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New generalizations and refinements of
Ionescu-Weitzenbock inequality

by
D. M. Batinetu-Giurgiu and Neculai Stanciu

Abstract. In this paper we present some new generalizations and
refinements of Ionescu-Weitzenbéck inequality.

1. Introduction

In Romanian Mathematical Gazette, Vol. III (1897-1898), Ion Io-
nescu published [6]

Problem 273. In any triangle ABC with sides of lengths a, b, ¢ and
area F, the following inequality holds:

a? + b% + ¢* > 4V3F 0
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In 1919, Roland Weitzenbéck published in Mathematische Zeit-
schrift, Vol. 5, No. 1-2, pp. 137-146 the paper [7], in which this
statement appeared again:
In any triangle ABC with sides of lengths a, b, ¢ and area F, the
JSollowing inequality holds:

a2+b2—|—0224\/§F (W)

We note that the inequality of Ion Ionescu (1) is the same as the in-
equality of Roland Weitzenbéck (W), and for this reason we named
it Ionescu-Weitzenb6ck inequality (I-W); see for example [1] and
[2]. In [5] 11 proofs for (I-W) are given, and 23 new proofs are
presented in [2]. In [4], 10 generalizations for (I-W) are presented.

2. Preliminary results

In the following, we shall obtain several new algebraic inequalities.

Theorem 1. Ift, u, v, w € [0,00),t+u =v + w € (0,00) and x,
y € (0,00), then

(t 4+ u)(z 4+ y) > 2/ (ve + wy) (vy + wz) > 2(t+u)yvzy (1)

Proof. We have

(t+u)(z+y) =(v+w)(z+y) =ve+ovy+wz+ wy
=(vz + wy) + (vy + we)

>2+/(vz + wy) (vy + wx) (2)

We also have
(ve + wy) (vy + wx) = V:xy + vwx® + vwy? + wiry
= vw(z® +y?) + (v + w?)zy
> 2vw+\/z2y? + (v? + w?)zy
= zy(v? + 2vw + w?)
=zy(v + w)? = (t + u)’zy (3)

By using (2) and (3) we obtain (1). O
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Ift,w € [0,00), t4+ u € (0,00) and z, y € (0,00) we denote
D(t,u,xz,y) = (tx + uy)(ty + ux)
Then, we have
D(t,u, z,y) =tu(z® + y?) + (t* + v*)zy

=tu(z + y)? + (t* + v*)zy — 2tuzy
=tu(z + y)? + (t — u)’zy (4)

As
(x+y)?—(r—y)?=4xy, Va,y€R

by (4) we deduce

u)z(w +y)? — (z —y)?
4

= i (4(x + y)*tu + (t —w)(z + y)* — (t — u)’(z — y)?)

D(t,u,z,y) = tu(z + y)* + (t —

— i (E+u)(z+y)* — (t—u)(z—y)?)

and if we denote ¢ =t + u € (0, 00), the previous yields that

1
D(t7 u,r, y) = Z (q2(w + y)2 - (q - 2“)2(37 - y)2) (5)
Hence, the relations from theorem 1 become

(t+tu)(z +y) > 2/ D(t,u,z,y) > 2(t + u)y/TY
< q(z+y) > 2yD(t,u,x,y) > 29 /Ty (6)

If we take t + u = v + w = q = 1, relation (6) becomes

rry > V/D(t,u,z,y) > /Ty

2
If x, y, z € (0,00), then by (6) we obtain

) (z+y)>2) VD(t,u,m,y) >29 ) ay

cyclic cyclic cyclic

=qx+y+z)>) VDtuz,y)>q) Vg (7

cyclic cyclic
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fwetaket+u=v4+w=q=1t=v=1— A u=w=X\, \E
[0,1], then by theorem 1 we obtain lemma 2.1 from [1]. Therefore,
we have

D(tyu,z,y) = D1 — A\, A\, z,y) = D\, z,y)
= (1 =Xz +2y)((1 — Ny + Az)

= L@ty — (1 -2 — )’

r+vy 2 ([T —Y 2
:( 2 )_(1_2”( 2 )
z+y > 2D\ z,y) > 2,/zy
z+y+z> Y VD\zy) > ) Vay

cyclic cyclic

If ¢ € (0,00) is a fixed constant, then (5) becomes
(g — 2t)*

y (x —y)?

2
D(t,u,@,y) = D(t,a,y) = (¢ +y)* -

where t € [0, q].
We observe that

D(a — ty2,y) = (@ + )¢ — 1 (a — 2a — ) (¢ — 1)’

I T bt e
=, &ty —— —(@-y

If we consider the function
2 (q — 2t)?

D:[0,q] = R, D(t):qz(w_|_y)2_ ey

we have

D't =ata—20) (“1Y) = (a-206 - vy

As D'(t) = 0 <= t = 1q, the sign of D’ is constant between 0
and ;q, so we deduce that

q
D(Oam9y) SD(t,az,y) SD(Eamay)a Vite [07Q]
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Theorem 2. Ift, u, v, w € [0,00),t+u =v+ w € (0,00) and z,
y, z € (0,00), then

t+u)(z+y+2)> ) V(vz+wy)(vy + wa)

cyclic

> (t+u) Y vaTy > 3(t+u)yzyz  (8)

cyclic

Proof. We have

(t+u)(z+y+2) =(t+u) (w‘;%

_t—l—u
2

Y+ z z4+x
2 + 2)

t+u
—(z+2)

(w+y)+t+T"(y+z)+
so by (1) we obtain
tt+u)(@z+y+2)> > (vz+wy)(vy +wz)

cyclic

> (t+u) ) oy

cyclic

>3t +w) o [ vay

= 3(t + u) YTYZ

on account of AM-GM inequality. O

Theorem 3. Ift, u, v, w € [0,00),t+u =v+w € (0,00) and z,
y, z € (0,00), then

(t 4+ u)(z 4y + 2) > 3/ (ve + wy)(vy + wz)(vz + wz)
> 3(t + u) YTYZ ©)
Proof. We have
(t+u)(z+y+z)=@+w)(z+y+=2)
=vx + vy + vz + we + wy + wz
= (v + wy) + (vy + wz) + (vz + wx)
> 3/ (ve + wy) (vy + wz)(vz + wz)  (10)
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(ve4+wy) (vy + wz)(vz + wx)
:v3myz -+ viwxz? + v2wy2z -+ v'wzyz2
—|—'02wa:2y + vw3x?z + v'w2:12y2 + fw3azyz
= (v*® + w?) zyz + v’w (z2? + y*z + 2%y) (11)
—|—'v'w2 (yz2 + x3z + azyz)
> (v® + w®) zyz + (viw + vw?) 322 y2z - x2y
= (v* + w?) zyz + 3vw(v + w)V/ (zyz)3
= ('03 + w® 4 3vw(v + 'w)) TYz
=(v + w)zyz = (t + u)’zyz (12)

By (10) and (11) we deduce (9) O
We denote
E(t,u,z,y,z) = (tz + uy)(ty + uz)(tz + ux)

Then (9) becomes

(t+u)(x+y+2)>3YE(t,u,x,y,2) > 3(t+u)Jzxyz (13)
vV t, u€l0,00), t>u, z, y, z€ (0,00).

Let n, t, u be real numbers such that n, ¢, v € [0,00), t > u and
x, y € (0,00). We denote

F(n,t,u,z,y) =(t+u+(E—w))z+({E+u—(t-u)")y)
(Ctut+E—uw))y+ (E+u—(t—u)") )
(14)
Theorem 4. Ifn,t,u € [0,00),t >u andx, y € (0,00), then

F(n,t,u,xz,y) = (t+u)*(x +y)* — (t — u)*"(z — y)?
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Proof. By (14) we have

F(n,t,u,z,y) =t +u+ (t —u)")’ zy + ((t +u)? — (t— u)2") y?
+ ((t + u)? — (t — u)Z") 224+ (t+u— (t—u)") zy
— ((t+w)? — (= w)™) (@ +y?)
+((t+u+ (t—u)")?>+(t+u— (t—u)”)z)wy
=(t +u)*(z® + y*) — (t — )™ (2* + y*)
+2(t + u)zwy + 2(t — u)znmy
=(t+u)*(2® + 2zy +y*) — (t — u)*"(z* — 2zy +y?)
=t +u)(x+y)*—(t—uw)"(z—y)’
O
Theorem 5. Ifn, p,t,u € [0,00),n > p,t >uandz, y € (0,00),
then
F(n,t,u,xz,y) — F(p,t,u, x,y)
=(z—y)’t—uw)?(1- (- u)2(”_p)) (15)
Proof. By theorem 4 we have

F(n,t,u,xz,y) — F(p,t,u, x,y)
=(t+u)’(z+y)* - (t —u)*(z — y)’
—(t+u)(z+y)* + (t —u)*(z —y)*
=(z — y)*(t —u)* (1 — (t — u)*"P)

Equation (15) yields thatif n > pand t — u < 1, then
F(n’ t, u’ w? y) 2 F(p7 t’ u’ w’ y)
Hence, the function F : [0,00) — (0,00), F(n) = F(n,t,u,x,y)
is increasing if t — u < 1.
Ift+u=q € (0,00) we have

F(n,t,u,z,y) =((g+ (t—u)")x+ (g — (t —u)")y)
((g+ (@t —u)")y+ (g — (t —u)")x)
=¢*(z +y)? — (¢ — 2u)**(z — y)®
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Let n be a positive integer number, ¢, u € [0,00), t+u = g €

(0,00), where q is fixed, and =, y € (0,00). We consider the

function G : [0, q] — (—o0, +00), G(u) = F(n,t,u,x,y), namely
G(u) = ¢’(z +y)* — (¢ — 2u)™(z — y)*

The function G is derivable and

G'(u) = — 2n(q — 2u)*" 1 (=2)(z — y)?
=4n(q — 2u)*" H(z — y)?
—4n(q — 2u)(q — 2'u,)2("_1)(213 _ y)2

We have G'(u) =0 = u = %q and

G(q —u) = G(u), Vuc]l0,4
Since the sign of G’ is constant between 0 and %q, we obtain that
G(O) = (e + )" — 4@ — 9" < G(w) < G (3a) = (@ + )
vV u € [0, q], which is equivalent to

qz(w+y)2_q2n(a}_y)2 < F(n,tv uaway) < q2(w+y)2, Vuce€ [an]

3. Main results

Theorem 6. I[fm, t, u € [0,00),t+u = q € (0,00), then in any
triangle ABC with usual notations and area S holds:

q(am+1 + pmt1 + Cm+1) 2 Z \/D(t, u, am+1’bm+1)

cyclic
>3 - q(abe) ™5
>om+l . g.3°7" . 8§73 (16)
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Proof. If we take x = a™*!, y = b™*1, 2 = ¢™*1, then by (7) we
obtain

q(am+1 + pmt+1 + cm+1) > Z \/D(t, u, amt1, bm+1)

cyclic

>q ) (@)™ > 3q3)(ab)™ (b)) " (ca) ™"

cyclic

m-+1

= 3q+v/(abc)™*t! = 3q <\3/ (abc)z)T (17)
By Polya-Szegd inequality we have
48
7/ (abc)? > — P-S
(abc)? > 73 (P-S)

