) = g(1), and finally we apply
Bolzano’s theorem.

As an example, if h : R®> — R is continuous and bounded, the
equation x;e*? + h(x1, x2,x3) = a has a solution for each a € R.
The proof of this fact is very easy, since

lim x,e" + h(xy, x2, x3) = +00
x1—>+o0o

and

lim x;e” + h(xy, x2, x3) = —o0.
r1—r—00

For example, this is the case of the equation xz;e** + a:fe_“‘% +
sin(z1z3 + In(1 4+ 22)) = a.

At this point, we should note that if we are considering not only
the existence, but also the multiplicity of solutions, the situation
may be completely different from the scalar case (n = 1). Let us
clarify this statement: if f : R — R is a differentiable function
with f’(x) > 0, V « € R, then the equation f(x) = 0, has at
most one solution, because f is strictly increasing. However if
f : R? = R is given by f(z,y) = = + y, the equation f(x,y) = 0
has infinitely many solutions, although both partial derivatives,
fe(xz,y) = 1 and f,(x,y) = 1, are positive in R?. This example
must not be surprising, since if f : R® — R is a differentiable
function, then its derivative f’ is a function from R™ into R™ and
we can not define, in an appropriate way, what f’(x) being posi-
tive for € R™ means.

The situation is much more complicated in the case of systems of
equations

fi(@yy.eoosxy) =0, fu(21y. ..y xn) =0,
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i.e., the case where f = (f1,...,fn) : R — R".

Let us consider, for instance, the function f : R? — R? given by
f(x,y) = ((e¥ + 1)sinz, (e¥ + 1) cosz). The function f is con-
tinuous and its image, f(R?), contains points of the four quad-
rants of R?, but the equation f(x,y) = 0 has no solutions, since
f(R?) = {(y1,y2) € R? : y7 + y; > 1} (see Figure 4).

_
__

Figure 4

In Bolzano’s theorem, the main hypothesis (besides the continuity
of the considered function) is that the image of the function f
takes values into the two sets Ry = {x € R: > 0} and R_ =
{x € R: x < 0}. But it is clear from the previous example that
the key idea to study systems of equations is not that the image
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of the function f takes values into the 2™ subsets

{(x1,x2,...,2,) ER®: 2y > 0,22 > 0,...,x, > 0},
{(x1,x2,...,xn) ER": 2y > 0,22 < O0,...,x, > 0},

{(x1,x2,...,xp) ER": 1 < 0,22 < O0,...,x, < 0}.

Just to prove the existence of solutions for systems of equations,
the key idea is that the function f has an appropriate behavior at
the topological boundary of the considered domain. Let us recall
this topological concept.

For =, y € R", d(x,y) denotes their euclidean distance. If
is a given subset of R™, the topological boundary of €2, 91, is
defined as the set of points * € R™ such that for each » > 0,
the open euclidean ball of center  and radius r, Bgn(x;7) =
{y € R : d(x,y) < r}, contains points of 2 and points of the
complementary set R™ \ Q.

Turning to Bolzano’s theorem, think that the hypotheses are given
in terms of the behavior of the function f on the topological bound-
ary of 2 = (a,b), since in this simple case, 9N = {a, b} is a set
with two points.

We finish this section with several reflections and questions:

1. Bolzano’s theorem is stated for the case when n = 1 and 2 =
(a,b) is an interval of real numbers. If, for example, n = 2,
the most simple generalization is, perhaps, 2 = (a, b) X (¢,d),
a rectangle. Then, 912 is the set given by the union of its four
sides:

80 = {a} x [¢,d] U {b} x [¢,d] U [a,b] x {c} U [a,b] x {d}.

If f:[a,b] X [c,d] = R?, (z,y) = (fi(z,y), f2(x,y)), is a
continuous function, can we provide sign type conditions on
the components f;, fo on the corresponding opposite sides
of © such that the system of equations (fi(x,y), f2(x,y)) =
(0,0) has a solution in Q7
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2. If Q is an open euclidean ball in R?, of center x and radius
r, then there are no sides. Now, 92 is a circumference. Is it
possible to give sufficient conditions in terms of the behavior
of the continuous function f : @ — R2? on 912, such that
the system of equations f(x,y) = 0 has a solution in Q?
(here Q is the closed euclidean ball of center = and radius r,
Bgn(z;7) = {y € R" : d(z,y) < 7}).

3. If Q is a given “general” subset of R", with n an arbitrary
natural number, how can we prove that the system of n equa-
tions f(x) = 0 has a solution in Q?

4. Is there some concept or theory that unifies all these previous
cases?

The answers are given in the next section.

2 Systems of equations in rectan-
gles, balls and...

2.1 The case of a rectangle

If we are considering systems of equations in a rectangle, the so
called Poincaré-Miranda’s theorem is an appropriate generaliza-
tion of Bolzano’s theorem. Roughly speaking, it can be stated as
follows: if each component function of the given system has oppo-
site signs on the corresponding opposite sides of some rectangle,
then the system of equations has at least one solution inside of
such rectangle. More precisely,

Theorem 2 (Poincaré-Miranda). If
.f : [aa b] X [Ca d] — RZ’ (CU, y) - (fl(xay)af2(way))’

is a continuous function and

fi(a,y) <0< fi(b,y),Vy € [cd],
f2(z,c) <0< fo(z,d), Vx € [a,b],
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AY fo>0
df - - - .
/
f1<0 f/1>_0\R2
clk — — —
I I
' fa<O '
I I
! | >
a b T
Figure 5

then the system of two equations
fl(wv y) =0, f2(wa y) =0,
has at least one solution in (a, b) X (c,d).

As a nontrivial example, if h, g : R? — R? are bounded and con-
tinuous functions and (a,b) € R? is given, the system of equa-
tions

x® + h’(may) = a, ey2 + g(way) =b,

1+ |yl
has at least one solution in the rectangle [—r,7| X [—r,7] for r a

sufficiently large positive real number. To prove this fact, let us
note that

lim 2% 4+ h(xz,y) = +oo, lim z®+ h(z,y) = —oc0
r— —00

r—r+o00
and that
lim e¥’ T = 400, lim eV’ x = —o0.
A T +g(z,y) = +oo, lim T +9(z,y)

As a consequence, the image of the function

I R? — Rza (:c,y) - (935 + h(:l:, y)a eV’ + g(wa y))

y
1+ |y|
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is the whole space R2.

The previous theorem was proved by Poincaré in 1886 and, obvi-
ously, there is a formulation for the general case of n equations
in a rectangle contained in R" (see [6]). In 1940 Miranda proved
that it is equivalent to Brouwer’s fixed point theorem [5].

2.2 The case of a euclidean ball

It can be affirmed that Poincaré-Miranda’s theorem is very intu-
itive, since, on the one hand, the natural generalization of an in-
terval of real numbers [a, b] is a box in the euclidean space R"
given by [a1,b:] X ... X [an, b,] and, on the other hand, the sign
type hypothesis of Bolzano’s theorem f(a) < 0 < f(b) is replaced
by an appropriate sign type hypothesis on the component func-
tions of f = (f1,...,fn) on the corresponding opposite sides of
the n-dimensional rectangle. But, what happens if we are dealing
with subsets of R™ which are not supposed to have sides? For
instance, a ball. In this case we have the following result.

Thtiarem 3 (Systems of equations in euclidean balls). Let
f : Bgrn(0;7) — R™ be a continuous function such that

(f(z),z) >0, Vo € 0Brn(0;7) (1)

(where (-, -) denotes the usual scalar product in R™). Then the equa-
tion f(x) = 0 has a solution in the open ball Bg-(0; ).

An example: if hy, hy, hs : R? — R are bounded and continuous
functions, the system of equations

T+ hl(yaz) =0, y+h2(:I:,Z) =0, z +h3($7y) =0

has a solution in Bgs(0;r) for sufficiently large ». To see this,
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Figure 6

take into account that
m2+y2£ierr2!—>+m<(w’ Y, Z), (w + hl(ya Z), Yy + h2(wa Z), z+ h3(m9 y))>

= lim x(x + hi(y, 2)) + y(y + ha(x, 2)) + 2z(z + hs(z,y))

x2+y2 422400

= lim  (2® 4+ y® + 2%) + zhi(y, 2) + yha(z, 2) + zhs(z, y)

x2+4y2 422400

= 4+ oc.

Let us think that, as in Poincaré-Miranda’s theorem, Theorem 3
is also a generalization of the classical Bolzano’s theorem, which

is obtained if n = 1. To clarify this claim, take into account
that, in Bolzano’s theorem, it is clearly not restrictive to assume
that a = —r, b = r, where r is a positive real number. Then,

we can formulate Bolzano’s theorem (Theorem 1) in the following
equivalent manner:

Theorem 4 (Bolzano, revisited). If f: [—r,r] — R is continuous
and

f(=1)(=1) > 0, f(r)r >0
(which is equivalent to f(—r) < 0 < f(r)), then the equation

f(x) = 0 has a solution in (—r,r), the open ball of center zero
and radius r in R.

In the previous lines, we have stated two generalizations of Bolzano’s
theorem which are, apparently, very different. It seems that they
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are not related. Nothing is further from reality, since Bolzano’s
theorem, Poincaré-Miranda’s theorem and Theorem 3, on systems
of equations on an euclidean ball, can be viewed from a unified
point of view by using a powerful tool called the Brouwer degree
theory (see [4]).

3 Some applications of Bolzano type
theorems

The previous Bolzano type theorems are not only of interest to
mathematicians. In this section, we briefly discuss some of their
elementary applications. The first one uses the classical Bolzano’s
theorem in one and two variables to prove the simultaneous bisec-
tion of two given polygons [3]. The second one is about how to use
Poincaré-Miranda’s theorem to prove the existence of fixed points
of a pair of functions of two variables. The fixed point theory has
been of fundamental importance in the development of general
equilibrium theory in Economy [7].

In the next theorem, we consider for simplicity the case of two
polygons, but the same ideas may be used to deal with two bound-
ed subsets of R? with well defined area.

Theorem 5. For any pair of given convex polygons P; and P,
there exists a line Ax + By = C which bisects them simultane-
ously, ie., if

Pt =P n{(z,y) € R?*: Az + By > C},
P- =P nNn{(z,y) € R?*: Az + By < C},
P =P, n{(z,y) € R?: Az + By > C},
Py =P Nn{(z,y) € R>: Az + By < C},
then area(P;") = area(P; ), area(Py ) = area(Py ).

Main ideas of the proof. In the first step, we apply Theorem 1 for
functions of one variable. It is clear that there exists a unique line



Volume 3, No. 1, Spring 2016 13

in each direction which bisects the polygon P;. That is, for each
given (a,b) € S* = {(a,b) € R? : a® + b*> = 1} there exists a
unique ¢ = ¢(a, b) such that
area(P; (a,b,c)) = area(P] (a,b,c)),
where
Pt(a,b,c) = PN {(z,y) € R*: ax + by > c},
P (a,b,c) = PN {(z,y) € R*: axz + by < c}.

In fact, if (a,b) € S* is fixed, then the function h : R — R defined
by
h(c) = area(P; (a,b,c)) — area(P; (a,b,c))

is continuous and takes positive and negative values.

In the second step, we apply Bolzano’s theorem for functions of
two variables. More precisely, the function H : S* — R defined
by

H(a,b) = area(P;'(a, b,c(a,b))) — area(P; (a,b,c(a,b)))

is continuous and takes positive and negative values. Therefore,
there exists (A, B) € S' such that H(A, B) = 0, i.e., the line
Ax + By = c(A, B) bisects P», and this line also bisects P;, by
the definition of ¢(A, B). O

P,

P

Figure 7

Finally, general equilibrium is a unified framework for studying
the general interdependence of economic activities: consumption,
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production, exchange. Traditionally, proofs of the existence of
equilibrium rely on fixed-point theorems such as Brouwer’s fixed-
point theorem [1]. In this regard, we can say that it is very intuitive
that if f : R — R is continuous and bounded, then the fixed
point equation x = f(x) has at least one solution, since we can
apply Bolzano’s Theorem 1 to the function F : R — R defined as

F(x) =« — f(x).

Figure 8

Perhaps, the intuition is difficult to use when we are in the case
of systems of equations. In this case we show how to use the
Poincaré-Miranda Theorem 2 to prove, very easily, the existence of
a fixed point. Indeed, if (f, g) : R? — R?, (z,y) — (f(z,vy),9(z,y))
are continuous and bounded functions, then for some sufficiently
large » € RT, we can apply Poincaré-Miranda’s theorem 2 to the
function (F,G) : [-r,7] X [—r,r] — R? defined as (F,G)(z,y) =
(x—f(z,y), y—g(z,y)). As a consequence, (F, G)(zo,yo) = (0,0),
for some (xo,y0) € [—7,7] X [—7r,r], and therefore (xo,yo) =
(f(zo0, Y0), g(xo; Yo)) . for some (xo, yo) € [—7, 7] X [—7,7].