Then, (17) becomes

q(am+1 + pmt1 + cm+1) Z Z \/D(t, u, am—{—l,bm—l—l)

cyclic

>q ) \/(ab)™tlq > 3q <\/3 (abC)Q) .

cyclic

m—+41
4S 2 —m m
>3q(22) T —eg gt s
O

If m = 1, then by (16) we obtain generalizations and refinements
of Ionescu-Weitzenbdck inequality. That is,

Q(az + % + 02) > Z \/D(taua a?, b?)

cyclic

> q Y ab> 3q(abc)s > 4qV/3S (18)

cyclic

If we take ¢ = 1, then by (18) we deduce the following refinements
of Ionescu-Weitzenbdéck inequality

a® +b* + ¢? > Z \/D(t,u,az,bz)

cyclic

> Y ab > 3(abec)s > 4V3S

cyclic
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Theorem 7. I[fm, t, u, v, w € [0,00),t+u =v+w € (0,00), then
in any triangle ABC with usual notations and area S the following
holds

(t+u)(am+1 +bm+1 + Cm+1)
> Z \/(vam—i—l + wbm+1) (vbm+! 4+ wa™tl)

cyclic
> (t+u) Y (ab)™% > 3(t + u)(abe) s
cyclic
> omHl . 35T (¢ 4 1) ST (19)

Proof. If we take x = a™*!, y = b™*1, 2 = ¢™*!, then by (8) we
deduce that
(t—|—u)(am+1 _|_bm+1 +Cm+1)
> Z \/(vam+1 + wbmt1) (vb™t1 + wa™t!)

cyclic

> (t+u) Y (ab)™® > 3(t+ u)(abc)™s

cyclic

m-+1

= 3(t + u) (W) ?

and using (P-S) we obtain

(t+u)(am+1 + bm+1 +cm+1)
> Z \/(,Uam—l—l + wbmt1) (vbmtHl 4+ wamt)

cyclic
m+1
> (t+u) Y (ab)"T > 3(t +u) (5’/(abc)2> ?
cyclic
m+1
4:S T2 3—m m+1
> 3(t+u (—) =2t .37 (t+u)S =
2 3(t +u) 73 (t +u)

O
If we take m = 1, then by (19) we obtain new generalizations and
refinements of Ionescu-Weitzenbdck inequality.
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Theorem 8. [fm,t, u, v, w € [0,00),t+u =v+w € (0,00), then
in any triangle ABC with usual notations and area S the following
holds

(t _|_ u)(am-i-l _|_ bm+1 _|_ cm+1)

23\?’/(110,'”‘"1 4+ wbmt1l) (vt + wemt!) (vemtt + wa™ )

m+1

m—+1 3—m
>3(t + u) (\/3 abc) >2mt(t4u)-377 .S 2

Proof. If we take x = a™*!, y = b™*1, z = ¢™*!, then equation (9)
becomes

(t—}—u)(am"'l _|_ bm+1 _|_cm+1)

> 38/(vam 1+ wbm ) (o™ + wen ) (vt £ war )

m+1

> 8(t+u) (Vabe)" " =3t +u) (V(abo)?) °

whence by (P-S) we obtain the result O

Theorem 9. [fm, t, u, v, w € [0,00),t+u =v+w € (0,00), then
in any triangle ABC with usual notations and area S the following
holds

(t + u)(a®™ 4 b®™ + ™) > 3/ E(v, w, a?™, b2™m, c2m)
> 3(t + u)/(abc)®™q
> 22m(¢ 4 y).372 . §™

Proof. If we take = = a®*™, y = b*™, z = ¢*™, then by (13) we
obtain

(t 4+ u)(a®"4+b*>™ + ™) > 3/ E(v, w, a?™, b2m, c2m)
> 3(t 4 u) Y (abe)®™ = 3(t + u) (f”/(abc)z)m

> 3(t + u) (%) =22 (t 4 u) .32 - S™

on account of P-S inequality. O
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Theorem 10. I[fm,t, u, v, w € [0,00), t+u = v+w € (0,00), then
in any triangle ABC with usual notations and area S the following
holds

(t+u)(a2m _|_ b2m + c2m)
2 3\3/(,‘)azm + wb2m) (,Ume + wc2m) (’l)sz + wa2m)

2m 2—m
> 3(t + u) (\/3 abc> > 22m (¢ 4 q) . 353" . g™

Proof. If we take x = a?™, y = b®™, z = ¢®™, then by (9) we deduce
(t _|_ u)(a2m _|_ b2m + C2m)
> 3\3/(’0a2m + wb?™) (vb%>™ 4+ wc™) (ve?™ + wa?™)
2m m
> 3(t+ u) (\/3 abc) = 3(t + u) <\3/ (abc)2> (20)

Applying in (20) the (P-S) inequality we obtain new generalizations
and refinements of Ionescu-Weitzenbd6ck inequality, namely

(t—|—u)(a2m _|_ b2m + CZm)
> 3\3/(,Ua2m + wb2m) (vb2™ 4 wc2™) (ve2™ + wa?™)

2m 2—m
> 3(t+u) (\/3 abc) > 2" (t4+u)-372 .S™
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A Generalization Of Chebyshev’s
Inequality

Mihaly Bencze

In this paper we present a generalization of the well-known Cheby-
shev’s Inequaliy, and some interesting consequences.

Theorem 1 Let (an)nen, (bn)nen, (¢n)nen and (d,)nen be real
sequences such that (a,)nen and (by)nen are simultaneously in-
creasing or decreasing, and c,d,, > 0 for all n, m. Then:

(o) (S0 () ()

() (o) (5

S~ (o) ()

= Z Z (aibicidj —|— ajbjcidj — aibjcidj — ajbicidj)

=1 j=1

= Z Z cidj(aibi —|— a,jbj — aibj — ajbi)
=1 j5=1

= ZZcidj(ai — aj)(bi — bJ) Z 0
=1 j=1

since ¢;d; > 0 (3,5 = 1,2,...) and (an),cn> (bn)nen are simulta-
neously increasing or decreasing sequences. The equality holds if
at leasta; = a, = ... = a,, or b = b, = ... = b, (it is also valid for
¢, =0o0rd, =0 (n=1,2,...) but this case is not relevant). O
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Note 1. If one of the real number sequences (ay)neny and (b, )nen
is increasing and the other one is decreasing, and (c,)nen and
(dn)nen are real number sequences for which ¢,d,, < 0 for all n,
m, then we find again the inequality from Theorem 1.

Note 2. If one of the real number sequences (a,)nen and (b, )nen
is increasing and the other one is decreasing, and (c,)neny and
(dn)nen are such that c,d,, > 0 for all n, m, then we find an
inequality that is the opposite of the one from Theorem 1.

Note 3. If the real number sequences (a,)necn and (b,).ecn are
simultaneously increasing or decreasing and (¢, )nen and (d,)nen
are such that ¢,d,, < 0 for all n, m, then we find an inequality
that is the opposite of the one from Theorem 1.

Theorem 2 If f,g : [a,b] — R are simultaneously increasing or
decreasing functions that are integrable in the interval [a,b] and
h,l : [a,b] — R are functions that are integrable in the interval
[a, b] for which h(xz)l(y) > 0 Vz,y € [a,b], then:

b b

/b f@)g(@h(@) do [U(z)do + / f@)g(@)(@)dz [ h(z) de

a a

b

> / f@)h(@)dz [g(@)i(z)do + / g(z)h() da / f(@)i(z) da

a

Proof. We divide [a, b] into n equal parts and introduce the no-
tation x = a + b_Tai (¢ = 1,2,...,m). We can replace the real
numbers a;, b;, ¢;, d; from Theorem 1 with real numbers f(x;),
g(x;), h(x;), l(x;) (1 = 1,2,...,n), as these fulfill the conditions of
said theorem. Consequently, the proposition from Theorem 1 can
be written as follows:

Z F(z:i)g(zi)h(x;) Z l(z;) + Z F(zi)g(:)l(x:) Z h(x;)

> Z f(zi)h(z:) Z g(z:)l(z:) + Z g(z:)h(x;) Z F(zi)l(xi)
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If we multiply both sides of the inequality by (”‘T“)z, the above
inequality takes the following form:

> fwdateone) (*0) Lo (717
+ i Fledg@ie) (*°) Z pian ()
Ziilf(mi)h(mi) (b - a) Zf;g(wi)l(mi) <b - a)
- gg(wi)hm) (b . a) iz:;f(wm(m (b - a)

Taking into account the notation z; = a + b‘T“i (i =1,2,...,m),
the inequality can be rewritten as:

Z F(zi)g(zi)h(x:)(zi — Ti-1) Z Uz:) (i — @i—1)
+ Z f(x:)g(xi)l(z;) (i — xi-1) Z h(x;)(x; — zi—1)
> Z F(zi)h(z:)(Ti — xi1) Zg(wi)l(mi)(wi — Ti-1)

+ Zg(wi)h(l’i)(wi — Xi—1) Z F(z)l(z;) (2 — xi_q)

We observe that the sums in the above inequality correspond to
the Riemann’s sums of some functions for the interval [a, b]. Since
the inequality is preserved when taking limits on both sides, we
take limits and write the previous expression as the inequality
from Theorem 2. The equality holds if at least one of functions f
or g is constant. O
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If in Theorem 2 we consider f = g, then we find the following
proposition:

Corollary 3 If function f : [a,b] — R is integrable in the interval
[a, b] and functions h,l : [a,b] — R are integrable in the interval

[a,b] and satisfy h(x)l(y) > 0V x,y € [a,b], then the following
holds:

b b b

/bfz(w)h(zc) d /l(w) dw+/f2(w)l(:c) d /h(:c) de

a a a

> 2/f(:c)h(oc) da /bf(a:)l(:c) da

If in Theorem 2 we consider I(x) = h( 5> h(xz) # 0 for all x €

[a,b], and A > 0 is a real constant, then we find the following
proposition:

Corollary 4 If functions f,g : [a,b] — R are integrable in the in-
terval [a, b] and are simultaneously increasing or decreasing, and

h : [a,b] — R \{0} is a function that is integrable in the interval
[a, b], then:

/f(fv)g(w)h(w)dw / htﬁ f(zzgg) /h(m)da:

a

/f(w)h(w)d / de + /g( ) az f1(a E;

Setting g = f~! in Theorem 2, where f~! is the inverse of f, then
we find the following proposition:
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Corollary 5 If function f : [a,b] — R is continuous in the interval
[a, b] and strictly monotone and surjective, and h,l : [a,b] — R are
integrable in the interval [a,b] and satisfy h(x)l(y) > 0V x,y €
[a, b], then:

b b b

/bf(w)f_l(w)h(:c) dz /l(w) dw+/f(a:)f‘1(w)l(zc) d /h(a:) de

Z/bf(w)h(w) dx /bf‘l(w)l(w) dz + /bf‘l(w)h(w) dx /bf(w)l(w) dz

Taking into account Note 2 and the notation g = ?, where A > 0
is a constant number from Theorem 2, we find:

Corollary 6 If function f : [a,b] — R\{0} integrable in the interval
[a, b] is monotone, and h,! : [a,b] — R are integrable in the interval
[a, b] and satisfy h(x)l(y) > 0V z,y € [a,b], then:

b b

Z/h(az) dx /l(az) dx

Qa a

/f(a:)h(a:)d:c f( ) +/f( ) /f(m)l(a:)dm

If in Theorem 2 we consider h(z) = l(z) = f™ !(x), then we find
the following proposition:

Corollary 7 If f,g : [a,b] — R are simultaneously increasing or
decreasing functions integrable in the interval [a, b], (f # 0) then,
JSor any positive integer m:

b

/b @)@ de [ @) do

a

E/bfm(w) dz /bfm"l(w)g(w) dz
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If in Theorem 2 we consider h(x) = l(x) = C > 0 then we find the
following proposition:

Corollary 8 If f,g : [a,b] — R are simultaneously increasing or
decreasing functions integrable in the interval [a, b], then:

b

(b—a) / f(@)g(x)dz > / f@)de [ ga)de

a

which is no less than Chebyshev’s inequality for integrals.
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Problems

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical problems. Proposals
are always welcome. Please observe the following guidelines when
submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear
on separate sheets, each indicating the name and address
of the sender. Drawings must be suitable for reproduction.
Proposals should be accompanied by solutions. An aster-
isk (*) indicates that neither the proposer nor the editor has
supplied a solution.

2. Send submittals to: José Luis Diaz-Barrero, Applied Ma-
thematics III, UPC BARCELONA TECH, Jordi Girona 1-3, C2,
08034 Barcelona, Spain or by e-mail to: jose.luis.diaz@upc.edu.

The section is divided into four subsections: Elementary Prob-
lems, Easy-Medium High School Problems, Medium-Hard High
School Problems, and Advanced Problems mainly for undergradu-
ates. Proposals that appeared in Math Contests around the world
and most appropriate for Math Olympiads training are always wel-
come. The source of these proposals will appear when the solu-
tions are published.

Solutions to the problems stated in this issue should be posted
before

March 30, 2015
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Elementary Problems

E-11. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. What is the value of

/45 + 29v/2 + \/ 45 — 29v/2

in its simplest form?

E-12. Proposed by Félix Gimeno Gil, CFIS, Barcelona Tech, Bar-
celona, Spain. Find all functions f : N — N such that f(a - b) =
f(a)f(b) and for all positive integer n we have gcd(n, f(n)) = 1.

E-13. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. The areas of the three distinct faces of an ortohe-
dron are 182,195, and 210, respectively. Find its volume.

E-14. Proposed by José Gibergans-Baguena, Barcelona Tech,
Barcelona, Spain. Find the values of the positive integer n for
which n? — 27n + 181 is a perfect square.

E-15. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let a, b, c be three odd positive integers. Show that
the equation ax? 4+ bx 4+ ¢ = 0 does not have rational roots.

E-16. Proposed by Ander Lamaison Vidarte and Alberto Espuny-
Diaz, CFIS, Barcelona Tech, Barcelona, Spain. Prove that the 2015-
gon inscribed in a circle that has the maximum surface is the
regular one.
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Easy-Medium Problems

EM-1 1. Proposed by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain. How many palindrome integers with an even
number of digits are also prime numbers?

EM-12. Proposed by José Luis Diaz-Barrero, Barcelona Tech,

Barcelona, Spain. Let x,y, z be three non unitary real numbers

suchthatx +y 4+ 2+ 1 =0 and 2% 4+ y? + 22 — 1 = 0. Show that
Ty Yz zx

+ +
r+vy Y+ z z+ax

is an integer and determine its value.

EM-13. Proposed by José Luis Diaz-Barrero, Barcelona Tech,
Barcelona, Spain. Show that in any triangle ABC' the following
holds:

1 {sinA+sinB +sinC
9 1 1 1 < A,

a? b2 c2

where A represents the area of AABC.

EM-14. Proposed by José Luis Diaz-Barrero, Barcelona Tech,
Barcelona, Spain. Let «a, 3, be the roots of the polynomial equa-
tion x® — 7x? + 5z + 3 = 0. Find the value of a* 4+ 3* + ~*.

EM-15. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. Let T' be a circumference of radius r, and
A, B and C be three points inside I' that lie on a circumference
v, with radius R. If R > r, prove that the triangle ABC has an
obtuse angle.

EM-16. Proposed by Andrés Saez-Schwedt, Universidad de Leén,
Leon, Spain. Find the smallest positive integer n such that 32014
divides (2014)G™ — 1.
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Medium-Hard Problems

MH-11. Proposed by José Luis Diaz-Barrero, Barcelona Tech,
Barcelona, Spain. Let n > 2 be a positive integer. Find all real
solutions of the following system of equations:

.

1
32 =14 — (3" 437" —2)
n

1
3% =14 — (324372 — 2)
n

1
3% =14 — (3%t 37"t — 2)
n

1
3" =1+ — (3% 437" —2)
\ n

MH-12. Proposed by Andrés Sdaez-Schwedt, Universidad de Leén,
Leoén, Spain. Let I be the incenter of triangle ABC. The line
through I perpendicular to AI meets AC at E and AB at F. Let
P and Q be the circumcenters of BEI and CFI, respectively.
Prove that the midpoint of PQ belongs to AI.

MH-13. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. Let a, b and c be three positive integers,
each of them without repeated digits in their decimal expression.
If a4+ b+ c = 58888, prove that there is a digit, other than 0, which
appears in at least two of the three numbers.

MH-14. Proposed by Francesc Gispert-Sanchez, CFIS, Barcelona
Tech, Barcelona, Spain. Let I be the incenter of a triangle ABC
and let D, E and F be the points of intersection of the circumcircle
of the triangle and the extended angle bisectors AI, BI and CI,
respectively. Then, the intersection of triangles ABC and DEF
forms an hexagon with vertices K, L, M, N, P and Q, taken
counterclockwise. Prove that KN, LP and M (@ meet at I.
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MH-15. Proposed by Marius Dragan, Bucharest, Romania. Let
A, B, C be the angles measured in radians of a triangle ABC with
sides of length a, b, c and semiperimeter p. Prove that

272

aAz—l—sz—l—ch Z Tp

MH-16. Proposed by Nicolae Papacu, Slobozia, Romania. Let
a,b,c € (0,00) such that a > b > c. Prove that

3 a"+b"+b"+c”+c”—|—a"
2n=1 = (a4+b" (b+c) (c+a)”

- (D) (e

where n € N*
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Advanced Problems

A-11. Proposed by Francesc Gispert-Sanchez, CFIS, Barcelona
Tech, Barcelona, Spain. Let n be a positive integer such thatn > 5
andn = 1 (mod 4) and consider m = |%|. We define the function

2 "
F(xey.ooyxm) = Z (25 —1) w?(2]) + Z (25 — 1) m?[2(m—3)+1]
Jj=1

J=F+1
where z4,...,x,, are positive real numbers. Show that for any
positive real numbers a;, as, .. ., a,, the following inequality holds:

[11f @1s- s am) + (R4 m) (n —m)]™ > n?(ar...am)" "

cyc

A-12. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let n be a positive integer. Compute

: | "
Jim {HZE - ““”*‘”} ’
k=1
where v = 0.577216. .. is the Euler-Mascheroni constant.

A-13. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let n be a positive integer. Prove that

" 1 ([ F2 F? F?
1+Y F < - (o424 282,
k=1 2 Fn+2 Fn Fn+1

where F, is the nt* Fibonacci number defined by Fy = 0, F; = 1
and foralln > 1, F,,4; = F,, + F,,_;.

A-14. Proposed by Andrés Sdaez-Schwedt, Universidad de Leén,
Leén, Spain. Let n be a positive integer. If (1 4+ +/3)" is written as
a + b+/3, with a, b integers, find gcd(a, b) in terms of n.
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A-15. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let A(z) = > ,_, axz" be a monic polynomial with

complex coefficients. If a = max {|zk|}, where z; are the roots of
1<k<n
A(z), then show that

A-16. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. We say that a positive integer n > 3 is
isoscelable if the regular n-gon can be divided into n — 2 isosceles
triangles using n — 3 diagonals. Find all values of n such that n
and n + 2013 are both isoscelable.
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Mathlessons

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical notes and lessons
with material useful to solve mathematical problems.

Send submittals to: José Luis Diaz-Barrero, Applied Mathematics
III, UPC BARCELONA TECH, Jordi Girona 1-3, C2, 08034 Barce-
lona, Spain or by e-mail to: jose.luis.diaz@upc.edu.

The Torricelli point and some
applications in algebra

Camelia Oprea

1 Introduction

In real life we are often confronted with the problem of placing
an object at the smallest distance from three given points, for ex-
ample, in order to minimize the costs of transport, pipes, wires,
etc. For instance, one might want to find the optimal position of a
thermoelectric power plant which is going to serve three towns A,
B and C not on a line such that the total length of the used pipes
is minimized.
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Pierre de Fermat (1601-1665) was the first to propose the problem
of determining the point located at the minimum distance from the
vertices of a triangle, while Evangelista Torricelli (1608-1647) was
the first one to solve it. Due to this, the point with the property
mentioned before is known as the “Torricelli point” or the “Fermat
point”, denoted by T'.

2 Theoretical results

Theorem 1 (Torricelli). Let ABC be a triangle with all angles strictly
smaller than 120° and consider an equilateral triangle constructed

outwards on each of its sides, namely ABC,, ACB; and BCA,.

Then, the circumscribed circles of these triangles have a point in

comumon.

Proof. Let T be the intersection point other than A of the cir-
cumscribed circles of the triangles ABC; and ACB;. Thus, the
quadrilaterals AT BC, and ATC B, are inscriptible and ZATB =
180° — LAC,B = 120°, since AAC:B is equilateral. Similarly,
LATC = 120°.

Therefore, /BTC = 360° — ZATB — ZATC = 120°, from which
it follows that the quadrilateral BT'C A, is also inscriptible and T’
must lie on the circle circumscribed about BC A;. O

The proof above also shows that there exists a unique point T
such that ZATB = ZATC = /BTC = 120°. This point T is the
Torricelli point of the triangle ABC.

Theorem 2. Let ABC be a triangle with all angles strictly smaller
than 120° and consider an equilateral triangle constructed outwards
on each of its sides, namely ABC,, ACB; and BCA,, as in the
previous theorem. Then,
(a) the lines AA,, BB, and CC; are concurrent at the Torricelli
point T';
(b) AT+ BT +CT = AA, = BB, =C(C,
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A

Figure 1: Possible construction to obtain the Torricelli point.

Proof. Let T be the intersection point of the circumscribed cir-
cles of AABC,, AACB; and ABCA,. Considering the inscribed
quadrilateral BT C A,, we observe that /A, TC = /A, BC = 60°.
Then, we have that LA, TA = ZA,TC + Z/CTA = 60° + 120° =
180° and it immediately follows that the point 7' lies on the line
AA,. Similar arguments yield that T belongs to the lines BB;
and CC;. In conclusion, AA; " BB; N CC, = {T}.