Finally, we comment that Theorem 3 is only a special case of the
celebrated Gale-Nikaido-Debreu lemma [1], which, according to
many authors, has been of great interest in the development of
general equilibrium theory (especially in market equilibrium).

Acknowledgment
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ics editing.
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Problems

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical problems. Proposals
are always welcome. Please observe the following guidelines when
submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear
on separate sheets, each indicating the name and address of
the sender. Drawings must be suitable for reproduction.

2. Proposals should be accompanied by solutions. An asterisk
(*) indicates that neither the proposer nor the editor has sup-
plied a solution.

Please, send submittals to: José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to:
jose.luis.diaz@upc.edu

The section is divided into four subsections: Elementary Prob-
lems, Easy-Medium High School Problems, Medium-Hard High
School Problems, and Advanced Problems mainly for undergradu-
ates. Proposals that appeared in Math Contests around the world
and most appropriate for Math Olympiads training are always wel-
come. The source of these proposals will appear when the solu-
tions are published.

Solutions to the problems stated in this issue should be posted
before

Nov 30, 2016
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Elementary Problems

E-29. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a,b be nonnegative real numbers. Prove that

a* + b* 4+ a?b* > ab(a,2 + b2).

E-30. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n > 1 be a positive integer. Find a formula to
compute the sum of the n first terms of

4410418 +28 440454 +...

E-31. Proposed by José Gibergnas-Baguena, BarcelonaTech, Bar-
celona, Spain. Given a set of nine points with integer coordinates
in three-dimensional space, prove that there are two whose mid-
point also has integer coordinates.

E-32. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. The lengths of the sides of a triangle satisfy that the
triple of one of them is equal to the sum of the other two. Prove
that its inradius is one fourth of one of its altitudes.

E-33. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. If x> —bx +a = 0 has two integer roots, then prove

that
a(la+b+1)(4a +2b+1)

36
can be written as the sum of a squares of integer numbers.

E-34. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let {F,},>o be the sequence of Fibonacci num-
bers defined by F, = 0, F; = 1, and for all n > 2, F,, =
F,_, + F,,_,. Show that there are infinitely many quadruplets of
Fibonacci numbers satisfying the equation 2(z? + y?) = 22 + .



18 Arhimede Mathematical Journal

Easy-Medium Problems

EM-29. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a, b, ¢, m be positive real numbers such that

vm-+a+vm+b=2vm-+ec.

Prove that a + b > 2c.

EM-30. Proposed by José Gibergans-Baguena, BarcelonaTech,
Barcelona, Spain. Find all positive solutions of the following sys-
tem of equations

(x+y+2)=t,

(y+z+t)P =z,

(z+t+x) =y,

(t+z+y)® ==z

EM-31. Proposed by Nicolae Papacu, Slobozia, Romania. If p
and q are prime numbers, show that the number p?? + ¢?° is
composite.

EM-32. Proposed by Angel Plaza, University of Las Palmas de
Gran Canaria, Las Palmas de Gran Canaria, Spain. Let n be a
positive integer, m be a real number greater that 1, and z, €
(0,1) (1 £ k < n). Prove that

(; 1 fkgckm) ("m - (émk>m> > nmémk.

EM-33. Proposed by José Gibergans-Baguena and José Luis
Diaz-Barrero BarcelonaTech, Barcelona, Spain. Let d,, d,, and d.
be the distances from the vertices of triangle ABC to its incenter.
Show that

bc ca ab
is an integer and determine its value.
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EM-34. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Compute

oo L2
Z arctan n; 1 ,

where L,, is the n** Lucas number, defined by Lo =2, L, =1,
and foralln >2, L, =L,_1+ L,_,.




20 Arhimede Mathematical Journal

Medium-Hard Problems

MH-29. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ABC be an acute triangle with circumcenter
O and circumradius R. If AO cuts the circle BOC again in A’,
BO cuts circle COA again in B’ and CO cuts circle AOB again
in C’, then find the smallest possible value of

OA”? + OB + 0C”?
R? '

MH-30. Proposed by Andrés Saez-Schwedt, Universidad de Leon,
Leon, Spain. Determine if there exist 2015 prime numbers py, ...,

P2015 Satisfying

p p p
p1 < p2 < -+ < pris and —2>—3>---> 2015

D1 D2 D2014 '

MH-31. Proposed by Ander Lamaison Vidarte, Berlin Mathemat-
ical School (BMS), Berlin, Germany. Let ABC and ADFE be two
triangles whose altitudes from A have the same length, whose cir-
cumcircles are externally tangent and such that /BAC = ZDAF,
considering them as oriented angles.

e Prove that BE || CD.
e Prove that BD and CFE intersect on the common tangent to
both circumcircles at A.

MH-32. Proposed by Ander Lamaison Vidarte, Berlin Mathemati-
cal School (BMS), Berlin, Germany. Find all pairs of positive inte-
gers (a, b) satisfying

a’b? = (a2 + b+ 2)3.

MH-33. Proposed by Ander Lamaison Vidarte, Berlin Mathemat-
ical School (BMS), Berlin, Germany. We have n labelled lamps,
each of which can be on or off. Let X be the set of all 2™ possible
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states for the lamps. Find all positive integers n for which there
exists a function f : X — {1,2,...,n + 1} with the following
property: every two different states S; and S, with f(S;) = f(S2)
differ in at least three lamps.

MH-34. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a, b, ¢ denote the lengths of the sides of a
triangle, and r, its inradius. Prove that

Z a?(b + c) <a3—|—b3—|—c3
(a+b)(a+c) — 2472

cyclic
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Advanced Problems

A-29. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Find all integer solutions of the equation

3mx 1 \/1 n 160 n 800
8 9z 9x2

A-30. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Compute

1 3n —1 3n —3g
lim — > ln( ,)m( 3)
n—oo 12 3n+1 3n+j

1<i<j<n

cos =1.

A-31. Proposed by Ander Lamaison Vidarte, Berlin Mathematical
School (BMS), Berlin, Germany. Find all functions f : Z — Z
such that for all a, b € Z the following holds:

a+ f(af(b)) = f(af(b+1)).

A-32. Proposed by Dan Popescu, Suceava, Romania. Let A, B €
M, (R) be such that AB = BA. If det(A? + B?) = 0, then prove
that tr(AB) = tr(A) - tr(B). Does the same hold for A, B €
M,(C)?

A-33. Proposed by Mihaly Bencze, Brasov, Romania. Prove that

1/t . 1 2tvs 1
(— / e ”® da:) — / e ¥dxr | < —.
™ J2—/3 ™ J1 36

A-34. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n be a positive integer. Compute

2 2j1—1<2jn—1> /(ié)

1<5< 2 j=1

where |x| denotes the integer part of x.
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Mathlessons

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical notes and lessons
with material useful to solve mathematical problems.

Please, send submittals to: José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to:
jose.luis.diaz@Qupc.edu
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The sum of digits function

A. Lamaison Vidarte

1 Introduction

In number theory olympiad problems, one often finds conditions
on the digits of a non-negative integer, and has to prove certain
results based on that information. A standard tool to deal with
these problems is the sum of the digits of the number, which we
will denote by o(n) for n > 0.

2 Main results

The function o satisfies many properties which are easily checked,
either from the definition or by induction. A few examples are:

e If a, b and n are non-negative integers with 10" > b, then
o(10™a + b) = o(a) + o(b).

e o(n)—o(n—1) =1—9k, where k is the greatest integer such
that 10¥|n. In particular, o(n) < o(n — 1) + 1.

e o(n) < 9log,o(n + 1) (Hint: what is the smallest possible
value of n for a fixed value of o(n)?).

The proof of the first two results should be very simple. Also,
note that the second property, together with o(0) = 0, completely
determines the value of o(n) for all n > 0.

In this lesson we will prove three of the most useful properties
of the function o. The first one is a well-known rule to find the
residue modulo 9 of a positive integer:



Volume 3, No. 1, Spring 2016 25

Theorem 1. For any non-negative integer n, we have o(n) = n
(mod 9).

Proof. We proceed by induction. For n = 0 the result holds be-
cause o(0) = 0. Now suppose that the result is true for some
n — 1. By the second property above, o(n) —o(n —1) = 1 — 9k,
where k is a non-negative integer. Hence

ocn)=oc(n—1)4+1-9k=0(n—1)+1=n—-141=n (mod?9).
The statement follows by induction. O

This produces an algorithm to find the residue modulo 9 of a pos-
itive integer:

e If n <9, then the residue modulo 9 is n.
e If n > 10, repeat the algorithm for o(n).

This algorithm converges very quickly for large numbers: the small-
est number for which four iterations are required is 23 digits long,
and the smallest number requiring five iterations is over two sex-
tillion digits long!

An idea for an alternative proof of Theorem 1 would work like this:
the decimal expansion of n corresponds to an expression n in
terms of powers of ten. For example, 3802 = 3-103+8-102+2-10°.
Now, since 10 = 1 (mod 9), we have 10* = 1 (mod 9). From this,

3802 = 3-10°+8-10°+2-10° = 3+8+0+2 = 0(3802) (mod 9).

This alternative proof links to the second result that we will prove.
We can write 3802 as the sum of 13 powers of ten, and in general,
n can be written as the sum of o(n) powers of ten. We call this
sum the decimal sum of n. Can we obtain n as the sum of fewer
powers of ten?

Theorem 2. No positive integer n can be written as the sum of
fewer than o(n) powers of ten. The only expression of n as the
sum of o(n) powers of ten is the decimal sum of n.
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Proof. Consider an expression of n as a minimal sum of pow-
ers of ten. By minimality, this sum does not include ten equal
summands 10%, as we could replace them by a single summand
10°t1, This means that every summand appears nine times or
fewer. But sums in which each power appears at most nine times
are precisely decimal sums, and exactly one decimal sum adds up
to n. We conclude that this is the only minimal sum of powers of
ten adding up to n. O

Finally, some simple applications of Theorem 2 are the following
two inequalities involving the function o. We say that m + n
equals m plus n digit by digit if the units digit of m 4+ n equals
the units digit of m plus the units digit of n, the tens digit of
m + n is the sum of the tens digit of m plus the tens digit of n,
and so on. For example, 6789 equals 681 plus 6108 digit by digit,
but 3000 does not equal 1999 plus 1001 digit by digit (because
9 4+ 1 # 0 in the units digit, for example).

Theorem 3. Let m and n be two non-negative integers. Then

o(m+n) < o(m)+o(n),

o(mn) < o(m)o(n).

Moreover, in the first inequality, equality holds if and only if m +n
equals m plus n digit by digit.

o(m) o(n)
Proof. Let m = ) 10% and n = . 10% be the decimal sums of

=1 j=1
o(m) o(n)
m and n. Together, they form m+n = Y 10%+ Y 10%, which
=1 j=1

is the sum of o(m) + o(n) powers of ten. By Theorem 2, the first
inequality follows.

If m + n is digit by digit m plus n, then trivially o(m + n) =
o(m) + o(n). On the other hand, if o(m + n) = o(m) + o(n),

o(m) o(n)
then m+n = Y 10%+ Y 10% is the sum of o(m-+mn) powers of
=1 j=1

ten. By the equality case of Theorem 2, this must be the decimal
sum of m + n. We can then check that this implies that m + n
equals m plus n digit by digit.
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For the second inequality, we use again Theorem 2 for

o(m) o(n) o(m) o(n)
O DSETZN IDRETR) I o) STt
=1 j=1 i=1 j=1
which is the sum of o(m)o(n) powers of ten. O

We will see another proof of the first inequality in order to answer
another question. Let m and n be two non-negative integers.
Consider the number Zt™*e=elmin) By Theorem 1, this num-
ber is an integer. By Theorem 3, this number is non-negative.
Could it be that this number is counting something? To provide
a little bit of insight, Theorem 3 also says that this number is O if
and only if m 4+ n equals m plus n digit by digit.

The answer to this question lies in the basic algorithm for pencil-
and-paper addition. We write the decimal expressions of m and
n, with the units digit of m over the units digit of n, the tens digit
of m over the tens digit of n, and so on. Then we add column
by column, right to left. Whenever the sum of a column is greater
than 9, we only write the units digit of the result and we add a one
in the next column. This is called ‘carrying the one’. The number
"(m)+"(”) o(mtn) counts precisely how many times we carry the
one in the pencil-and-paper addition of m and n.

Let us see why. Consider the example from Figure 1, in which we

carry the one five times, and "(m)""’(”g_"(m"‘") = 35+396—24 — 5.