Applying Ptolemy’s theorem to the convex inscribed quadrilateral
BTCA,; and knowing that ABC A, is equilateral, we obtain that

BC xTA; =BT x A,C+CT X Ay1B— TA, =BT+ CT

and then AA, = AT + TA, = AT + BT + CT. Finally, the
same argument can be applied to the quadrilaterals AT BC, and
ATCB,. ]

Theorem 3 (Fermat). Let ABC be a triangle with all angles strictly
smaller than 120°. The sum S (M) = M A+ M B+ MC (where M
is a point on the plane) attains its minimum value at the Torricelli
point T of AABC.
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Proof. Let M be an arbitrary point on the plane.

We consider an equilateral triangle constructed outwards on each
of the sides of AABC, namely ABC,, ACB; and BCA,. At least
one of the quadrilaterals M AB;C, MBA,C and M AC,B is con-
vex. We can assume, without loss of generality, that M BA,C is
convex and, by Ptolemy’s theorem, we have that

MA, x BC < MB x A,C + MC x A;B =—> MA, < MB+ MC

and then AA; < AM+MA; < MA+M B+ MC and the equality
holds if and only if M =T. ]

From this, another geometric construction of the Torricelli point
T follows. Let ABC be a triangle with all angles strictly smaller
than 120° and let M be a point lying inside it. Determining the
point T is equivalent to finding the point at which the sum M A +
MB + MC is minimized.

Figure 2: Another construction to obtain the Torricelli point.

Firstly, we rotate ABCM 60° about the point B towards the ex-
terior of AABC. This rotation sends C to A; and M to M’.
Moreover, the triangles BC A; and BM M’ are equilateral, by con-
struction. Therefore, the sum of the distances MA+MB+MC =
AM + MM’ + M'’A, is in general the length of a polygonal chain
from A to A;. But the shortest polygonal chain from A to A, is a
straight line and T must lie on the line AA,. Similarly, we obtain
that T lies on BB; and CC;. That is, the lines AA,;, BB; and
CC; meet at T.
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In conclusion, we have seen that

MA+ MB+ MC<TA+TB+TC =AA, = BB, =CC,V M
{T} = AA, N BB, N CC,
120° = /ATB = /ATC = /BTC

Hitherto, we have only considered the case in which the angles of
the triangle ABC are strictly smaller than 120°. If AABC has an
angle equal to 120°, assume it is /ZBC A and then the Torricelli
point is C, as can be easily seen using the same construction as
above. If /BCA > 120°, then T = C.

Let a, b and c denote the lengths of the sides of the triangle ABC.
Let P = a + b + c be the perimeter of the triangle and dr =
TA + TB + TC the sum of distances from the Torricelli point of
A ABC to each of its vertices.

The ratio ‘%T is maximized when AABC is equilateral, in which
case dr = %. On the other hand, the ratio is minimized when the
points A, B and C are collinear, in which case the point T is the
point of the triangle between the other two and dr = g. Thus, the

following double inequality holds:

1<dT< 1
2~ P~ 3

Let us determine an expression for dr in terms of a, b, ¢ and S,
the area of AABC. We consider an equilateral triangle ABC A,
constructed outwards on the side BC. Then, applying the law of
cosines to AABA;, we obtain

dg, = AAf = a? + c® — 2accos (LABC + 60°)
= a® + c® — 2ac(cos ZABC X cos 60° — sin ZABC X sin 60°)
= a? + ¢* — accos ZABC + V3acsin ZABC,

and applying the law of cosines to A ABC, we obtain

b2 —a? — ¢

b2 = a? + ¢® — 2accos ZABC —> —accos ZABC =
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Furthermore,

acsin ZABC .
S = 2 =—> acsin ZABC = 28

Substituting into the first expression, we obtain

b2_ 2 _ L2 2 b2 2 4+/38S
dh = a®+c*+ ———— +2V35 == * +20 +4v3

9

from which it immediately follows that

\/a2+b2—|—c2—|—4\/§S
dr = >

Let x, y and z denote the distances T'A, T'B and T'C, respectively,
from the Torricelli point T" to each of the vertices of the triangle
ABC. Applying the law of cosines to ABTC, AATB and AATC,
we obtain the following expressions for the side lengths of AABC:"

a=\y*+yz+ 22
b:\/z2+zm—|—m2
c = Va? +xy + y?

3 Applications

Problem 1. Let x, y and z be positive real numbers such that:
i) x*4+zy+y*>=25
(i) vy?+yz+22=169
(iii) 2%+ zx + 22 = 144

Compute the value of xy + yz + zx.

Solution. An algebraic solution for this kind of problems requires
much effort and is hard to find.

We observe, taking into account the law of cosines, the following:
e (i) is equivalent to the existence of a triangle with side lengths
x, y and 5 and with an angle of 120° between sides x and y;
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e (ii) is equivalent to the existence of a triangle with side lengths
y, z and 13 and with an angle of 120° between sides y and z;

e (iii) is equivalent to the existence of a triangle with side lengths
z, x and 12 and with an angle of 120° between sides z and «.

We draw the three triangles with a common vertex 7', where the
sides of lengths «, y and z meet, forming the three angles of 120°,
as in figure 3. We obtain a triangle ABC with side lengths 5, 13
and 12, which has a right angle (as it satisfies the Pythagorean
theorem), and T is its Torricelli point because ZATB = ZATC =
ZBTC = 120°.

13

Figure 3: Scheme for the solution of problem 1.

Now, we compute the area of AABC in two ways:

Sac = Stap + Stec + Stac
xy sin 120° 4+ yz sin 120° + zx sin 120°

2

V3
ZT(wy-l-yz-sz)

and
be
Sapc = 5 = 30

Setting equal the two right-hand sides yields

wy—|—yz—|—zzc:40\/§
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Problem 2. Prove that

3 (:vz + zy + yz) (y2 + yz + zz) (z2 + zx + :1:2)
> (z+y+2)° (zy +yz + zz)°
for all positive real numbers x, y and z.

Solution. Since x,y,z € RT, we can think of them as distances.
Let T be a point on the plane. We draw segments T'A, T B and
TC of lengths x, y and z, respectively, and such that ZATB =
LATC = /ZBTC = 120°, as in figure 4. By construction, we
have that T is the Torricelli point of AABC'. Therefore, the side
lengths of AABC are ¢ = \/z2 + zy + y2, a = \/y2 + yz + 22 and
b= V224 zx + 22.

A

B a —C
Figure 4: Scheme for the solution of problem 2.
We can compute the area Sygc of AABC as
Sac = Stas + Srec + Stac

Yy + yz + zx) sin 120° V3
:( yry 5 ) = (xy + yz + zx)

and the initial inequality becomes

48 2
3a2b%c® > (z + y + 2)° (%) <= 3abc > 4Sapc (z + y + 2)
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since all the terms are positive.

Furthermore, we have that

abc

iR’

where R is the circumradius of AABC. Substituting in the pre-
vious expression, we obtain the equivalent inequality:

SaBc =

r+y+2z<3R

Finally, by Fermat's theorem, we have that TA + TB + TC <
MA + MB + MC for all points M on the plane. In particular,
for the circumcenter O of AABC, we have that x + y + z < 3R,
which is what we wanted to prove. O

Problem 3. Prove that
\/ar,z—l—ar,b—l—b2 Vb2 +bc+c? /24 ca—+ a?
V3 ( + + ) +

ab be ca

Jor all positive real numbers a, b and c.

Solution. Let T be a point on the plane. We draw segments T'X,
TY and TZ of lengths a, b and ¢, respectively, and such that
LXTY = LYTZ = /ZTX = 120°. T is the Torricelli point of
AXY Z by construction. We drop the perpendicular T'D to Y Z
from T, where D is the intersection point. Finally, we draw TFE
the bisector of L/ YTZ, with EonY Z.

On the one hand, we can express

bce sin 120° YZ xTD
SYTZ == 5 - 2 ’

from which it immediately follows that

V3 be _\/5 be
2YZ 2 Vb2fbct 2

On the other hand, we can compute the length of the angle bisec-

tor
\/ be

TD =

be
(b+c)

\/(b—l— )% — (b% + be 4 ¢2) =
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Z

Figure 5: Scheme for the solution of problem 3.

And, by construction, we have that TD < T'E. Therefore,

Vb2 + be + 2 S V3b+ec \/§<1 1)

b c

be 2 be 2

Similarly, we obtain that

\/ﬁ 2 2
c2+ca+a Zﬁ(l—i—l)and Va2 +ab+b >\/§<1 1)

ca 2 c a ab - 2 E 5

and adding up these inequalities yields the desired inequality. [J

Problem 4. Show that for all positive real numbers x, y and z

3@+y+2) <Y V(@+y+2)?+3@ —yz)

cyc

Solution. Since z, y and z are positive, we can consider them
distances. Let T be a point on the plane. We draw segments
TA, TB and TC of lengths x, y and z, respectively, and such
that ZATB = ZATC = /ZBTC = 120°. By construction, we
have that T is the Torricelli point of AABC. Therefore, the side
lengths of AABC are ¢c = \/w2 + xy + y2, a = \/y2 + yz + 22 and
b= V224 zx + 22.
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The right-hand side of the inequality can then be written as

S V(@ +y+2) +3 (2 — y2)

cyc

= V2@ +ay+y?) +2 (@ +wz+2%) — (v +yz + 2?)

cyc

2 b2+ 2) __ 2
:22\/( :) a = 2 (mg + mp + m,)

cyc

by Apollonius’ theorem, where m,, m;, and m,. are the lengths of
the medians from A, B and C, respectively.

The inequality now becomes ¢ + y + z < % (mge + my + m.). Fur-
thermore, we have that =, y and z are the distances T A, T B
and T'C from the Torricelli point of AABC to each of its vertices,
and 2mg, 2m, and 2m, are the distances GA, GB and GC from
the centroid G of AABC to each of its vertices. Therefore, the
inequality immediately follows from Fermat’s theorem, which as-
sertsthat TA+TB+TC < GA+ GB + GC. O

Problem 5. Let ABC be an acute triangle. Find the equilateral
triangle with exactly one point of A, B and C on each of its sides
which has the greatest possible area.

Solution. We are going to construct an equilateral triangle M NP
such that A lies on PM, B lies on M N and C lies on NP.

Since AM NP is equilateral, we have that Z/CPA = ZAMB =
ZBNC = 60°. That is, if we consider the equilateral triangles
ABC,, CAB, and BCA, constructed outwards on each of the
sides of AABC, then M must lie on the circumcircle of AABC,,
N must lie on the circumcircle of ABC A; and P must lie on the
circumcircle of AC AB; (all three points in the exterior of A ABC),
as in figure 6.

We choose a point M on the circumcircle of AABC; (outside
ANABC). Let N be the point of intersection (different from B)
between M B and the circumcircle of ABCA; and let P be the
point of intersection (different from A) between M A and the cir-
cumcircle of AC AB;.
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Figure 6: Possible equilateral triangles in problem 5.