EiEnimiaimimiEniciE

O30S L11I3]18

+ SIH7THAI2111115]|16]13
IHNSNOSLHel 71101

Figure 1: Example of sum with pencil-and-paper algorithm.

The value of o(m) + o(n) — o(m + n) is equal to the sum of the
contributions of each column in the sum. We can see that, if no
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one is carried from or to a column (purple column), then the sum
of the digits of m and n in that column minus the corresponding
digit of m + n equals 0. If a one is carried from a column, but
not to that column (red columns), then it equals 10. If it is carried
to a column but not from that column (green), then it equals -1.
Finally, if it is carried from and to a column (blue), then it equals
9.

The net effect of a carry is that the contribution of the column to
o(m) + o(n) — o(m + n) increases by 10 in that column, and

decreases by 1 in the next, hence the number of carries equals
o(m)+o(n)—o(m+n)
o .

A similar argument can be used to prove the second inequality
from Theorem 3 using the pencil-and-paper algorithm for multi-
plication, but this time the argument is more subtle. Remember
that the algorithm has two steps, in the first we multiply a by
each digit of b, and in the second step we add those numbers. To
prove the inequality, first bound the sum of digits of each of the
numbers produced in the first step by o(a) times each digit of b,
then use the first inequality from Theorem 3.

The results seen here are not unique to base 10. We can define
analogous results in any base b. If o, denotes the sum of digits
in base b, then:

op(n) =n (mod b—1).
n cannot be written as the sum of fewer than o,(n) powers
of b. The only way of writing n as the sum of o,(n) powers of
b is the base b sum of n.

o op(m+n) < op(m)+ op(n), with equality if and only if m+n
equals m plus n digit by digit in base b.

o ogp(mn) < gp(m)op(n).

Before seeing applications of these results, it is worth mentioning
that there are two other categories of olympiad problems which
involve the function o. The first is problems in which a certain
function is defined by a recurrence, and then one is asked to prove
a property of this function. It is common for this function to be a
function related to o for some b.
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A common pattern in this kind of problems is that the recurrence
usually gives the value of f(bk), f(bk +1)...,f(bk+ (b— 1)) as
a function of f(k). See Spain 2010, Problem 2 for an example of
this.

The other kind of problem which involves the function o is one
in which one has to prove the existence of n, usually of infinitely
many such n, for which some equation involving n holds. For ex-
ample, in the problem MH-27 in this journal, one is asked to prove
that for every positive integer m there is n such that o(n?) = 4™,

The key to problems like this is often finding an adequate pattern
for the digits of n so that the equation is satisfied. For example,
the problem mentioned above can be solved by taking n of the
form 333...32, or by taking n of the form 1101000100...001,
where the 1ls are in the positions which are powers of two. To
find this kind of patterns, it often helps to think of o using the
interpretation given in Theorem 2.

3 Applications

Problem 1 (Spain 2001). The integers from 1 to 9 are arranged in
a 3 x 3 grid. The following six three-digit numbers are then added:
the three numbers produced by reading each row left to right, and
the three columns read top to bottom. Can the resulting sum be
2001?

Solution. Call the numbers in the rows a, b and ¢, and the num-
bers in the columns d, e and f. Then o(a) + o(b) + o(c) =
1+24---49=45. Similarly, o(d) + o(e) + o(f) = 45. Then

a+b+c+d+e+ f=o(a)+a(b)+o(c)+o(d) +o(e) +a(f)
=45 + 45
=0 (mod 9).

But 2001 = ¢(2001) = 3 (mod 9), so we cannot have a + b+ ¢ +
d+ e+ f = 2001. O
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Problem 2 (Canada 2011). Consider 70-digit numbers n, with the
property that each of the digits 1,2,3,...,7 appears in the decimal
expansion of n ten times (and 8, 9 and 0 do not appear). Show
that no number of this form can divide another number of this_form.

Solution. Every number of this form has o(n) =10(1 +2+ -+ +
7) = 280, which is congruent to 1 modulo 9. If a number of this
form n, divides another n,, then 7 = 1 (mod 9). By Theorem
1, n =1 (mod 9). Since we cannot have Z—j =1 (as n1 # n3), we
must have Z—f > 10.

In addition, n; and ne have 70 digits and the leading digits are
nonzero, so 10%° < nq,n, < 107°. But then

n, < 10°° =10-10% < 101, < n,,

and we reach a contradiction. O

Problem 3. Let n be a positive integer, and a = 10™ — 1. Prove
that for any positive integer b, o(ab) > 9n.

Solution. Assume the opposite. Consider the smallest positive in-
teger m divisible by a with o(m) < 9n. By Theorem 2, this is the
smallest multiple of a which can be written as the sum of fewer
than 9n powers of ten. None of the powers 10* in its decimal sum
are greater than or equal to 10", since otherwise we could replace
them by 10*~™ and the result would not change modulo a (and
would still consist of fewer than 9n powers of 10). But this means
m < 10", and the only multiple of @ smaller than 10" is a itself,

which has o(a) = 6(99...99) = 9n. Contradiction. O
Problem 4 (Ibero 2014). Find the smallest positive integer k such
that

o(k) =o0(2k) = 0(3k) = --- = 0(2013k) = o(2014k).

Solution. Since 9|0 (9k) = o(k), we have 9|k. This means that
9999|1111k, and by Problem 3, o(k) = o(1111k) > 36, which
means k > 9999. We claim that this is the minimal value. Indeed,
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if £ = 9999, then for any 1 < a < 2014,

o(9999a) =o' (10000a — a)
—5(10000(a — 1) + (10000 — a))
=o(a — 1) + o(10000 — a)
—5(9999). O

Problem 5 (AMJ MH-13). Let a, b and c be three positive inte-
gers, each of them without repeated digits in their decimal expres-
sion. If a + b 4+ ¢ = 58888, prove that there is a digit, other than O,
which appears in at least two of the three numbers.

Solution. If no digit other than O appears in two of the three num-
bers, then each number appears at most once, and o(a) + o(b) +
o(c) <1+2+---49 =45. We also have o(a) + o(b) + o(c) =
a+b+c=oc(a+b+c) =37 (mod 9). Combining both results,
o(a)+o(b)+o(c) < 37. Finally, o(a)+o(b)+o(c) > o(a+b+c) =
37. We conclude that o(a) + o(b) + o(c) = 37.

cla+b+c)=o0(a)+ o(b) +o(c), soa+ b+ cequals a plus b
plus c digit by digit. a + b + ¢ = 58888 does not have any 9, so
neither a nor b nor ¢ can have a 9. The digits are then between O
and 8. But then 37 = o(a) + o(b) + o(c) <1+4+2+4---4+ 8 = 36,
contradiction. O

4 Exercises

Problem 6 (Spain 2001). Let f : N — N be a function satisfying
f(1) = f(2") =1and, if n < 2°, then f(2° +n) = f(n) + 1.

e Find the maximum value of f(n) for n < 2001.
e Find the smallest n such that f(n) = 2001.

Problem 7 (Poland 2012). Prove that there exist infinitely many
positive integers n such that o (2" 4+ n) < o(2").
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Problem 8 (IMO 1975). Let A = o(4444*%) and B = o(A).
Find o(B).

Problem 9 (Brazil 2014). Find all integers n, n > 1, with the
JSollowing property: for all k, 0 < k < n, there exists a multiple of n
whose digits sum leaves a remainder of k when divided by n.

Problem 10 (Argentina 1999). Let a, b, ¢ be positive integers.
Assume that max{o(a + b),o0(b+ c),o(c+ a)} < 5. Prove that we
can have o(a + b + ¢) > 50, but not o(a + b + ¢) > 60.
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Solutions

No problem is ever permanently closed. We will be very pleased to
consider for publication new solutions or comments on the past
problems.

Please, send submittals to: José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to:
jose.luis.diaz@upc.edu

Elementary Problems

E-23. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let M be the midpoint of side BC in a triangle
ABC'. Show that

AB? + AC?

M A? + M B?

is an integer and determine its value.

Solution 1 by Angel Plaza, University of Las Palmas de Gran

Canaria, Spain. Let D = A + 2AM. Then, ABDC is a par-
allelogram. The parallelogram identity states that the sum of
the squares of the lengths of the four sides of a parallelogram
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equals the sum of the squares of the lengths of the two diago-
nals. In our case, 2(AB? + AC?) = (2M A)*+(2M B)”. Therefore
AB? + AC? = 2(MA? + M B?), so

AB? + AC?

M A2 + M B?

Solution 2 by the proposer. On account of Pythagoras theorem,
from the figure, we have
AB? = AH? + BH? = AH? + (BM — HM)?
= AH*+ BM?+ HM? —-2-BM -HM
= AM?+ BM?—-2-BM -HM

and

o
B H M c

Figure 1: Construction for the solution of Problem E-23.

AC? = AH?> + HC? = AH? + (HM + MC)?
= AH?> + HM? + MC?+2-HM - MC
= AM?+ MC?+2-HM - MC.

Adding up the preceding expressions yields
AB? + AC? = 2(MA? + M B?),

SO
AB? + AC?

M A? + M B?
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Solution 3 by Alberto Espuny-Diaz, BarcelonaTech, Barcelona,
Spain. Apply de Law of cosines for M A. We have that

MA? = MB? + AB?> —2MB - AB cos B.
Taking into accout that M is the midpoint of BC', we can write
1
MA? = ZBCZ + AB? — BC - AB cos B.
Then, again by the Law of cosines,
1
—BC - AB cos B = 5(AC2 — AB? — BC?).
Hence,
2 2 1 2 2 1 2 2 2 1 2
MA*+ MB :ZBC + AB +§(AC — AB” — BC )+ZBC
1
== 5(14.B2 —|— ACZ).
Substituting this in the statement yields
AB? + AC?

MA? + M B?

Solution 4 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. With the notation of Figure 2, we
want to find

AB? + AC? b? + c?

MA? + MB?>  m2 4 2

By Stewart’s theorem,

. %bz + %cz a? b*4+c2  a? a? b®>+ c?
me ==  — — —= —
@ a 4 2 4 4 2

Therefore,

AB? + AC? b2 + 2 b2 + c2

MA? + MB?  m2?4 2 @ i

2

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and Victor Martin Chabrera, CFIS,
BarcelonaTech, Barcelona, Spain.
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Figure 2: Construction for the solution of Problem E-23.

E-24. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ai,as,...,a, be positive numbers such that
a,as...a, = 1. Prove that

1 1 \?2 1 2 1 \?
— {1+ +(1+ o4 (1 +
n a;a, a2Q,_1 a,a;

Solution 1 by Angel Plaza, University of Las Palmas de Gran
Canaria, Spain. The conclusion follows by the AM-GM inequal-

> 4.

2
2 1
ity. Notice that (1 + ) =1+ + -5 and therefore the

a;a; a;a;

left-hand side of the inequality is

S i

LHS — 1 4+ 2i=t 297 | im @i

n n

1 1
> 142 + — 4.

n n
n 2 n 4
| | a; a;

Solution 2 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. We can use the AM-GM inequality
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because every a; is positive. Then,

1 1 1 \? 4
1+ > 2 — (1 + > .
aap, a;an, aap, a1a,

Applying this to all the summands yields

1 )\? 1 \? 4 4
(1+ ) +...+(1+ > > +.+ .
a1aqg, a, a1 a1a, a.,, a1

By the AM-GM inequality,

4 4 4 4 4n
+...+ >ny =n .
aia, a,aq aia, a,aq (a1az...ay)?

As ajasy...a, = 1, we have that

1 \?2 1 2 1 \2
(1+ ) +(1+ ) +...+(1+ ) > 4n
a0, a20,_1 an,ay

and the result follows directly.

Solution 3 by the proposer. Computing the square root of both
sides of the claimed inequality, we get

1 1 \? 1 2 1 \?
e R sy ey ey
n a;a, a2Q,_1 a,a;
On account of QM-AM-GM inequalities, we have
1 1 \? 1 2 1 \?2
) ) e )
n aia,, a0, _1 an,ay
1 1 1 1
2 2[(ak) ) s (05
n ai1a, a2Q,_1 a,a;
1 1 1
2 (o) () )
ai1a, a20,_1 an,a;y

1
> rlan =2
(a1a2 e e a,n)2

> 2.
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on account of the constraint and the fact that, for 1 < < n, it is

true that
1 1
(1 + _) >a 1
A;Qp41—4 a;Qp41—4
Equality occurs when a; = a2 = ... =a, = 1, and we are done.

Also solved by Alberto Espuny-Diaz, BarcelonaTech, Barce-
lona, Spain; Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and Victor Martin Chabrera, CFIS,
BarcelonaTech, Barcelona, Spain.

E-25. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Find the smallest positive integer whose remainder
is 2 when divided by 5, 3 when divided by 7, and 4 when divided
by 11.