We have to show that C lies on NP or, equivalently, that N, C
and P are collinear. But it is easy to observe that

/ACP = 120° — /CAP = 120° — (180° — /ZBAC — /BAM)
— /BAC + /BAM — 60°

and

/ZBCN =120° — ZCBN = 120° — (180° — ZABC — ZABM)
= /ABC + ZABM - 60°

from which it immediately follows that

LNCP =/ZNCB + /BCA + LZACP

=/ABC + /BCA + /CAB + /BAM + ZABM — 120°
= 180°

Now, from all the triangles constructed this way, we want to obtain
the one with the greatest area. As all these triangles are equilat-
eral, the greatest area is attained with the largest side length. That

is to say, we have to choose M in order to maximize the length of
MN.
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Let O, be the circumcenter of A ABC; and O, be the circumcenter
of ABCA,. We claim that the maximum length is attained when
M N is parallel to O,0,. Let K be the perpendicular projection
of O; on M B and let L be the perpendicular projection of O, on
BN. Let S be the point of intersection between O, L and a parallel
to M N through O,. On the one hand, it is clear that O, S = KL.
Furthermore, KB = {MB and BL = (BN, so KL = {MN.
On the other hand, we have that 0,5 < 0;0, and the equality
holds if and only if S = O, (because O, S is the distance from O,
to O,L). In conclusion, M N < 20,0, with equality if and only if
M N is parallel to O;0-.

Figure 7: Sketch of the minimum side length in problem 5.

Equivalently, the triangle we are looking for has its sides per-
pendicular to TA, T'B and T'C (where T is the Torricelli point of
ANABC). O
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Rearrangement Inequality
Revisited

J. L. Diaz-Barrero and J. Gibergans-Baguena

1 Introduction

There is no doubt that one of the most fundamental principles in
the theory of inequalities is the systematic employment of order
relationships. An elementary application arises in a natural way.
Indeed, if a; < a; and b; < by then 0 < (az — a1)(bs — by), from
which a;by + axb; < a1b; 4+ axb, follows. This is precisely the
rearrangement inequality for n = 2. In the following we will state
and prove by induction the general case that appeared in 1934 in
the famous book of Hardy-Littlewood and Polya [1].
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Theorem 1. Let a4 S as <... S an, andb1 S bz S .o S b'n, be

sequences of real numbers and let ¢y, ca, ..., c, be a permutation
of by, by, ..., b,. Then, it is true that

n n n
Z apby > Z apcy > Z arbp_ri1
k=1 k=1 k=1

Ifthe a; are all different, equality holds if and only if (¢1,c2y . . . y Cp) =
(b1ybay...,b,) or (c1,¢2y...5¢n) = (bpybp_1,...,b1), respectively.
Inequalities reverse if the two sequences are sorted oppositely, one
increasing and the other decreasing.

Proof. To prove the preceding result we argue by mathematical
induction. First, we prove LHS inequality. Indeed, let

P(n) : Zakbk > Zakck
k=1 k=1

The case when n = 1 trivially holds. Suppose that P(k) holds for
1 < k < n and we have to see that P(n + 1) also holds. WLOG we
can assume that

a1 <a<...<a;<...<a; <...<a, < antr
b1 <b<...<b; <...<b; Z...<5b, < byt
and suppose that ¢; = b,4+1 and ¢, = b; for some index 1, j.

Since (an+1 — ai)(bn+1 — bJ) Z 0, then Cl,ibj + an+1bn+1 Z a;c; +
Ay, 4+1Cpt1, OT equivalently Qa;Cp1 —|—an+1ci Z aici—|—an+lcn+1. Taklng
into account P(n) we can now prove P(n + 1):

aic + azcz + ... + @iC; + ... + AnCp + Any1Cnta

aicy + azxCe + ... + a;Cpy1 + ..o + AnCy + Apt1C

aici + azcp + ... +a;bj + ... + ancy + apy1byia

I IA

P(n)
< a1by 4+ azby 4 ... +a;b; 4+ ... + anby, + any1bpya

The RHS inequality is obtained from the preceding replacing the
sequence b; < b, < ... < b, by -b, < —-b,_1 < ... < —by. This
completes the proof.

O
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Rearrangement Inequality can also be stated in the following form:

Leta; < ay; < ... < a, and by, bsy,...,b, be sequences of real
numbers and let ¢y, ¢, . . . , ¢,, be a permutation of by, ba, . . ., b,. The
sum S = a;c; + azcy + ... + a,c, is maximal if the two sequences
a,as,...,a, and ci,cs,...,c, are sorted in the same way and

minimal if the two sequences are sorted oppositely, one increasing
and the other decreasing.

Two special cases of the preceding are the following corollaries.

Corollary 2. Leta,,as,...,a, bereal numbers and letcy, ca, ..., c,
be any permutation of them. Then, the following holds

2 2 2
ai +a;+...+a, > acy+azcz + ...+ apc,

Corollary 3. Let ay,as,...,a, be positive real numbers and let
ci1, Ca, . . . , €, be any permutation of them. Then, the following holds

(&} Co Cp,
—+ 24+ >0
a; az an

In 1935, participants in the famous Eotvés Competition in Hun-
gary were asked to prove the above Corollary ([2]). From the above
theorem and its corollaries it is possible to derive a lot of useful
inequalities. For instance, all the classical inequalities used in
this paper and derived in this way can be found in ([3],[4]).

2 Main Results

Hereafter, we present two applications of the rearrangement in-
equality. We begin with

Theorem 4. Let a, b, and c be positive real numbers. Then,

((4n+ 1)a — b)2+((4n+ 1)b — c>2+((4n—|— 1)c — a)2 > 1202
b+c c+a a+b

holds for any positive integer n > 1.
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Proof. Without loss of generality we can assume thata > b > ¢

from which it immediately follows thata +b > a + ¢ > b+ c and

1 1
> > . Since the first and the last sequences are
b+ec c+a a+b
sorted in the same way, by applying rearrangement inequality, we

get

9 ( a n b n c ) > 9 ( a n b N c )
n n
b+ec c+a a-+b - a+b b4+c¢c c+a

a b c b c a
2n( + + ) > 2”( + + )
b+ec c+a a-+b a+b b4+c¢c c+a
a b c a b c

>
b+c+c+a+a+b - a+b+b+c+c—|—a

Adding up the preceding inequalities yields

PR
b+c c¢c+a a-+b

+ 2
a+b b+4+c¢c c+a

(an+1) ( )z on+

from which we obtain

1((4n—|—1)a—b+(4n—|—1)b—c+(4n—|—1)c—a) > om
3 b+c c+a a-+b

Taking into account AM-QM inequality, we have

[l )]
1 ((4n—|—1)a—b (4n +1)b —c (4n+1)c—a> > om

_g b+e c+a a+b

from which the statement follows. Equality holds when a = b = ¢
and we are done.

[]

The particular case when n = 1 has appeared recently in [5].
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Next we state a constrained inequality that will be proven using
the rearrangement inequality.

Theorem 5. Let a, b, c,d be four positive real numbers such that
abcd = 1. Then, for alln > 1 it is true that

a? 1 4 p2n—t  p2ntl g p2nml o o2ndl o g2n—l g2ndl g g2n—l
b+ec+d + c+d+a d+a—+b + a+b+c

Proof. Since the vectors (a®"*1, p2nt+1, 21 @27 +1) and

( ! ! ! ) have its components

b+c+dc+d+a’d+a+ba+b+tc
sorted in the same way, as can be easily checked, then we have

8
> —
-3

a2+l p2ntl 2t d2n+1
b—|—c—|—d+c—|—d—|—a+d—|—a—|—b+ a+b+c
p2ntl 2t d2nt1 a2+l

> ’
- b—l—c—|—d+c—|—d—|—a+d+a—|—b+a—|—b—|—c

and
a2n+1 + b2n—1 b2n+1 _|_ C2n—1 C21"1.—{—1 _|_ d2n—1 d2n—|—1 _|_ a2n—1

b+c+d + c+d+a * d+a+b * a+b+c
b2n+1 _|_ b2n—1 c2'n,+1 _|_ c2n—1 d2n+1 _|_ d2'n,—1 a2n—|—1 + CL2'n,—1

b+c+d + c+d+a + d+a+b + a+b+c
Applying AM-GM inequality, we have

b2n+1 + b2n—1 + cZn—i—l _|_ cZn—l + d2n+1 + d2n—1 + a2n+1 _|_ a2n—1
b+c+d c+d+a d+a+b a+b+c
2b2n 26277. 2d2n 2a2n

>
- b—}—c—|—d+c—|—d+a+d+a—|—b+a—|—b—|—c

Now, we apply Cauchy’s inequality to the vectors

. b™ c” ar a”
“= (x/b+c+d’\/c+d+a’\/d+a+b’\/a+b+c>

and

7= <\/b—|—c—|—d,\/c—i—d—l—a,\/d—i—a—l—b,\/a—l—b—l—c)
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to obtain
2b2n 2 2n 2d2n 2 2n 2 n_|_bn_|_ n_|_dn 2
TR Lo 2 e - )
b+c+d c+d+a d+a+b a+b+c 3(a+b+c+d)

On account of mean inequalities, we have a™ + b" + ¢c™ + d™ >
(a+b+c+d)™
e , and
a2n+1 _|_ b2n—1 b2n—|—1 _|_ CZn—l c2n—|—1 _|_ d2n—1 d2n+1 _|_ a2n—1
b+c+d + c+d+a + d+a+b + a+b+ec
2(a™ + b" + c" + d")? S 2(a+b+c+ d)*™

- 3(a+ b+ c+d) — 34 2(a+b+c+4d)
2n—1
_2(a_|_b_|_c_|_d)2n—1>2(4vab0d> _8
- 3 . 42n—2 = 3. 42n—2 3
Equality holds when a = b = ¢ = d = 1 and the proof is complete.
O
References

[1] G. Hardy, J. Littlewood and G. Polya, Inequalities, Cambridge
University Press, Cambridge, (1988) 260-299.

[2] Liu, A, Hungarian Problem Book III, The Mathematical Asso-
ciation of America, (2001) 4-4.

[3] Kin-Yin Li, Rearrangement Inequality, Mathematical Excal-
ibur, Vol. 4, No. 3 (1999) 1-4.

[4] Engel, A, Problem-Solving Strategies, Spriger, New York,
(1998) 167-170.

[5] J. L. Diaz-Barrero, Problem 95.B, The Mathematical Gazette,
Vol. 65, No. 532 (2011) 133-133.

Applied Mathematics III, Barcelona Tech
Jordi Girona 1-3, C2, 08034 Barcelona. Spain
Jjose.luis.diaz@upc.edu, jose.gibergans@upc.edu



78 Arhimede Mathematical Journal

Solutions

No problem is ever permanently closed. We will be very pleased to
consider for publication new solutions or comments on the past
problems.

Elementary Problems

E-1. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Without the aid of a computer, calculate the following
sum:

20142 — 20132% 4+ 20122 — 20112 + ... +4%2 — 32 4+ 2%2 — 12
Solution by the proposer. We have

20142 — 20132 4+ 2012%2 — 20112 4+ ... + 4% — 32 4+ 2%2 — 12
=2-1)(2+1)+(4—-3)(4+3)+...+ (2014 —2013)(2014 + 2013)

(1 + 2014) - 2014

=14+243+44+54+6+...4 2013 4 2014 = 2

= 2015 - 1007 = 2029105
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Solution by Alberto Espuny-Diaz, CFIS, Barcelona Tech, Bar-
celona, Spain. We have

20142 — 2013% + 20122 — 20112 +...4+4%2 —3%2 + 22 — 12

1007 1007 1007
=> (2n)*—(2n—-1)’=> (4n—1)=4)» n—1007
n=1 n=1 n=1
1007

= 471008 — 1007 = 1007 - 2015 = 2029105

Also solved by Eduardo Espuny-Diaz, Universitat Pompeu Fa-
bra, Barcelona, Spain; Guillermo Girona San Miguel, CFIS,
Barcelona Tech, Barcelona, Spain, and Ander Lamaison Vi-
darte, CFIS, Barcelona Tech, Barcelona, Spain.

E-2. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. On a table there are several notes of 5,10, 20, 50, 100,
200 and 500 Euro. If the total number of notes is 211, then show
that there are at least 31 with the same value.

Solution by the proposer. We can consider the values of the
notes as pigeonholes and the number of notes as pigeons. So, we
have to place 211 pigeons in 7 pigeonholes. Since 211 = 7x 3041,
then at least 31 pigeons must lie in the same pigeonhole. That is,
there are at least 31 notes that have the same value.

Solution by Eduardo Espuny-Diaz, Universitat Pompeu Fabra,
Barcelona, Spain. Let us suppose that we have at most 30 notes
of each kind. Then, we have at most 30 x 7 = 210 notes, which is
less than the number of notes on the table. Hence, there must be
at least one more of one kind, that is, 31.

Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain, and Guillermo Girona San Miguel, CFIS,
Barcelona Tech, Barcelona, Spain.
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E-3. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Suppose that in the following figure all the squares
are of side length one. Compute the value of A + B + C.

[ © ©
/ / C

©
Figure 8: Statement of the problem

Solution 1 by Alberto Espuny-Diaz, CFIS, Barcelona Tech, Bar-
celona, Spain. Let us consider the following figure:

/

A B

Figure 9: Scheme for the solution

For the angles on the top of the right square, we observe that C' is
the other angle of an isosceles triangle, and the angles A at P and
S are equal because their sides are parallel. Finally, B appears
because triangles PRS and QRS are similar. Indeed, we observe
that they share one angle at point R, and that their side lengths
incident on R are 1 and /2, and +/2 and 2, respectively, so they
are proportional. Hence, we observe that A + B 4+ C = 90°
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Solution 2 by Francesc Gispert Sanchez, CFIS, Barcelona Tech,
Barcelona, Spain. We have that, if 0 < z,y < 7,

tan (x) + tan (y)

tan (z +y) = 1 — tan (x) tan (y)

Setting = arctan (a) and y = arctan (b) in the previous expres-
sion and applying arctan to both sides of the equation, we obtain
that

b
arctan (a) + arctan (b) = arctan ( ot )
1—ab
if0 <a,b< 1.

Now, we can use this to compute

1 1
A+ B+ C = arctan (5) + arctan (5) + arctan (1)

1,1
= arctan | 2> —2_ | + — =
(1—§-l> 4

2

_|_

0 ™
4 2

N

Solution 3 by Ander Lamaison Vidarte, CFIS, Barcelona Tech,
Barcelona, Spain. The right triangles with angles A, B and C
all have altitude of length 1, and bases of length 3, 2 and 1, re-
spectively. Therefore, the angles A, B and C correspond to the
arguments of the complex numbers 3 + ¢, 2 + ¢ and 1 + 4, respec-
tively. The sum of the angles is the argument of the product of the
three numbers. But

B4+4)(2+4)(1+1) = (5+5%)(1+4¢) =107
This number has argument T

E-4. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Find the value of

1 1 1
+ + .00+
2 ++42 3424243 2025 /2024 + 2024 /2025
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Solution by the proposer. For each positive integer n, it is true
that

1 1
mM+1)vVn+nyn+1 - \/ﬁ\/n—kl(\/n—{—l—i—\/ﬁ)

VAFI- v

vnyn+1

1 1
- \/ﬁ_\/n—kl
Therefore,
1 1 1

+ + ...+
2 +4/2 3424243 2025 /2024 + 2024 /2025

1 1 1 1 1
=(1-—=)+(—=-—=)+...+ —
( ﬁ) <\/§ \/§> (\/2024 \/2025>
_q 1 1 1 _ 44
B V2025 45 45
Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,

Barcelona, Spain, and Guillermo Girona San Miguel, CFIS,
Barcelona Tech, Barcelona, Spain.

E-5. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Let I be the sum of the interior angles of a convex
n-sided polygon and let E be the sum of its exterior angles taken
counterclockwise. Compute

I—-F
I+ FE

Solution by the proposer. Let A, A,,..., A, be the interior an-
gles of the n-gon and let By, Bs, ..., B, be the exterior angles. To
compute I we join the center of the polygon to each vertex and we
obtain n triangles. The sum of the angles of all triangles is

n-180°= A; + A +...+ A, +360° = I + 360°
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from which follows I = (n — 2)180°. To compute E we observe
that A, + B = A, + By, = ... = A,, + B,, = 180°. on account of
the fact that I = (n — 2) 180°, then

(n—2) 180°+B;+By+. . .4+B,, = n180° < (n—2) 180°+E = n 180°

from which we get that E = 360°. Finally,
I-E (n—4)180° n—4
I+E  nl8° n

Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain, and Guillermo Girona San Miguel, CFIS,
Barcelona Tech, Barcelona, Spain.

E—6. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Find the number of zeros at the end of

2014!=1-2-3...2012-2013 - 2014

Solution by the proposer. We begin with the following general
question: What is the maximum power of a prime p that divides
n!? To answer this question we consider, for instance, n = 12 and
p = 2. We have

123456789 10 11 12

01010101
0 001O0O0O0T1
0 000O0OOOO0O1TO0O0 O O
where we have written in each column indexed by a number from
1 to 12 as many 1’s as the maximum exponent of 2 that divides it,
otherwise we have written 0. So, the maximum exponent of 2 that
divides 12! equals the number of ones in the previous table. That

is, e(2) = 10. Now we count this number by rows and we get

12J n L12J n LlQJ —64341=10
L 2 22 28] N
In general for a prime p and any positive integer n, we have

o) = |2+ 3] 2] o ]

e(2) =




84 Arhimede Mathematical Journal

To find the number of zeros in which 2014! ends, it will suffice
to know e(5) because a zero is obtained multiplying 2 X 5 and
e(2) > e(5). That number is

e(5) = L20514J L2(5)14J {2§14J ngiél

Also solved by Guillermo Girona San Miguel, CFIS, Barcelona
Tech, Barcelona, Spain.

J — 4024-80+16+3 = 501

E-7. Proposed by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain. Compute the value of

9999
10000

1 —1 1 — | — |
(0} + lo + lo + ...+ 1o

Solution by the proposer. Using the properties of the sum of
logarithms, we have that

1 1—|—l 2—|—l 3+ 41 9999
og — og — og — oo (0]
g2 g3 g4 g10000
(1 2 3 9999)
=log|—-+—:-—"-
2 3 4 10000
1 1
= 10 = —
g10000

An alternative solution can be written using the properties of the
logarithm of a fraction. Indeed, we have that

{ 1—|—l 2—|—l 3_|_ 41 9999
og—+log—+log—+...+ 1o

S TIOR3 T8 % 10000

=logl —log2+1log2 —log3 +log3 —log4 + ... — log 10000

= log1l —1log10000 =0—4 = —4

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain; Eduardo Espuny-Diaz, Universitat Pompeu Fabra,
Barcelona, Spain; Guillermo Girona San Miguel, CFIS, Barce-
lona Tech, Barcelona, Spain, and Isaac Sanchez Barrera, CFIS,
Barcelona Tech, Barcelona, Spain.
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E-8. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Find the value of

<1+1+1+ N 1 N 1 )(1+1+1+ 1)
3 4 7 2014 2015/\2 3 4 7 2014

(1+1+ TR S )<1+1+1+1+ + 1)
3 4 7 2014 2015 2 3 4 7 2014

1 1 1 1
Solution by the proposer. et A = — + — ...
y prop 3+4+ +2014+2015

1 1 1 1
and B=-+4+ -4+ —-+4+...4+ ——. Then, the given expression is
2 T 3 T 4 T T 2014 8 P

(1+ A)B— A(1+ B) =B A= 1 _ 2018
o 2 2015 4030

Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain; Guillermo Girona San Miguel, CFIS, Barce-
lona Tech, Barcelona, Spain, and Isaac Sanchez Barrera, CFIS,
Barcelona Tech, Barcelona, Spain.

E-9. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. A set of 2016 points in general position (no three of
them are collinear) are chosen in the plane. How many disjoint
triangles can be built with them?

Solution by the proposer. Since no three of the points are colli-
near, we draw a line at the left of all of them and not parallel to
any line joining two of the chosen points. Sweeping the plane from
left to right, mark the first, second and third points found; after
that, mark the fourth, fifth and sixth; and so on until we have
swept all the points. We have 2016/3 = 672 disjoint regions with
three of the chosen points (non collinear) in each. Thus, we can
construct 672 disjoint triangles.

Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain, and Ander Lamaison Vidarte, CFIS, Barce-
lona Tech, Barcelona, Spain.
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E-10. Proposed by José Gibergnas-Baguena, Barcelona Tech,
Barcelona, Spain. Find the last four digits of the number

9+99+999 +9999 +...4+999...9

2014

Solution by the proposer. We have

N =94+99+4999 49999 + ...+ 999...999
+99 4+ 999 + 9999 + ... + o

= (10 — 1) + (100 — 1) + (1000 — 1) + ...+ (100...000 —1)
2014
=111...110—2014 = 111...111 09096
—_— —_——
2014 2010

So, the number N ends in 9096 and we are done.

Also solved by Guillermo Girona San Miguel, CFIS, Barcelona
Tech, Barcelona, Spain, and Isaac Sanchez Barrera, CFIS, Bar-
celona Tech, Barcelona, Spain.
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Easy-Medium Problems

EM-1. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. A triangle is drawn in a sheet of paper. A blind man
draws a line that does not pass through any vertex of the triangle.
Show that the line does not cut the three sides of the triangle.

Solution by the proposer. The line divides the sheet of paper
into two disjoint regions. We have two cases: (1) If the triangle
lies in one of them, then the statement holds. (2) If not, then we
have three points (the vertices) lying in two disjoint regions. By
the pigeonhole principle, two of them lie in the same region and
the side of the triangle joining them is not cut by the line. This
completes the proof of the claim.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-

celona, Spain.