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. We have to find the smallest positive integer
x that can be writtenas £ =2+ 5a =3 + 7b = 4 + 11c¢ for some
integers a, b, c. The Chinese Remainder Theorem tells us that
the system above has a unique solution modulo 5 X 7 X 11 = 385.

From the equation 3 4+ 7b = 4 + 11¢, we have b = L;“ In order
for b to be an integer, it is easy to see that ¢ must be of the form
5 4+ Tk, from where we get b = 8 + 11k.

From 2 4 5a = 3 + 7b, we also have ¢ = 2tH¢ — 245547k If we
want a to be an integer, k must satisfy £k = 4+5m for some integer
m. Therefore, a = 2+55+3gs+385m, and so x = 2+5a = 367+385m.
Setting m = 0, we have the smallest positive solution, x = 367.

Solution 2 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. Let this number be x. As its re-
mainder when divided by 5 is 2, = 5k, + 2. When divided by 7
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its remainder is 3, so

x=5k;+2=3 (mod7) — 5k; =1 (mod 7)
= k1 =3 (mod7)
= k1 =Tks+3
— 2 = 5(Tky + 3) + 2 = 35k, + 17.

Finally, as its remainder is 4 when divided by 11,

x =35k, +17=4 (mod 11) — 2k, +6 =4 (mod 11)
= 2k =9 (mod 11)
— ko =10 (mod 11)
—> ko = 11ks; + 10
— z = 35(11k; + 10) + 17
=—> x = 385k3 + 367.

Therefore, the smallest positive integer that fulfills the conditions
is 367, obtained by taking ks = 0.

Also solved by Alberto Espuny-Diaz, BarcelonaTech, Barce-
lona, Spain; Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.

E-26. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Compute

(=30 3) () (- )

Solution 1 by Alberto Espuny-Diaz, BarcelonaTech, Barcelona,
Spain. We can write each of the terms we are multiplying as 1 —
1 .

= for 2 < ¢+ < 2016. This can be rewritten as - The
(] 1

numerator can then be written as the productof :—1 and ¢+1, so
(t—1)(z+1)

-1

each of the terms is

. If all of these are put together,
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then, we have that

1 1 1 1
1——)(1=—=)...(1— 1—
( 22>< 32) ( 20152)( 20162)
1-32-43-5  2014-2016 2015 - 2017

©2.23.34-4 201520152016 - 2016
13-.24-3  2016-20152017 2017 2017

T22.33.4 7201520162016 2-2016 4032

Solution 2 by the proposer. Factoring terms, we have

(1_%) (1_%)”'(1_ 20152)<1_ 20162>
=(+3) (=) 5) (=5) o) (- )
:<1+%)(1+%)...(1+W115><1+ﬁ)
e

(3 4 5 2017 1 2 3 2015
“\2 3 4 2016 2 3 4 2016
2017 1 2017
2 2016 4032’

Solution 3 by Lucia Ma Li, IES Isabel de Espafia, and Angel
Plaza, University of Las Palmas de Gran Canaria, Spain. Let

n+1
1
{an}n>1 be the sequence defined by a, = H (1 — E) so the

k=2
problem asks for the value of agg15. It may be proved by in-
L 1
duction that for n even, a, = 2 1 , while if n is odd, then
n
n -+ 2 3
a, = —. Forn = 1 and n = 2 we have a; = < and
2(n+1) 4

a, = g which verify the claimed formulas. Let us assume the a,
also follows our formulas. Then for a,;; we have to consider two
cases:
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1) If n is even then

1
51 (n42)?-1
n+1 (n + 2)2
(n+2)(n+ 1)(n+ 3)
2(n+ 1)(n + 2)2
n+3
2(n 4+ 2)

2) On the other hand, if n is odd then

1
s = (1= )
n+2 (n+2)?-1

2n+1)  (n+ 2)2
(n+1)(n+3)
2(n+1)(n + 2)
241

n+ 2 '

2017

In our problem, a = —
P 20157 4032

41

Also solved by Fernando Ballesta Yagiie, I.LE.S. Infante don
Juan Manuel, Murcia, Spain; Ander Lamaison Vidarte, Berlin
Mathematical School, Berlin, Germany, and Victor Martin Cha-

brera, CFIS, BarcelonaTech, Barcelona, Spain.

E-27. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n > 1 be an integer. Show that the polynomial

(x—1)[(z — 3)2(n+1) 4 3] — a®

is a multiple of = — 2.
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Solution 1 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. By the factor theorem, the given
polynomial is divisible by = — 2 if, and only if, 2 is a root of the
polynomial, that is P(2) = 0. By substituting, we find that

P(2) = (2 — 1)[(2 — 3)2(*tD 1 3] — 22
_ [(_1)2(n+1)_|_3} —4=14+3-4=0,

and therefore, the polynomial is a multiple of = — 2.

Solution 2 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Denote the polynomial from the state-
ment as P, (x). We will prove that = — 2 divides all polynomial P,
for n > —1. We will proceed by induction. For n = —1, we obtain
P (z) = (x—1)[(x—3)°+3] —x*> = —(x — 2)?, which is divisible
by x — 2. Now, suppose that the statement is true for n, and we
want to prove it for n41. We just need to see that P, 1(x) — P,(x)
is divisible by = — 2. But this is true because

Pn—{—l(fl?) — Pn(a:) = (:1: — ]_)(33 —_ 3)2(n+2) _ (23 _ 1)(:13 _ 3)2(n+1)
(z — 1)(x — 3)2"*+V ((x — 3)* — 1)
= (z—1)(z — 3)*"V(z — 4)(z — 2).

Solution 3 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Let y =  — 2. We have to prove that for some

polynomial p(y)
(v + D[y — D> +3] — (v +2)* = yp(y).

Consider the polynomial q(y) = — > got? (*"F?)(—y)*~!. Using
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binomial expansion:

(y +1)[(y — 1)*"D 4+ 3] — (y + 2)?
2n+2 n

+3(y+1) -y —4y—4

2042 90 1 g
:y+1+(y+1)2( y )(—y)’“—?f—y—l
k=1
T r2n 42
——yw+n Y () v -y
k=1

=y(y + 1a(y) —v* = yl(y + q(y) — y].

Letting p(y) = (y + 1)q(y) — y we obtain the desired result.

Also solved by Alberto Espuny-Diaz, BarcelonaTech, Barce-
lona, Spain; Francesc Gispert Sanchez, CFIS, BarcelonaTech,
Barcelona, Spain, and the proposer.

E-28. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let z,y, z,t be positive real numbers such that
xyzt = 1. Prove that

t(x? +yz)(y + 2) > 4.

Solution 1 by Lucia Ma Li, IES Isabel de Espaiia, and Angel
Plaza, University of Las Palmas de Gran Canaria, Spain. The
conclusion follows immediately by the AM-GM inequality:

2
t(a3 + yz> (y + z) > t\/x2yz\/yz = teyz = 1.

2 2

Solution 2 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. We can expand the left side of the
inequality,

t(a:2+yz)(y—|—z) = t(m2y+m2z—i—y2z—i—z2y) = taly+tax’z+ty’z+t22y.



44 Arhimede Mathematical Journal

By the AM-GM inequality (which we can apply because x, y, 2
and t are positive) we have that

ta?y + ta?z + ty?z + t2%y > 4tx2y - tx2z - ty?z - t22y = dxyzt.
The result follows, as xyzt = 1.

Solution 3 by the proposer. On account of the constraint, we
have

t(x® +yz)(y+2) = t(x*@+2) +yz(y+2))
= zt(z® + y*) + yt(z® + 2?)
zt(z? + y°) + yt(z? + 27)
xyzt
CU2 + 2 2 2
Y " T+ =z
Ty xrz
r Yy x =z
= Z4+2 4247
Yy x* z

1
Since t + — > 2 holds for all real number ¢ > 0 (as can be easily

proved), then
xr Zr z
t(x® + yz)(y + 2) :——l—g—f———l—— >2+2=4.
Yy x* =z x
Equality holds when * =y = z =t = 1, and we are done.
Also solved by Alberto Espuny-Diaz, BarcelonaTech, Barce-

lona, Spain; Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.
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Easy-Medium Problems

EM-23. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. In any triangle ABC, with the usual notations,
prove that the identity

/[ sinA )
Z sin B sin C’ Z sin A

cyclic cyclic

holds.

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spam We have to take into account the Law of Sines:

4. = 2o = S = 2R, and that r“+b+c = A = ‘i’l’;, where A

denotes the area of the triangle. We have

/[  sin A /| a 2R2R [a a abc
Z SmBsmC Z ET_ Z _2R Z bc2

_a—l—b—l—c_ a+b—|—c_\/a+b—|—c

V2ZA afzic r

/1 2R
cyce cyc cyc

proving thus the identity.

Solution 2 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Denote ¢ = sin A, y = sin B and
z = sinC. From the Law of Sines, we have a = 2Rx, b = 2Ry
and ¢ = 2Rz. Moreover, if h4 is the length of the altitude from A,
then h, = bz, so if [ABC] is the area of the triangle, then we can
write the following identity:

2[ABC] = ahs = abz = R*zy=.
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Another way of expressing 2[ABC] is the following:

2[ABC] =r(a+b+c) = Rr(x+y + =2).

Dividing one expression by the other,

R r+y+z

r TYz

This is enough to deduce

[T [y [ z [ @
Yz zZx Ty :L'yz
Tt+yt=z

TYZz

+y+
_ \/w(wﬂ,“)

TYz

R
= \/ —(z+y+ =),
r
which is indeed the proposed identity.

Also solved by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain, and the proposer.

EM-24. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let p # 5 be an odd prime number. Show that
there exists a positive integer k for which the number

N =1111...111
—_———

satisfies that N = 0 (mod p).

Solution 1 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Let a, be the number with n digits,
all of them 1. The residue modulo p of a,, is in {0,1,...,p — 1}
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so, by pigeonhole principle, two numbers a; < a; from the set
{a1,as,...,a,11} have the same residue modulo p. Then

p|aj—ai:11...11—11...11:11...1100...00:10iaj_i.

7 3 j—1 3
Since p does not divide 10¢ (as p # 2 and p # 5), p must divide
a;_;.

Solution 2 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. We have

99.’?).9_10k—1
9 9
k

We need to find some value k such that — is divisible by p.

N=11.0.1=

We need to consider two cases.

First, consider the case p = 3. This case is different because it is
not sufficient to find a value of k such that 10* — 1 is divisible by
p = 3. As 10%—1 is divided by 9, we need to find some k such that
10* — 1 is divisible by 27. However, there is a shorter solution: a
number is divisible by 3 if the sum of its digits is divisible by 3.
Therefore, in this case k has to be a multiple of 3, because the
sum of the digits of N is k (e.g. 111).

Now consider the general case p # 3. In this case we just need to
focus on the numerator.

10" —1=0 (modp) = 10*=1 (mod p),

so as p(p) = p — 1, by Euler’s theorem k = (p — 1)t satisfies the
condition for all t € Z*.

Solution 3 by the proposer. First, we claim that if p { n and
pf(n—1)then p|(1+n+n?+...4+nP?). Indeed, on account
of Fermat’s little theorem, if p f n and p 1 (n — 1), then we have

nP~1 —1

1+n—|—n2—|—...—|—n”_2:—1£0 (mod p).
n_
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Thatis, p| (1 +n +n?+ ...+ nP~?) as claimed.

For n = 10 we observe that all odd primes distinct from 5 do not
divide n, and the only prime that divides n —1 =10 -1 = 9 is
3, that also divides N = 111. For all the remaining odd primes p,
on account of the claim, we have that

p|(1+10+10*+...+1077%) = 1111...111,
N’

p—1

and we are done.

Also solved by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain.

EM-25. Proposed by Alberto Espuny-Diaz, CFIS, BarcelonaTech,
Barcelona, Spain. Consider a rhombus. Let one of its diagonals
be called a;, and the other, b,. Each of these diagonals divides the
rhombus in two isosceles triangles, for each of which the incenter
can be obtained. The four incenters determine a new rhombus
of diagonals a, and b,. Prove that by repeating this process, the
figure tends to a square.

Solution 1 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. The shape of a rhombus is deter-
mined by the ratio of its two diagonals. If we can prove that
this ratio tends to 1, then the figure will tend to a square. Let
ABCD be a rhombus, E the point where the diagonals meet,
and A’B’C’D’ be the rhombus produced from ABCD after one
iteration. By the symmetry of the rhombus, A’ is in the segment
FEA, B’ isin EB’, etc.

Suppose WLOG that EC = EA > EB = ED. Denote r = £4

EB’
and r = gg;. Now BA’ is the bisector of ZABFE, which means
that 447 = 4B Adding 1 on both sides, £4 = ABtEB or equiva-
lently,
FEA-EB
EA’

~ AB+ EB’
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Analogously, EB’ = 222 . Dividing one expression by the other,

,_EBEA 555 AB+EA

EA-EB — :
EB’ Z24Z5 — AB+EB

Now notice that 28 = ¥ Ef;;;EBZ = /B4 11 =+/r2+1. Then

EB?