EM-2. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let a, b, c be positive real numbers. Prove that

(abc pee cab) m S (CL + b+ c)3
9 (ab + bc + ca)

3abc

abtberea and we claim

Solution by the proposer. First, we insert
that

(abc bca cab) m < 3abe < (a _|_ b _|_ 6)3
~ ab+bc+ ca ~ 9(ab+ bec + ca)

Indeed, the RHS inequality immediately follows from AM-GM in-

equality. To prove the LHS inequality, we will apply Jensen’s in-

equality to the concave function f : (0,4+00) — R defined by
_ s _ bc _ ca _ ab

f(t) - lOgt with a1 = ab+be+tca’? qz = ab+bc+ca’ q3 = ab+bc+ca’? and

x1 = a, x2 = b, x3 = ¢, respectively. Thus, from

Y auf(m) < f (Z qkwk>
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we get
bc log a ca logb ab log c <1 ( 3abc )
o
ab+bc+ca ab+bc+ca ab+ be+ca ab + be + ca

or equivalently,

“bTbeTea 3ab
lOg <abc pce Cab) b+bet+ S lOg ( aoc )
ab + be + ca

from which the inequality follows. Equality holds when a = b = ¢,
and we are done.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain.

EM-3. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Show that there exist infinitely many triples (z, y, z)
of positive integers such that z < y < z and 2y? = x? + 22.

Solution 1 by José Gibergans-Baguena, Barcelona Tech, Barce-
lona, Spain. Let a, b be positive integers such that a > b. Then,
the numbers z? = (a® + b%)? — 4ab(a® — b?), y? = (a® + b?)?,
2?2 = (a® 4+ b?)? + 4ab(a® — b?) satisfy 2y* = x? + 22. Furthermore,
z? = a*+b*+2a’b? —4a3b+4ab® = (a®>—b*—2ab)?, y?> = (a®+b?)?
and z? = a* + b* + 2a?b? + 4a3b — 4ab® = (a® — b® + 2ab)?. So,
x = a®?> — b® — 2ab, y = a® + b? and z = a® — b® + 2ab satisfy
x < y < z and we are done.

Solution 2 by Jordi Bosch Bosch, IES Jaume Vicens Vives, Gi-
rona, Spain. The triple (z, y, z) = (1, 5, 7) satisfies the hypothesis
of the statement. Then, all triples of the form (¢, 5¢, 7t) with ¢ > 0
also verify that 2y2 = 50t2 = t2 +49t> = z2 + 22 and z < y < z.
Since t € (0, +o00) then we have infinitely many solutions.

Also solved by the proposer.
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EM-4. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let a, b, c be positive real numbers. Prove that

a*+10a® +5 n b* + 10b% + 5 N ct+10c2 +5 S 19
b34+b24+b+1 cB4+c24+c+1 ad4+a?24+a+1—

Solution by Jordi Bosch Bosch, IES Jaume Vicens Vives, Gi-
. . a*+10a? +5
rona, Spain. We claim that > 4. Indeed, a* +
at+a?+a+1
10a?+5—4(a®+a*+a+1) = a*+10a’+5—4a® —4a® —4a—4 =

a*—4a®+6a®>—4a+1 = (a—1)* > 0. Equality holds when a = 1.

Applying AM-GM inequality yields

a* +10a®+5 b* + 10b% + 5 c*+10c®2 +5
b3+b24+b+1 cd+e2+e+1 ad+a?2+a+1

S 38 at+10a2+5 b4+ 4+ 10b2 4+ 5 ct+10c2+5
- bB34+b24+b+1 24+c24+c+1 a3 +a24+a+1

=3v4-4-4=12

Equality holds when a = b = ¢ = 1, and we are done.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain, and the proposer.

EM-5. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. How many ways are there to weigh 31 grams with
a balance if we have 7 weights of one gram, 5 of two grams, and 6
of five grams, respectively?

Solution by Alberto Espuny-Diaz, CFIS, Barcelona Tech, Bar-
celona, Spain. The required number is the number of solutions
ofa+b+c=31witha € {0,1,2,3,4,5,6,7}, b € {0,2,4,6,8,10},
and ¢ € {0,5,10,15, 20, 25,30}. We claim that the number of so-
lutions of this equation equals the coefficient of 3! in the product

(1+z+2?+...+z2") (z+z? +z* +.. . +2'0) (1+2° 420 +. .. +239)
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Indeed, a term with z3! is obtained by taking some term z® from
the first parentheses, some term z® from the second, and x¢ from
the third, in such a way that a 4+ b + ¢ = 31. Each such possible
selection of a, b and ¢ contributes 1 to the considered coefficient
of 3! in the product. Since

(A+z+2°+...+2") 1+ +2*+. .. +20) QA+’ + 20+, .. +239)

=14+x+...4+ 1023 + 1023 + 10232 + ... 4+ 26 + 2?7,

then the number of ways to obtain 31 grams is 10, and we are
done.

Also solved Ander Lamaison Vidarte, CFIS, Barcelona Tech,
Barcelona, Spain, and the proposer.

EM-6. Proposed by Mihaly Bencze, Brasov, Romania. Let a,k
be positive integers and let n be a nonnegative integer. Show that
(ka? + 1)?"*! can be expressed as a sum of k + 1 squares and
(ka? 4+ 1)?™*2 can be expressed as a sum of (k + 1)2 squares.

Solution by the proposer. First, we have

2n
(ka? + 1) = (ka? +1)(ka? +1)2" = <a2 +a?4...+a? +12) (k:a2 + 1)
k

_ (a(kza2 + 1)")2 + (a(kza2 4 1)")2 +t (a(ka2 + 1)")2 +((k:a2 + 1)")2
k

which is the sum of k£ 4+ 1 squares.

Likewise,
(ka® + 1)°"*2 = (ka® + 1)%(ka® +1)*" = (k2a4 + 2ka® + 1) (ka2 + 1) o
= (az(ka2 + 1)")2 + (a2(kza2 + 1)")2 Tt (az(kzaz + 1)”)2
2

+ (a(lm2 + 1)")2 + (a(k:a2 + 1)")2 oot (a(ka2 + 1)")2 —|—((ka2 + 1)")2

2k

is the sum of (k + 1)? squares, and we are done.
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Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain; José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain, and Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain.

EM-7. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. If P(a, b, c) is a common point of the plane x + y +
z+3 = 0 and the sphere x?+y?+ 22 = 9 not lying on the cartesian
axes, then show that

ab be ca

a—|—b+b—|—c+c—|—a

does not depend on the position of point P.

Solution by José Gibergans-Baguena, Barcelona Tech, Barce-
lona, Spain. Since P lies on the plane, then a + b + ¢ = —3.
Squaring the last expression, we obtain

9:(a+b—|—c)2:a2—|—b2—|—cz—|—2(ab—|—bc—|—ca)

and ab + bc + ca = 0 on account of P also lying on the sphere.
From the preceding, it immediately follows that

be ca ab
= g C = —

_b—|—c’ _c—|—a’ a-+b

Adding up the expressions above yields

< be ca ab

+ + >:a+b—|—c:—3
b+c c+a a-+b

from which we get

ab be ca

=3
a—l—b+b—|—c+c+a

and we are done.

Also solved by the proposer.
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EM-8. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. Find all pairs of non-negative integers
(a, b) satisfying

a?2® = 8b3°

Solution by the proposer. a = 0 < a22% = 0 = 8b23% < b =
0. Hence, (0,0) is a solution. Now assume a and b are positive.
If b > a, a?2* < b?2° < 8b33° = a?2%. This is impossible, so
a > b. 22|8b33%, so 2¢|8b%. Also, 3°|a?2?%, so 3°|a®. Multiplying
both expressions, 223°|8a2b3, 223° < 8a?b3, and i—zg—z < 8.

Assume that b > 6 (and a > 7). g—'; > %7 (it is true for b = 6, and
ol si s b+1 3 b 3 gb b
if it is true for b, then(lj‘:_—l)?,:?,(H_Ll) 2—323(2) g_3>2_32%7)_

Similarly, 27 > 2 (it is true for @ = 7 and, if it is true for a,

2
2e+1 a 2@ 7\2 20 2@ 128 22 3b
@iz — 2 <_a+1> e 22(3) = > 5 2 ) Therefore, >

aZ? b3
27128
8 49

We have proved the following: a > b, 2%|8b%, 3%|a?, 1 < b < 5. We
consider the following cases:

> 8 and there is no solution.

e b=23or b=5: 2%8b% 2°
solution.

8 3 > a > b > 3. There is no

eb=1: 280> = 8, a < 3, 3|a®, a = 3. (3,1) is a possible
solution.

e b=2: 278> = 25, a < 6. 9|a?, 3|a. (3,2) and (6,2) are
possible solutions.

e b=4: 278> = 29 a < 9. 81|a? 9]a. (9,4) is a possible
solution.

The possible solutions are (0,0), (3,1),(3,2),(6,2) and (9,4). By
checking in the original equation we find that the only solutions
are (0,0) and (9, 4).

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain.
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EM-9. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let A, B,C, D be four points lying on the circle
I'(O, R) such that the chords AC and BD are perpendicular and
meet at point P. Prove that

AP? + BP? + CP? + DP? = 4R?

Solution 1 by the proposer. We argue working backwards. In-
deed, we observe that 4R? is the square of a diameter of I'. So, in
the following figure we look at the diameter AE and we have that
angles ABE and ACE are right. So, on account of Pythagoras
theorem, we have

Figure 10: Scheme for Solution 1

4R? = AE?* = AB?> + BE?> = AP?> + BP? + BE?

Now, we need to see that BE? = C P2+ D P2. Applying Pythagoras
theorem to the right triangle CPD yields

DC? = CP? + DP?

To finish the proof, it will suffice to see that DC = BE. Since
/ZPCE = ZBPC = 90°, then segments CE and DB are parallel.
As a consequence, /PBC = /BCFE = « and the chords CD and
BE are equal. This completes the proof.
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Solution 2 by by José Gibergans-Baguena, Barcelona Tech,
Barcelona, Spain. In the following figure, on account of Pythago-
ras theorem, we have AP?+4+ PC? = AC? and BP?+ PD? = BD?.
Therefore, it will suffice to see that AC? + BD? = 4R?. To do it, let
us consider the diameter M N parallel to AB. We then draw FE the
symmetric point of point B with respect to the diameter M N and
the segment F'E parallel to AB, where F belongs to CD. Now,
we will see that CE = BD and that AACE is right. Indeed, tri-

Figure 11: Scheme for Solution 2

angles BPD and EFC are congruent, as can be easily checked.
And, by construction, ZABEF is a right angle, so ZACE, which
is subtended by the same arc, is also right. Therefore, in triangle
ACE we have the equality 4R?> = AC? + CE? = AC? + BD? on
account of Pythagoras theorem, and we are done.

Also solved by Ander Lamaison Vidarte, CFIS, Barcelona Tech,

Barcelona, Spain.