, AB+EA ABLE4 /P id4r

We can observe that
V72 1 1 Vr2 1
1:L<f(r)<rr+ +r:r, (1)
vr24+1+1 Ve 141

which means that the ratio of the diagonals is decreasing and
bounded by 1. As a consequence the limit of the ratio exists and
is at least 1. This limit must be a fixed point of f, since f is
continuous. But by (1), there is no fixed point of f in (1,+400),
meaning that the limit is 1.

ai

Figure 3: Construction for problem EM-25

Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. From Figure 3, let tan 6,, = 2=, tan ¢,, = 2= =

an

tan(Z — 6,) = cotf,. If the figure tends to a square, it will be
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satisfied that lim,, ,. tan@,, = lim, ,tan¢, = tan? = 1. As
0, = 5 — ¢, for all n, the following trigonometric relations hold:
sinf,, = cos¢,, cosf, = sin¢,,. We can assume WLOG that

6, < ¢, which means 6, € (0, 7] . Since the incenter of a triangle
is the intersection of its bisectors,

Ant1 by 0
can _ Qpy1 b:fl el tan(—2 ) tan ¢y,
anbni1 = 7 = o = —

n+1 Tam an (%)

n

1 — cos 0,1 + cos ¢, sin ¢,
- 1+ cos@,,1 — cos ¢, cos ¢,

_ 1—cosB,1+sinb, cosb,
- 1+ cosB,,1—sinb,, sind,

. \/ sin? 6,, (1 +sin6,)2cos b, _ 1+5sinb,
= a

4+ cos6,)? cos?6, sinf, 14 cos6,’

It is immediate to see that, if 0 < 6, < 7, as cos6,, > sinb,,
tan 6,,.; < 1, which means that the following property is satisfied
as well: 0 < 6,41 < Z, which, by induction, means that 0 <
6, < Z,Vn. It is also easy to see that, if 8; € (0,%], the relation

14sin 6,
Tomss > tan @, holds. Indeed,

1+ siné,
1+ cos@,,
<= (1 +sinéb,) cos b, > (1+ cosb,)sinb,
<— cos 6,, + sin 0,, cos @,, > sin0O,, + sinH,, cos 6,
<= cos0,, > sinb,,

> tan@,

which is true if 0 < 6,, < 7. Therefore, the sequence {tan 0, },cn
is monotonically increasing and is upper bounded by 1, and so, it
has a limit. At the limit, tan 6, = ;j::;z: , which means sin 0,, =
cos 0,,, and thus lim,,_,., 6, = 7, as we wanted to show.

Also solved by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain, and the proposer.
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EM-26. Proposed by Damia Torres Latorre, CFIS, BarcelonaTech,
Barcelona, Spain. A new bookstore sells one or two books per
day, and the day it opened it sold exactly one book. Prove that, for
any positive integer a, there exists a period of consecutive days in
which a books were sold.

Solution 1 by Alberto Espuny-Diaz, BarcelonaTech, Barcelona,
Spain. Let the number of books that are sold each day be z;, for
¢ > 1. We have that ; = 1, =; € {1,2} forall ¢ > 1. Assume
after n days they have sold at least a books, and on the (n—1)-th
they still had not. There are two possibilities:

e After n days, they have sold exactly a books. In this case, the
right period of days is from the first to the n-th.

e After n days, they have sold exactly a + 1 books (they cannot
have sold more, as they only sell one or two books per day,
and one day before they still had not reached a). As the first
day they sold one book, they must have sold a during the
rest of the days, that is, the correct period of days is from the
second to the n-th.

Solution 2 by Francesc Gispert Sanchez, CFIS, BarcelonaTech,
Barcelona, Spain. Let x; be the number of books sold in the i-th
day for ¢ > 1. In particular, ; = 1. For a given a, consider the
minimum integer n > 2 such that

By definition of n, we have that

n—1
E ;< a
i=2

and =z, is either 1 or 2. Therefore, we distinguish two cases.

If

n
E r; — a,
=2
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we can choose the period of days comprised between the second
and the n-th days (both included) and the problem is solved.

Otherwise, it must be
Z ri=a+1
=2

and z,, = 2. Consequently,

n—1 n
g x; = —1+ E T; = a

and we can choose the period of days comprised between the first
and the (n — 1)-th days (both included).

Solution 3 by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain. Let a; be the number of books
sold on the i-th day, with a; = 1, and let a be any positive in-
teger. We want to see that for every a there exists a period of
consecutive days where a books were sold.

We are going to prove it by induction. For a = 1, we have that
a; = 1. For a = 2, there are two possibilities:

o Ifazzl,thena1+a2:2.
° If012:2,then as = 2.

Let us suppose that the property holds for a = n. Then, there is
at least a period of consecutive days where n books were sold. Let
ai + ag+1 + ... + a; = n with the least possible value k (since by
the well ordering principle there exists a least positive integer for
which the property is true). We need to prove that the property
stands for a = n 4+ 1, and for that, we need to consider several
possibilities:

o Ifaj,; =1,thenax +ax+1 +...+a41 =n+1.
[ Ifal+1:2,
- Ifak:1,thenak+1—|—ak+2—|—...—|—al+1:n—}—l.
- Ifak:2,
x fa,_;=1,thenar_1+ar+...+a, =n-+1.
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* Ifak_l = 2 and a =1, then ap_1+ag+...+a_1 =
n+1.

x If ap_1 =2 and a = 2, then ar_1+tag+...+a_1 =n.
But this cannot happen, as we have said that k was
the least value for which there is a period of consecu-
tive days in which n books were sold.

Therefore, the property also holds for a = n + 1, which completes
the proof.

Solution 4 by the proposer. Consider the sequences of consecu-
tive days in which two books are sold. We are going to distinguish
two cases.

If there exist arbitrarily large periods such that the bookstore sells
two books a day, there exists one such period with length I > L%J .
We can take now the L%J first days of this period if a is even, or
these days and the immediately preceding one (in which one book
was sold because it is not in the selected period) if a is odd. Notice
that we can always do this, because these periods cannot contain
the day the bookstore opened.

If these periods are not arbitrarily large, then there exists N such
that, among NN consecutive days, there is one in which only one
book was sold. So we have that among N consecutive days, the
maximum possible number of books sold is 2IN — 1. Now we
look at the first (a + 1) N days the bookstore is open. Define
x; the number of books sold between the first and the i-th day.
Trivially all the x; are different. Observe that if there exist i,
j such that z; — x; = a, we take the period between the days
¢t + 1 and j and the problem is solved. So let us consider the
set S = {@1,..., T(at1)N+ &1 + Qy...,T(at+1)ny + a}. This set has
2(a + 1)N elements, and each of them is less than or equal to
(a+1)(2N — 1) + a. So we have a set of 2(a + 1)N positive
integers, each of them not greater than 2(a + 1)IN — 1, which
means that there are, at least, two identical elements. Finally, as
the z; are different among them, and so are the x; 4+ a, having
two identical elements means we have x; = x; 4+ a, for some ¢, j,
and this is equivalent to the statement.
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Also solved by Ander Lamaison Vidarte, Berlin Mathemati-
cal School, Berlin, Germany; Victor Martin Chabrera, CFIS,
BarcelonaTech, Barcelona, Spain, and Isaac Sanchez Barrera,
BarcelonaTech, Barcelona, Spain.

EM-27. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a, b, ¢ be three positive numbers such that
a + b+ ¢ = 1. Determine the maximum value of

(a +b)¢(b+ c)*(c+ a)’.

Solution 1 by Angel Plaza, University of Las Palmas de Gran
Canaria, Spain. Let FE be the given expression. Since a+b+c =
1, by the weighted AM-GM inequality, we have

c(a+b)+ab+c)+blcta)
< et bto =c(l—c)+a(l—a)+b(1-0>).

Now, since function f(x) = (1 — x) is concave because f”(x) =
a—l—b—l—c(l a+b—|—c) 2
3

—2, by Jensen’s inequality E < 3- =3

Notice that equality holds when a = b=c = ;.

Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. We have (a+b)¢(b+c)*(c+a)® = (1 —c)¢(1 —
a)®(1 — b)b. We see that if any variable is 1, the expression equals
0. Taking the logarithm of the expression, we get aln(l — a) +
bln(1—b)+cln(1—c). As Inz is an increasing, convex function in
the interval (0, 4+00), we can use the weighted version of Jensen’s
inequality and power means inequality to see that:

aln(1 —a) +bIn(1 —b) +cln(1 — ¢) < In(1 — (a® + b* + ¢?))
2
< ln(l _ M)
- 3
= 1n(2/3),
reaching equality if, and only if, a = b = ¢ = Taking the

1

g.
exponential (or substituting in the main inequality) we see that
the maximum value of the expression is %
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Solution 3 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. When a = b = ¢ = 3, the expression

2

equals ;. We will show that this is the maximum value. Indeed,

assume WLOG that a > b > ¢c. Then b+ c < a+c < a-+b
and, since the logarithm is an increasing function, log(b + ¢) <
log(a + ¢) < log(a + b). Using Chebyshev’s sum inequality,

clog(a + b) + alog(b + c) + blog(c + a)

(a 4+ b+ c¢)(log(a + b) + log(b + ¢) + log(c + a))
- 3
= log(V(a+ )b+ (e +a))
< gD O H 0 0)

) 2
= log —.
£3

Taking exponents on both ends of the equation we obtain the de-
sired bound.

Also solved by Fernando Ballesta Yagiie, I.E.S. Infante don
Juan Manuel, Murcia, Spain, and the proposer.

EM-28. Proposed by Alberto Espuny-Diaz, BarcelonaTech, Bar-
celona, Spain. Compute the value of the series

o0

Z 2 sin® T 6 cos? - sin? 1

— 2n 2n " 2n
Solution 1 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Denoting x = 5, each term of the
sum is 2sin*  — 6 sin® x cos? . Since we take the sum on powers
of two, in order to write this as a telescopic sum we need to find

an expression of 2sin? x — 6sin® z cos? x as f(2z) — f(z).

Using the identity sin’x + cos?z = 1, we can rewrite the ex-
pression as 2sin?® ac(sin2 x + cos? a:) — 8sin’zcos?x = 2sin’x —
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8 sin? x cos? z. Now remember that sin 2z = 2sinx cos z, so tak-
ing squares, sin® 2z = 4sin? x cos? . Thus,

2sin*z — 6sin?xzcos’xr = 2sin?x — 8sin?xzcos?x

— 2sin?x — 2sin? 2z.

From this we find that f(x) = —2sin® z works. Now the sum that
we want to compute is

> . 47T 27T . 27T _ > ™ iy
Z2sm 2—n—6cos 2—nsm 2—n = Zf(zn_1> _f(z_n)
n=1

n=1

= f(m)— lim f(;—n)

n—-+oo
= 0.

Solution 2 by the proposer. Let S be the value of the sum. First,
take one of the sines as a common factor, obtaining

o0
T T T s
S=ZQsin— sin® — — 3 cos? — sin — |.
— 2n 2n on 2n

Observe now that what we have inside the parenthesis is the for-
mula of the sine of a triple angle, with a change in its sign. This

means that

o o]
.o . 3w
S = —2sin — sin —.
2n 2n

n=1
Using the product-to-sum formula for the sine we have
> 27 2
S = zzlcos g1 cos on
n—

Now this is a telescopic sum, so, for any fixed N, all the terms in
the sum

N 27 27
Sy = Z cos gt cos on
n=1

cancel out except the first and the last. We then have that

27

SNy = cos 2w — cos —.
N oN
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Finally,

27
S = lim Sy =cos27w — lim cos— =1—1=0.
N—o0 N —oco N

Also solved by Fernando Ballesta Yagiie, I.LE.S. Infante don
Juan Manuel, Murcia, Spain; Victor Martin Chabrera, CFIS,
BarcelonaTech, Barcelona, Spain, and Angel Plaza, University
of Las Palmas de Gran Canaria, Spain.



58 Arhimede Mathematical Journal

Medium-Hard Problems

MH-23. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n be a positive integer. Prove that

1S /14+ a2\ 2 /1 +a?\’ n1)?
SECREIRS
nk:l a j=1 a

iFk

holds for all a > 0.

Solution 1 by Angel Plaza, University of Las Palmas de Gran

. . 14 a2 1
Canaria, Spain. Note that =a+ — > 2 forall a > 0.

a a
Therefore, the left-hand side of the proposed inequality is

LHS

v
3|
M=
N
»
—
R

j:l =
> 2ZLL=1 k \n/ 22?:1 k
+1 1
= (o 2 In 2n—2{-
n+1 2
2( . )

Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Let = = # = -+ a > 2 We have:

[ n n
> = ]|+
Lk=1 j=1

1| LI 1
- 2 :ka: H | ==
Gk
n n

k n(n+1) n(n+1) 1 k
E r'xr 2 =T 2 — xr .
Lk=1

n k=1

S|
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Applying AM-GM inequality:

n n
nn+1) 1 & n(nt1) & n(ntl) n/ n(nt1)
r 2z — x*>x 2 H xhk =x 2 T 2
n k=1 k=1
n(nt1) (n+1) (nt1)2 (nt1)2
= x 2 x 2 =3 2 Z 272

reaching equality if and only if n = a = 1.

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.

MH-24. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let A(z) = 2® — a2? 4+ a1z — ag be a polynomial
with real coefficients. If all the zeros of A(z) are positive, then
prove that

4
9a(2) + afag > ga‘;’ + 6apa;as.

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. We can rewrite our inequality as

Wl

9a(2, — 6agaias + afag > a‘;’.

Or even simpler,
(3ap — ayaz)® > ga‘;’.

Let «, B3, v be the three positive zeros of A(z). Using Vieta’s
formulas, we have ag = a8v; a1 = aB+avy+83v; as = a+ 3+7.
Applying AM-GM inequality to a;, we obtain

a1 = aff + ay + By > 302G = 3a3/°.

Applying Cauchy-Schwarz to &« = (a,3,7v) and v = (8,7, a)
yields

a; = o’ + 3% +~° 4+ 2a8 + 2ay + 287 > 3(af + ay + By) = 3as,



60 Arhimede Mathematical Journal

from where we get
aja; > Sag/?’ . \/§a1/2 > 3a§/3 . \/gx/ga(l)B = 9ay.

Thus, aijas > 9a¢ > 3ag, and taking square roots, we can rewrite
our inequality as

2
ajas — 30;0 2 \/—gai’ﬂ.
Finally,
1 2 23 2
aas — 3(10 Z aas — galaz = §a1a2 2 a1a1/2 = —a3/2

reaching equality if and only if o = 8 = ~.

Solution 2 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Let x, y, z be the roots of A(z). Then
Vieta’s formulas tell us that ag = zyz, a; = xy + yz + zx and
as = x + y + z, all of them positive. From this we can obtain the
following inequalities:

aias = (ry+yz+ze) (e +y+ 2) > (3\3/:cyz2> (83zyz) = 9ay,
a; =2+ y* + 2 + 2(zy + yz + zz) > 3(zy + yz + zx) = 3a,.
This is enough to tackle our main inequality:

(a1a2 — 9&0)(5&1&2 — 9a0)
9

5
= 9a(2) — 6agaias + 5(1%(13
2 5 50,4, 5
< 9ay — 6agaqasz + §a1a2 + §a1(a2 — 3ay)
4

_ 2 2 2  * 3
= 9ay — 6aga,az + aja, 3a1.

Rearranging the terms in the last inequality we obtain the one in
the statement.

Also solved by the proposer.
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MH-25. Proposed by Angel Plaza, Universidad de Las Palmas
de Gran Canaria, Spain. Show that for any numbers a, b, ¢ > 0
such that a + b + ¢ = 3 we have
(a® +2a® 4+ 2a +1)(b®> + 26 + 2b+ 1) (c® + 2 + 2¢ + 1) < 6°.

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Taking the logarithm of both sides, we want
to prove that
In(a®+2a%42a+1)+1In(b*4-2b*4-2b+1)+In(c®*+2c*+2c+1) < 3In6.

We have that, if f(x) > 0 is twice-differentiable, g(x) = In(f(x))
is also twice-differentiable and

d? d? d (f'(=) f" (@) f(z) — [f(=)]*
a5 = gz = 2 (55 = (5 )
meaning that g(x) is concave if and only if [f/(x)]? > f(z)f"(x).
f(x) # 0. Taking f(x) = 3 + 222 + 2z + 1, f(x) > 0 Vx € [0, 3],
and:

[f'(@)]* — f(2)f"(x) =(32° + 4z + 2)*
— (2® + 22° + 2z + 1) (6 + 4)
=(9z* + 24x® + 282> + 16z + 4)
— (62" + 162> + 202> + 14z + 4)
=3z + 8x3 + 8x2 + 2z,

which is greater or equal than 0 for all € [0,3]. This way, we
have proved that g(z) = In(«® + 222 4 2z + 1) is concave, and so,
by Jensen’s inequality,

g(a) + g(b) + g(c) < 39(%"“) — 39(1) = 31n6,

as we wanted to show. Equality is reached only when a = b =
c=1.

Solution 2 by the proposer. By taking logarithms, the proposed
inequality may be written as
In(a® 4+ 2a®* +2a +1) In(b® + 2b% 4+ 2b+ 1)
_|_
3 3
In(c® + 2¢? 4+ 2¢ + 1)
+ 3

< In6.
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Let us consider the function f : (0,3) — R defined by f(x) =
In(x3 + 22% + 2z + 1) for € (0,3). Then,

—3x* — 823 — 8x2 — 2¢

(w3—|—2m2—|—2m—|—1)2 '

f(x) =
and since f”(x) < 0 for x € (0, M), f is concave. By Jensen’s
inequality

fla) + £(b) + flo) _ f(a+b+c
3 - 3

) = f(1) = In6.

The same argument applies for inequalities of the form

fla)- £(b)- f(c) < M®

for any numbers a, b, ¢ > 0 such that a + b+ ¢ = 3, with f(x) a
positive function such that f(x)f”(x)—(f'(z))* < 0 for € (0,3),
and f(1) = M.

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany.

MH-26. Proposed by Mihdly Bencze, Brasov, Romania. Find all
real solutions of the following system of equations:

(2 + 1)(x1 + 1)® + 7x2 = 5x3(xl + x5 + 1),
(2 + 1)(x2 + 1)* + 7zl = 5xy(x; + 24 + 1),

(2 + 1) (zn + 1)® + T2? = bxa(x2 + =2 + 1).
Solution by Victor Martin Chabrera, CFIS, BarcelonaTech, Bar-
celona, Spain. Summing the n equations yields
Z (xF + 1) (x; + 1)* + Tz = Z 5z;(x + x; + 1)
=1

=1

- Z (7 + 1)(z; + 1)* + T2} — bxi(x; + x; + 1) = 0.
=1
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Expanding,
0= Z (x? + 1)(x; + 1)® + 7z — 5xi(x] + = + 1)
i=1

:Zm?+2m?+2m?—|—2mi—|—1—|—7mi—5wf—Smf—5:13,'

=1

I
.M:

~
Il
=

w?—3m?+4w?—3wi—|—1

I

~
I
ey

(zi — 1)* (2] — i + 1)

(zi — 1)*((xi — 1/2)* + 3/4)

I
.M:

I
=

(2

As we can see, » . (x; — 1)*((x; —1/2)? + 3/4) will be positive
if any of the x;’s is different from 1. One can easily check that
;1 = ... =x, = 1 is a solution of the system of equations, and
so, it is the only one.

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.

MH-27. Proposed by Mihdly Bencze, Brasov, Romania. Let n be
a positive integer. Show that there exists a positive integer « such
that the sum of the digits of x? is 4™.

Solution 1 by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany. Consider the number

k
T=>) 102,
=1

This number satisfies

k k k k
x2 = (Z 102“) (Z 102”) =y 10242
i=1 j=1

=1 j=1
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Since this is a sum of powers of ten in which there are at most
two equal exponents (fewer than ten), this is the decimal sum of
x?. The sum of digits of x? is the number of powers of ten in the
sum, which is k2. To complete the problem, set k = 2™.

Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. We claim that, for every perfect square k =
m?, m € N, there exists a positive integer = such that the sum of
the digits of z? is k. We will show that for every n > 1, the sum of
the digits of the square of the number a,, = Y r_, 1027 '~! is n2.
Indeed, if we proceed by induction, a? = 12, and, for every n > 2:

a? | = (ap, + 10" 1?2 = a2 + 2a,, - 10"~ 4 10> 72,
If we denote as s(n) the sum of the digits of n, in base 10, we
clearly have s(a,) = n. Since no two different summands out of
the previous three have a non-zero digit at the same position, the
sum of the digits of a2, will be the sum of the sum of digits of
the three summands:

+1

s(a2,,) = s(a2) + 5(2a, - 10°"7) + 5(10*""2)
=n?+2n+1=(n+1)>=4
As 4™ = (2")%, 4" is a square number, and so, there exists x

(letting * = az») such that s(z?) = 4™, completing the proof.

Solution 3 by the proposer. We consider the sequence of inte-
gers {x(k)}r>1 defined by

10k —4
w(k)= 33...3 2=—— .
——
(k—1) times
Then,
10 —4\? 1 8
2 2k k
22(k) = [ — = :—(10 —1)——(10 —1) 1
(k) < 3 ) 9 9 +

= 11...1 0 22...2 4.
—— ——

(k—1) times (k—1) times
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The sum of the digits of z?(k) is (k — 1) +2(k—1) +4 =3k + 1.
Since 4" = 1 (mod 3) and 3k + 1 increases when k increases,
there exists a positive integer m such that 4™ = 3m + 1, and we
are done.

MH-28. Proposed by Damia Torres Latorre, CFIS, BarcelonaTech,
Barcelona, Spain. Let 7(n) be the number of positive divisors of
the positive integer n, and let o(n) be the sum of these divisors.
Prove that

7(n)? < 20(n)

n

< In(n) + 4.

Solution 1 by the proposer. Define o(n) as the sum of the di-

visors of the positive integer n. As they are all different, o(n) >
7(n) (7(n) + 1

1424...47(n) = (n) ( ; )+ 1)

as if d is a divisor of n, sois 2, o(n) = > 2 =n) 1. We can

din din
split the divisors into two groups, as for each divisor before /n,
there is one after, so

. Hence 7(n)? < 20(n). Now,

1 d i1 Ld
d|n,d<+/n d|n,d</n d=1 d=1

Sn(l—{—ln(\/ﬁ)—i—\/ﬁ(\;’f—i_l)) Sn<1+1n2n+1-|-

< (2+lnn>
<n 5 )

Putting together these two inequalities, we get

X
Bl
~——

2 2 4 1
T(n) < a’(n)< n+n nn:lnn+4.

n n - n
Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Let n = p{*:--pr*, a7 > 0, azy...0 > 1
(we will consider the factor p; = 2 even if n is odd) be the prime

factorization of n. We know m is a divisor of n if and only if
m has the following prime decomposition: m = p[fl cee p'Z’“, 0<
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61 < ag,...,0 < Br < o, meaning we have a total of 7(n) =
(a1 +1)--- (g + 1) divisors for n. The sum of all these divisors
will be the following:

a1 ag
Z...Zpll...pgk
B1=0 Br=0
Op—1
B
= Z Z Pyt P (o -+ PRY)
B1=0 Br—1=0
ak-i-l ap—1 3
_ 1 Z Z pll pk’i—ll
Pk B1=0  Pr_1=0

a1+1 ap+1

P -1 Pt -1 ﬁpﬁ{““—l
p1—1 P — 1 me1 Pm—1

Now, proving the LHS inequality will be equivalent to proving that

am+1 _ 1

k
H(am+1)2<2Hﬁ (2)

m=1 m=1

We will prove that (a; + 1) < 220‘1“_1 21%2 — 2, Vay € N.

Inequality holds for a; = 0, 1, 2, and, for o; > 3, 21+2 =

(7)) ++ (@5 > ()Y ) + (G =1+

2%2(0‘“%) +1> 2+ (a7 + 1)%, as we wanted to show.

Now we will prove that, for all aj > 1, a; € N, with 37 > 2 (and
ag—}—l

so, p; > 3), (o +1)2 < Jp, ! holds.

Let us start by proving that, if p > 3, the inequality p* > xp holds
Ve > 1.

Let g,(x) = p* — xp. We have g,(1) = p — p = 0. g, is infinitely
differentiable and g, (z) = (Inp)p®* —p > p* —p > p—p = 0,
and so g,(x) > 0, Vx > 1 (here, we have used that Inp > In3 >
Ine = 1).

Consider the function f,(z) = p*** -1 — (x +1)*(p—1), p > 3.
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Forz =1, f,(1)=p*—-4p+4—-1=(p—-2)*—-1>1-1=0.
For x =2, f,(2) = p*—1—-9p+9 = p*p—9p+8 > 9p—9p+8 > 0.

Now, as fp(z) is differentiable over the real line, if z > 2, f/(z) =
(Inp)p*™ —1-2(x+1)(p—1) > p*" —2p(x+1)—14+2(x+1) >
p*t —2p(xz +1) = p(p® — 2z — 2) = p(p® — zp + pr — 2z — 2) >
p(x(p—2) —2) 2 p(2(3—-2)—2)=0.

As fp(2) > 0, f)(z) > 0, Vz > 2, we conclude that f,(z) > 0,
Vx > 2. This way we have proven the inequality.

a1+1 a
As (an +1)? < 221 and (a; + 1)? < NVi=2,...,k,
we have proven equation (2).

We see that the RHS inequality %T(") < Inn 4+ 4 is equivalent to:

ko opamttoa k
ZHm 1 pm-—1 —9 H am+1 —1 < 4 + Z 1
= o Inp,,.
H'Ircn—l pam m=1 pam+1 - m m=1

We will find an upper bound and a lower bound for #:

xm

—Pm

am-+1 1 X, ]_ ]_ ]_
prm1 =1+ P =1+ (1——)
ot —por (Pm — Dppy Pm —1 o

With this, we find the upper bound

1 1
) s )
Pm — pom Pm — 1 pl,
1 oy — 1

=1+ p

pm_l pm

1 1
1 =Pt
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reaching equality if and only if o,,, = 1.

From now on we will consider n = p7* - - - pp*, ai,...a, > 1 (that
is, we will not consider the factor of 2 in odd numbers).

With the previous bounds, we can prove that, for £k = 0,1, 2, 3,4,
the desired inequality will hold. As p; > 2, ps > 3, ps > 5, py >
7:

Fork=0,n=1and 22 =2<4=4+1In1.

For k =1, n = p{* and
20(n R | 2
():2?+1 — <2 P <2l 4catmn
n P — P P1— 1

For k = 2 we will distinguish between two cases:

Ifa1:a2:1:

pomtl — 1 > p 34
2 =2 <2——=4<4+1Inn.
mH1 pam+1 — Py ml_:[1 23
Otherwise:
pomtt —1 23
2 <2 2—— =6
17H1pam+1—pam nHlpm_]' — 12

As there is a value of «,, greater that 1, by rearrangement in-
equality:

44+ a;lnp; +aslnps >4+ 2Inp; +1lnp; >4+2In2+1n3 > 6.

Similar case for k£ = 3:
IfaI:a2:a3:1:
pemtl — 1 S pm+1 346 24
2 =2 <2———=—<K5
H am+1 _ pam H - 235 53

mlp P, m=1 Pm
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and
4+Inn>4+In2+1n3+1nb5 > 5.
Otherwise:
"‘m+1 235 15
2 P <a ] Pmosattt
m= 1p p m= 1pm

As there is a value of «,, greater that 1, by rearrangement in-
equality:

4+ a;lnp; +azlnp; + azlnps > 4+ 2Inp, +Inp; + Inp;

15
Z4—|—21n2—|—ln3—|—1n5>?.

Finally, for k = 4,

am+1—1 2357 35
2|| ol <2|| 2———=—<9
1 P = Pm—1 1246 4

and

44+Inn>4+lnp;+...+lnpy; >4+ In(2x3x5x%x7)>9.
On the one hand, we see that, for k = 5, as ps > 11,

ko opamtl _ g

o 235711 385
1T - < H e — < 10 = 2k,
pamtl — pon 11 1pm—1 124610 80

m=1

and, for kK > 5, as,if m > 5, p,, >ps+(m —5) >m+6,

k

(07 (0% k (87
II p(xm—‘rl _ pOLm - II pam+1 — pOlm II pam+1 — pam
m m

m=1 m=1 m=6
T2t o]
< 10 < 10
m—6pam+1_p'ranm mﬁpm_
1213 k+6 k+

6
10—="...2 72 1022 < k46 < 2k
= 71112  k+5 11 o=
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On the other hand, as, if m > 5, Inp,, > In11 > Ine? = 2, for
k> 5

k 4 k
44+Inn >4+ > Inpn =4+ > Inpm+ Y Inpy, > 9+2(k—4) > 2k,

thus completing the proof.

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany.
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Advanced Problems

A-23. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Compute

fm Y n+ \/n(i+j) + ij

n24+n(i+j)+ij

n—+oo N3
n 1<i<j<n

Solution by Victor Martin Chabrera, CFIS, BarcelonaTech, Bar-
celona, Spain. We can prove this limit is 0 by using the sandwich
theorem:

n+ /n(i+j) +1ij
n?2+n(i+j)+1ij
1 2 . . . o
<lm— Y -t nltg) i
n?+n(i+j)+1ij

) 1
0s Jim 5 2
1<i<j<n

x—o00 N3

1<i<j<n
1 1 . n?
< lim — E 1< lim — E 1= lim — =0.
— xz—o0o N3 — xz—oo N3 x—00 N3
1<i<j<n 1<ij<n

Also solved by Ander Lamaison Vidarte, Berlin Mathematical
School, Berlin, Germany, and the proposer.

A-24. Proposed by Mihdly Bencze, Brasov, Romania. Let ABCD
be a quadrilateral. Let us denote by E the midpoint of side AB,
F the centroid of triangle ABC, K the centroid of triangle BCD,
and G the centroid of quadrilateral ABCD. Prove that

6 MB n 2MC n MD N IMK
MA-ME ME-MF MF-MG ™~ MA-MG

holds for all points M in the plane of ABCD different from A,
E, F, G.
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Solution 1 by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. From the following identity involving complex num-
bers,
z2 + z3
z1(z1 4+ 22) (214 22)(21 + 22 + 23)
Z4 Z2+ 23+ 24

+ = ’
(21 + 22+ 23)(21 + 22 + 23+ 24) z1(21+ 22 + 23 + 24)
we get the inequality

| 22| | 23]
|21 - |21 + 22 |z1 + 22| - |21 + 22 + 23|
| 24| |22 + 23 + 24

+ .
|z1 + 22 + 23| |21 + 22 + 25 + 24| T |21+ |21 + 22 + 23 + 24|

b b
Setting A(a), B(b), C(c), D(d), E<a_2|_ ) F(%)
K<M), G(a+bzc+d

, M(z), z1=2z—a, z2=2z—0,

z3 = z — ¢, and z4 = z — d in the preceding inequality yields

|z — b |z — ¢
a—l—b‘—i_ at+b at+b+c
2:|z—al-|z— -z — - —
2 3
|z — d]
+ ‘ at+tb+te ' a—|—b—|—c—l—d‘
12-|z— — T2 |2 —
3 4
b d
3.z_%'
Z a+b+c+d|’
4-|z—al-|z— 1

or equivalently,

3-MK < MB N MC " MD ,
4-MA-MG — 2-MA-ME 6-ME-MF 12-MF - MG
from which we obtain

IMK 6 MB 2MC MD

MA-MG—MA-ME+ME-MF+MF.MG’
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and we are done.

Solution 2 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Let

a=M-A,b=M-B,c=M-C,d=M—-D

be vectors of R2. We have that

A+B . A+B+C , A+B+C+D B+C+D
; e +3+ oAt Z +D +3+.

E =

So, EM = M — A+B — M=A+M=B _ atb and so, ME = || 2£2|).
Analogously for F, G and K, MF = ||%tt¢||, MG = ||atbtetd
MK = ||betd|

’

Thus, we can rewrite our inequality as:

6/[b]] 2||c]] 4l 9| =5 |
lallll=z®l ezl etgEell el e = llallll ===t
12|16 12|\ 12||d||

lalllla+0bll ~ |la+bllla+b+cl]  [la+b+cllla+b+c+d
12(|b + ¢ + d
~ llefllla + b+ ¢+ d]

Il n el n I d]|
lalllla+0bll ~ |la+blllla+b+cl] [la+b+cllla+b+c+d
16+ c+d]
~ llalllla+b+c+dll’

We will now prove the following lemma:

Lemma. Let x, y, z € R? be vectors, such that x # 0, x +y # 0,
x + y + z # 0. Then the following inequality holds:

lyll [l s lly+z
lzllllz+yll -~ lle+yllle+y+ 2]~ lzlllz+y + =]
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Proof. We can rewrite our inequality as

lyllllz +y + 2l + llzlll[z]l = lly + zllllz + yl|.

We will associate a complex number to a vector of R? via the fol-
lowing application:

f: R - C
(a,b) — a+ bi.

Let X = f(x), Y = f(y), Z = f(z). It is immediate to see
that f is linear and that ||z|| = |f(x)|. Thus, by these properties
of f, proving the last inequality will be equivalent to proving the
following:

Y[X+Y + Z| +[X][|Z] 2 |[Y + Z|]| X + Y.

By the properties of complex numbers and using the triangle in-
equality,

Y| X +Y + Z|+ |X||1Z| = | XY +Y?+YZ| + | X Z|
XY +Y?>4+YZ+ XZ|
|

(X +Y)Y + 2) = |X+Y|]Y + Z|

[IAVANI

O
Using this lemma, we can complete the proof:
el <l n 4l
lalllla +b]l "~ [la+bllla+b+cll = lat+b+clllat+b+c+d|
1B+ <)l lId]l
“llallfla+ @+l lla+ (b+)lllla+ (b+c) +d]
b+ c+d|

“llalllla +b+c+d|

A-25. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let z;, z2, ..., 2z, be the zeros of the polynomial with
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complex coefficients A(z) = > ;_,arz* (a, = 1). Prove that 22,
1<i<n,lieinthedisk C ={z € C : |z| < r}, where

{ lak? + Y0 an—jan] }

|ak+1/?
with a, =0if £ <0 or £ > n.

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. Let y € {z1,...,z,} be one of the roots of
A(z) satisfying |y| = max;<;<n |2;|. We want to prove the follow-

ing:
{ lak|? + 3025 |an—jan ] }

|ak+1/?

2< =2
" < r=2 max

For the special case y = 0, the inequality holds. Otherwise,
we consider the polynomial B(z) = A(yz) = Y ,_,axy~z" =
> no brz®, with b; = a;y?, Vj € {0,...,n}. We clearly have that,
if A(z;) =0, B($) = 0, so all the roots of B(z) have modulus
smaller or equal than 1, and 1 is a root of B(z).

With this, we see that the inequality is equivalent to:
1 akl? + 757 [an—jany]
Iyl2

|ak41]?

k
{ ly|?* Jael® + >0 |ak—jak+j|}

|y|2kz—|—2

=2 max

0<k<n-—1 |k 1]

—2 max {laky 2+ 5 ’“*1|<ak_jyk—f><ak+jyk+j)|}

0<k<n—1 |app1y*t1|?

=2 max {'bk|2 S+ |bk—jbk+j|}

|41

We will prove the inequality holds by contradiction. Assume that,
for every k satisfying 0 < k < n — 1, letting ¢; = |b;|, Vi €

{0,...,n} k+1
1>2{ ce+ 20 Ck—jck+a‘}

Ck+1
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This means that

C2 n—k+1
k+1 2
> Cp. -+ Cr—jCr+j-
2 J,Zzl

Summing the inequalities from Kk =0to k =n — 1,

Z n—1n—k+1
k=1 ® i Z +Z Z Ci—jCk+j»

k=0 j=1
n n n—k+1
Set-ch>2) d42) Y e 26
k=0 k=0 j=1
Rearranging terms:
n n—k+1
ch—|—2z Z Clo_ Jck,ﬂ<2c —COSZC
k=0 j=1

As B(1) =0, bg+...+b, = 0, and so, by the triangular inequality,
co+...+ch1>cy.

We will prove that, Vs,t, 0 < s <t <n, s =t (mod 2), there is
exactly one term c,c; in the sum > ;_, Z;‘:—f“ Cl—jChitj -

We will start by proving that the term c;c; appears at most once.
Suppose that k; —j1 = s = ka—J2, k1+J1 =t = k2+Jj2. Summing
the two equations we get 2k; = 2k, and subtracting the first to
the second, 2j; = 2j,, from where we get (kq,j1) = (k2,J2)-
Clearly, we have that (k,j) = f(s,t) = (112, %°). It is immediate
to see that f is bijective, with inverse f~'(k,j) = (k — j,k + J).
We want to see that, by this bijection, 0 < s < t < n implies that
k and j are inside the limits of the sum. If we take into account
that ¢t > s+ 2, for k it is trivial: 0 < s < k = *}* <t < n, and for
ji1<j=%=t-%2=t—j<n-—j<n-—j+1. With this
we proved that the term c;c; appears at least once, and therefore,
exactly once.
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Having proved this, by the identity

n 2 n
(Zak> :Zaz+2 Z apGom,
k=0 k=0

0<k<m<n
we get that
2 2

n n n—k+1

Y2 Y asan=| Y a| +| X «

k=0 k=0 j=1 0<k<n 0<k<n

k odd k even
Thus we are only left with this:
2 2
Z Ck + Z Cr < 2031-
0<k<n 0<k<n
k odd k even
As f(x) = z? is a convex function over the real line, applying
Jensen’s inequality:
2 2
co+...+c +c 2
S| | ¥ a] zp(trmn)
2
0<k<n 0<k<n
k odd k even

leading to a contradiction.

Solution 2 by the proposer. The statement is a consequence of
the following well known result of Gershgorin [1], which for ease
of reference we state here:

Theorem 1. Let A = (a;;) be an n X n complex matrix, and let R;
be the sum of the moduli of the off-diagonal elements in the i-th row.
Then each eigenvalue of A lays on the union of the circles |z—a;;| <
R;,i=1,2,.--- ,n. The analogous result holds if columns of A are
considered.
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In proving our statement we will use the larger circles

|z|§|a”|+R,, t=1,2,..-,n.
Let B(z) = > ,o_,bkz"®, b, = 1, be the monic complex polynomial
whose zeros are z7,22,---,22, and let
00 --- 0 —bg
10 ..-0 -—-b
F(B) = .
00 1 —b,_1

be its companion matrix.

Now, we take D = diag(|a1|?,|az|?,--- ,|an—_1]|?; |an|?) and we form
the matrix
o 0 --- 0 _%
ai
|0/1|2 0 __bilan|?
2
D'Fp = | 1% !
0 0 .- |@n|? _bn—1|a2n|2
|an|? fan]

Since the eigenvalues of D~!'F D are the same as those of F (that

is, the zeros of B(z)), by direct application of Gershgorin’s theo-
rem we have that

[bo|  |a|® b |

i = lsksn—l{ |a’1|2’ |art1]? |ak+1|2}’

=1,2,---,n. (3)

On the other hand, in [2] we established that coefficients of B(z)
are related to coefficients of A(z) by the expressions

n—k+1

be = (—1)"* (ai +2 ) (_1)jak—jak+j>’ k=0,1---,m, (4

j=1
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with a, = 0if £ < 0 or £ > n.
Substituting (4) into (3) we have

{ |bo| lar|? + Ibkl}

a1]?” Jag1]?
— _k 1 .
{|a0|2 Jarl® +1(=1)" k(az +23 00 (1)Jakjak+j)|}
ax
1<k<n-—1

lai|?’ |ag41]?

|22] < max
1<k<n-—1

—k41
max {|a0|2 2|a§|+22?:1+ lak—jaK4j]
lay|?’

7 1<k<n—1 |ak+1|2

—k+1
<2 max |a§| + Z?:1+ [k 1=1,2,---.n
—_— OSk:Sn—]_ |ak+1|2 ’ 9 9 9 ’

and we are done.
REFERENCES
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trix. Bull. Acad. Sc. Leningrad (1931) 749-754.

2. Diaz-Barrero, J. L., Answer to Problem 2388, CRUX with Math-
ematical Mayhem, 25, (1999) 445-445.

A-26. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Prove the following identity:

ST I

m?2n?2 n?2
n=1

Solution 1 by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain. On the one hand, we see that ) > | (_n# con-
verges (and converges absolutely):

I R Y E RO
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On the other hand,

1m—|—n T —1)m s —1)"
>y E s (G

m=1n=1 m=1 n=1
_ ( S <—1>n> (Z <—1>m>
n=1 n2 m=1 m2
2\ 2
This way, we see that the partial sums converge to (Zf;l (_nlz) ) ,

as we wanted to show.

Remark: Let E = >3, o, O = 3% —L . Now, let A =

n=1 (217, n=1 (2n-1)2

S 58 =2 E0% It is immediate to see that E = 4,
A=F4+0, S = FE — O. From the well known fact that A =
S L =¢2)="".weget E=T,0=%" 86=_T

24 ° 12

Solution 2 by the proposer. The Fourier series expansions of
the functions

f(x) =a*, -7 < x <, f(x + 27) = f(x)
and

g(z,y) = 2’y?, —m < z,y < m,g(z + 27w,y + 27) = g(z,y)

are
2 = (=
2
= — 44 cosnr, —Tw<xz<T 5
3 n; : <z < (5)
and
4772 > 47?2 S (—1)™
2.2
x COS Nx cos m
Y Z T3 Z_ 2 Y
m=1
( 1)m+n

—1—1622 > 5 COS nx cos my, —nm < xz,y<m,
m?2n

n=1m=1
(6)
respectively. Setting * = y = 0, from (5) we have

( 1)17, 7l'2

Z =—0 (7)
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and (6) reduces to

nt  8n? X (—1)" (—1)mtn

?—F 3 Z n? +16ZZ m?2n? =0 ®)

n=1 m=1n=1

Substituting (7) into (8) we have
Z Z (— 1)m+n i _ < ) i 1)" :
== m2n2 144 =

This completes the proof.

Also solved by Alberto Espuny-Diaz, BarcelonaTech, Barce-
lona, Spain, and Ander Lamaison Vidarte, Berlin Mathemat-
ical School, Berlin, Germany.

A-27. Proposed by Alberto Espuny-Diaz, CFIS, BarcelonaTech,
Barcelona, Spain. Let {a,}.cn be a sequence of real numbers de-
fined by

with a; a nonzero number. Determine its convergence and, if it is
convergent, compute its limit depending on a; .

Solution 1 by Ander Lamaison Vidarte, Berlin Mathematical

School, Berlin, Germany. Let us first assume that a; > 0. We

define s, = > ag, and t, = a, — (n + 1). From the recurrence,
k=1

n n
a, = — , 9)
Sn—1 tn—l + n

We can use this to find a recurrence for the ¢,,,

n 1
t,=t, 1+a,—1=¢t, 1+ ——-—1=¢t, 4|1 — —— .
! ! tn 1+’I’L 1< tn—1+n)

Note that, if ¢,,_; > —(n—1), then the sign of t,, is the same as the
signof t,,_1, and |t,| < |t,—1|. In particular, if t,_, > —(k—1) for
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some k, then ¢, ; > —(n — 1) for all n > k. But this is satisfied
fork=2ast; =a1+a;—3=a:+2—-32>2v/2-3> —2 (using
AM-GM for {aq, a%}). We conclude that |tx| < |tx_1| for £ > 2, and
|tx| < |t2| for k > 2. The sequence {t;} is bounded.

Finally, we return to the equation (9) to find lim a, = lim

n—oo n—oo tn—1+n

= 1. If a; is negative, then the terms of the sequence are the same
as the terms for the same recurrence and b; = —a; with the signs
changed, so lim a,, = —1.

n—oo

Solution 2 by the proposer. Let us call S,, = Z a; and let us

k=1
consider a new sequence, T,, = S,, — (n + 1). We can then write
the sequence above in the following fashion:
n

a, = ——— (10)
n+Tn—1

A different expression that will come in handy is
Thy1 = Sny1— (n+2)

:Sn+an+1—(n—|—1)—1
n+1

Sn

=T, + — 1. (11)
In order to solve the problem, let us first consider that a; > 0. We
then have that all the elements of the sequence {a,} are positive,
as are all the elements of {S,,}. However, the elements of {T,,} can
be either positive or negative. Let us study the different cases.

e Case 1. f T, 1 = 0 <= Si_1 = k, then using (11) and (10)
we get that T, = 0 = a,, = 1. From this, it is easy to see that
an, =1 Vn > k. This would mean that {a,} is convergent to

1.
e Case 2. If T,,_; > 0 <= S,,_1 > n we then have that 0 <
< 1 and
Sn—l

n
_1<Tn: n—1 +

—-1<T,1.

n—1



Volume 3, No. 1, Spring 2016 83

e Case 3. If T,,_; < 0 < S,,_1 < n, we have that > 1
n—1
and n
Tn = dpn— + —-1> Tn—l'
n—1

Now, we study the second and third cases.

If at a given point T,,_; = ¢, ¢ € R*, then S,,_; = n + ¢, which
n c

—1:C—
n+c n+c
obtain that T,, = 0 <= ¢ = n — 1 (since ¢ > 0). Hence,

means that T,, = ¢ + . From this, we can

e Case2.1.Ife>n—1,then -1 < T, <0.

e Case 2.2. f c<n—1,then T,y > T, > 0 and {T,,} will
thereafter be decreasing and bounded by zero, which means
it is convergent.

If, at a given point, T;,_; = —c, ¢ € RT, then S,,_; = n — c.

Similarly to the previous case, we get that T,, = — ¢ and

n—c
that T,, = 0 <= ¢ =n — 1. Then,

e Case 3.1. If ¢ > n — 1, then T,, > 0 and we are back to the
previous case.

e Case 3.2. If ¢ < n — 1 (as would happen if T,,_» > n — 2),
then 7,1 < T,, < 0 and {T,,} will thereafter be increasing
and bounded by zero, and hence, convergent.

All these cases mean that {T;,} is convergent and bounded. Tak-
ing this into account, if we consider (10) and apply a limit, we
have that
n
lim a, = lim —— =1,
n—00 n—oomn + T, 4

which obviously means that the sequence {a,} is convergent too.
If a; < 0, setting T,, = S,, + n + 1, all the signs of the previous
development change and the limit for the sequence is —1.

Also solved by Victor Martin Chabrera, CFIS, BarcelonaTech,
Barcelona, Spain.
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A-28. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let n be a positive integer. Prove that

1, 18 Y (RFy...F,)4n
o HFk/n-F —ZF/? > ,
2n k—1 n k—1 FnFn+1

where F,, represents the nt® Fibonacci number defined by F, =
F,=1andforn >3, F,=F,_ 1+ F,_».

Solution by Victor Martin Chabrera, CFIS, BarcelonaTech, Bar-
celona, Spain. Let us define My (n) as:

FF4{Fk+. . Fk ko
My = { ()" itk £ o,
nFle"'Fn lfk:().

By power means inequality we know k < m implies My(n) <
M,,(n). We can rewrite our inequality as:

1 2 Mg (n)
2n (MG (n) + My (n)] > EzTn—{—l

We can use the following well-known identity for Fibonacci num-
bers: F2 + F? + ...+ F? = F,F,; (which can be very easily
proved by induction), to get F,F,1; = nM}(n), and so we can
rewrite our inequality as

My (n)

1 2
o (M) + Mo ()] > S

2n
and even simpler,
Mg (n)M; (n) + My (n)M; (n) > 2M;(n).

Using the closed form of the Fibonacci sequence, F,, = L\E’”—n
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(where ¢ = 1+2‘/3), we have, on the one hand,

M;(n) = % = %(s@"’ — (=) (" = (=) ")
= T = (C) T ) = (F) 7 () )
= (e ()T — () + ()Y
2n+1
= @ () () 2 D -

We see that, if m is an even number, F,, < ‘P—\g and F,,F11 <
mp(m1)
emtimth

5 , and so, if n is even,

My(n) = YF\Fy---F, = /F\(FyF3) -+ (F,_3F,_1)F,

< Tt IVBeTE T o™ (/%
—\ VE ¢ 5 VvV e

And if it is odd,
My(n) = YFFy---F, = /F(FyF3) - (F,_1F},)

o™ T VBT o' VB
N ® V5 NG

<

Thus, we have

2n+1
M;(n)>(p5n _%:Qo_nnﬁ_#
2MZ(n) — 2 ontl n/% 2n \ 5 2npn+l n/%
We can calculate that for n = 6 this is strictly larger than 1. We

can see that, if this inequality holds for n, it holds for n 4+ 1. To
prove that, we will check three things:

e Ifn>6 "~ 2" holds:

> 2(n+1) 2n

Lp'n,-l-l n

2(nt1) Sl p——>1<—pn>n+1
= n—+1

<= (p—1)n>1<=n > .
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e f(x) = a'/®, defined over the positive real numbers, is mono-
tonically increasing if 0 < a < 1:

f(x) = — ln(a)%al/“c > 0.

Having proved this, we are left with:
" e 3 e (" 3
P . S ‘/s';(@___ﬂ)
2n 5 2n<p"+1 n/% 5 2n 2')’1,9071
- g( et 3 )< M (n + 1)
5\2(n+1) 2(n+1)et2) =~ 2M2(n+1)

For n = 5 we see that 2M2(5) = 2(v/IX1x2X3x5)? =
2(v/30)? < 2 x 22 = 8 and MZ(5) = £&fs = 58 — 8. With
this, we have seen that M2(n) > 2M? holds for all n > 5, and
so, if n > 5:

M2(n)M(n) + M, (n)M2(n) > M2 (n)MZ(n) > 2M2(n).

We are simply left with four cases. For n = 1, n = 2 we have F; =
F, = 1 and so, M(n) = 1 for all k, and we get M2(n)MZ(n) +
M,(n)M2(n) = 2 = 2My(n). Finally for n = 3, n = 4 it can
be easily checked by hand that the inequality is satisfied, without
reaching equality.

Also solved by the proposer.
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