EM-10. Proposed by Nicolae Papacu, Slobozia, Romania. Let
n > 1 be a natural number and consider the equation

MsJ * {33-65J * {%J et L(2n - 1)w(2n+ 1)J -

where z is a natural number. Find all the values of n for which
the equation has n solutions for x (|-| denotes the integer part).
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Solution 1 by Ander Lamaison Vidarte, CFIS, Barcelona Tech,
Barcelona, Spain. Assume that for an integer n the equation has
at least four solutions w < = < y < z. Then it is clear that
z > w + 3, and this implies that [2] > |*F] = [¥ + 1] =
5] +1 > [5]. For any other positive integer, |[Z| > [7]. But
then we get a contradiction since

Ozn—n=§{(2k_1;2k+1)J _i{(%—l;‘é%-l-l)J

k=1
z w
2 |7s) - [i7s) >
1-3 1-3
This means that no integer n > 4 satisfies the condition from
the statement. All that is left is to check the cases n < 3. For
n = 1 the resulting equation is |§] = 1, which has solutions
x € {3 4,5}. For n = 2theequat10nls |5 J—|—|_ =] = 2, which
has solutlons xz € {6,7,8}. Finally, for n = 3 the equation is
5] + L35] + L3z] = 3, with solutions = € {9, 10, 11}.

The only integer n for which the equation has exactly n solutions
isn = 3.

Solution 2 by the proposer. Taking into account the definition
of the integer part of a number, we have that

{(%— 1)(2k:+1)J . (2k —1)(2k + 1) < {(2/1<:—1)(21<:+1)JJr ’
for k =1,...,n. Then,

Zn: {(2/& — 1;:(2k: + 1)J

k=1

IN
NE

2k — 1)(2k: + 1)

k=1

(
‘ {(2k —1)(2k + 1)J T

N
NE

k

i {(21: - 1;E(2k+ 1)J -

k=1

Since
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and
z”: 1 _12":( 1 )_ n
—~(2k—1)2k+1) 24 \2k—1 2k 41 2n+1’
we obtain
n < ne < 2n
~2n+1 ’

which means that ¢ € [2n 4+ 1,4n + 2). Since € N, we have that
x € {2n+1,2n + 2,...,4n + 1}, and we can consider different
cases.

If £ > 2n 4+ n + 3, then L%J > n -+ 1> n, and then

z:: {(% — 1)m(2k + 1)J

Thus, we have that z € {2n + 1,2n 4+ 2,...,3n + 1,3n + 2}.

If n > 5 we have three possibilities. If we set * = 3n + 2, then
=] =n, %] = Lg—i—lj > 1; if we set £ = 3n + 1 we have

1 ", |35 35
that | % | =| = |2+ 5] > 1. finally, setting = 3n yields
1

'_
—

=MNn, |33

3
t
L%J =n, 3“’—5J = L%J > 1. In these three cases we obtain

2:: {(% — l)az(% + 1)J

Hence, for n > 5 we have that x € {2n 4+ 1,2n 4+ 2,...,3n — 1 =
2n + n — 1}, that is, the equation has less than n — 1 solutions.
Therefore, n < 4and z € {2n + 1,2n + 2,...,3n + 1,3n + 2}.

If n = 4 we have the equation ng + L%J + L;—SJ + L%J = 4 with
x € {9,10,11,12,13,14}. By substituting « into the equation, we
observe that the equality holds for « € {12,13,14}, which means

that there are 3 solutions.
If n = 3 we have the equation ng + L%J + L%J = 3 with = €
{7,8,9,10,11}. Substitution into the equation yields that the so-

lutions are « € {9,10, 11}, and we have 3 solutions.
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If n = 2, the equation becomes |2|+ | 2| = 2with z € {5,6,7,8}.
The solutions for this equation are z € {6, 7,8}, which means that

we have 3 solutions again.

If n = 1 the equation becomes |2| = 1 with « € {3,4,5}, the
three of them being solutions. We have 3 solutions once again.

In conclusion, the only n for which the equation has n solutions
isn = 3.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain and José Gibergans-Baguena, Barcelona Tech,
Barcelona, Spain.
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Medium-Hard Problems

MH-1. Proposed by Diana Alexandrescu, Bucharest, Romania
and José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain. Let
p,n be positive integers such that p is prime and p < n. If p

2
divides n + 1 and ({2} , (p— 1)!) = 1, then prove that p - {2}
b b
divides (n) — {E} (here [z] is the integer part of the real number
p b

x).

Solution by the proposers. Since p|n + 1, then p|n+ 1 — p. So,

n
—} = k. Now,

there exists £k € N such thatn = kp+ p — 1 and {
p

we have

)=o) = (7)) -

(kp+p—1)(kp+p—2)...(kp+1)(kp)

— k
p!

_ k(kp+1)(kp+2)...(kp+p—1) —k(p —1)!
(p—1)!

_ k(k-p-r+(p-1Y) —k@—-1)!

(p—1)!
kK2-p-r
= o N

where r € N. Since ({2} , (p— 1)!) = 1, then (p — 1)! divides r
b

n n n 2
and therefore ( ) — [—] is divisible by p - [—] as we wanted to
p p

prove. P

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain.
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MH-2. Proposed by Nicolae Papacu, Slobozia, Romania. For all
positive integer n we consider the number a,, = 4%" + 1943. Prove
that a,, is divisible by 2013 for all n > 1, and find all values of n
for which a,, — 207 is the cube of a positive integer.

Solution by the proposer. To prove the first part, we begin ob-
serving that 2013 = 3-11-61 = 33 - 61. Since 9> = 81-81-9 =
(61 + 20) (61 + 20) -9 and 20 - 20 - 9 = 3600 = 61 - 59 + 1, then we
have 95 = 1 (mod 61). Since 4 = 4096 = 61-67+9 = 9 (mod 61)
and 6" ! = (5 4+ 1)"! = 5m + 1, m € N, then for all n > 1, the
following holds

4" = (49 = (49" =9 .9=9 (mod 61)

Therefore, a,, = 4" 4+ 1943 = 1952 = 0 (mod 61) and 61|a,,, for
alln > 1.

On the other hand, a,, = 4" — 4+ 1947 = 4 (45"~' — 1) + 33 - 59.
Since 6" —1 = 0 (mod 5), then 6™ —1 = 5p, p € N. Then, we have

471 —1=4"% 1= (4°)" —1=1024" — 1
= (1024 — 1)(1024° ' 4+ ... 4+ 1) =1023-q=33-31-¢
and 33|a,,, which jointly with the preceding yields 2013 = 33-61|a,,
for all n > 1.

To solve the second part of the statement, we observe that a,, —
207 = 4%" 4+ 1736 is an even integer, and therefore its cubic root
is also an even integer, say 2z with € N. From 4%" 4 1736 =
(2x)? follows 226" =3 + 217 = =3 or 23(46"71—1) 4 217 — g3, Setting
24:6"7'~1 — 4 in the last equation yields

2 -y =21Te (z—y) (> + 2y +y*) =217T="7.31
Since x — y < z? + xzy + y2, then we have two possibilities

r—y=1 or T—y=7
x? 4+ zy + y? = 217 2 4+ zy + y? = 31

The solutions of the first system are (9, 8) and (—8, —9), and the
solutions of the second one are (6, —1) and (1, —6). Finally, since
y = 2%6"7'~1 is a positive integer, then y = 246" 7'~1 = 8§ = 23
from which follows n = 1, and we are done.
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Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain; José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain, and Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain.

MH-3. Proposed by Radu Bairac, Chisinau, Republic of Moldova.
Let ABC be a triangle with ZABC = 120° and angle bisectors
AA,,BB,,CC,, respectively. Let F be a point such that B; F L
A.C,, where F € AC,. If R,I and S are the incenters of the
triangles ClBlF, ClBlAl and AlBlF, and Bls N A1C1 = {Q},
then show that R, I, S and Q are concyclic.

Solution by Marc Felipe Alsina, CFIS, Barcelona Tech, Barce-
lona, Spain. In order to prove the statement, we will first prove
that the triangle A,B;C; is right-angled at B;. It is immediate
to see that BA is the external bisector of Bl/B\C and therefore
we can state, due to the bisector theorem applied to the triangle
B; BC, the following result:

AB: BB

AC CB

Figure 12: Scheme for first part of solution

Let L be the incentre of ABC'. Let’s call J the intersection point of
the bisector C'C; and the segment A, B, and let T be the intersec-
tion point of BJ and AC. Then, by applying Menelaus’ theorem
to the triangle B; BC we get:

B;A CA, BL _
AC A,B LB,
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Similarly, applying Ceva’s Theorem to the same triangle we get the
relation:

B,T CA; BL _
TC A,B LB,

Dividing both expressions we obtain the following:

B.T B/A_ AB, BB

TC AC AC CB

That relation, by the converse of the angle bisector theorem, tells

us that T is the foot of the internal bisector of C/Bfl. That means
J is the intersection of two angle bisectors of the triangle B; BC,
and therefore its incentre. Then B; A; is the bisector of the angle

—

BB, C.
Analogously, B;C; is the bisector of the angle 4@ and

AB,B + BB,C

C,B,A, = C,B.B + BB, A, = ;

—

B,C _ 180°
2 2

= 90°

Now that we have proved that Al/B??l = 90°, we can proceed to
prove the statement.

Let P be the intersection of B; R and A;C,. Since FR and F'S are
bisectors of a right angle, we have

QFS = SFB, = B,FR = RFP = 45°

On the other hand,

___  ___  ___ CBiF+FB,A
RB,S = RB,F + FB,S = -~ ; o
C.B A, 90°

2 2
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Figure 13: Scheme for second part of solution

We can observe that B; RFQ is a cyclic quadrilateral because
QFR + RB.Q = 135° + 45° = 180°

Similarly, we obtain that PF'S B; is also a cyclic quadrilateral. We
can then trivially check that

RIS = C1IA, = 180° — TA,Cy — A,C,I

A,C,B; + B,A.C 90°
:1800— 1 1 1+ 1 1 1:1800—

= 135°
2

and
SQR = B,QR = B,FR = 45°
And, thus, we can affirm that RISQ is a cyclic quadrilateral since

RIS + SQR = 135° + 45° = 180°
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Solution by the proposer. First, we will show that Z/C1B1A; =
90°. Let K € BC so that B € (KA,), then ZABK = 60°. Point
C, is on the bisector of ZACB and this implies that d(C,, BC) =
d(C,,AC) or C1F;, = C,F3, where F; is the projection of C; on
BC and F; is the projection of C; on AC. Segment BA is the
bisector of /K BB;, which implies that d(C,, KB) = d(C:, BB,)
or C1 F; = C,F,, where F;, is the projection of C; on BB;. With
this, C1F, = C,F3 and C; B, is the bisector of /BB;A. Let us
denote /B B;C; = «. Likewise, we prove that B; A; is the bisector
of ABBIC. Let 4BBlA1 = ZCBlAl = ,3. Then, from AAB;lC =
180° we have 2a + 23 = 180° and a + 3 = 90°.

F3
B1

C1

K F1 B Al c

Figure 14: Scheme for first part of solution

Let r; be the radius of the inscribed circle of AA;B,C,, r, be the
radius of the inscribed circle of AC; B, F, and r3 be the radius
of the inscribed circle of A A; B, F, respectively. Considering the
properties of right triangles, we have

r2 B,C,
AClFBl ~ AClBlAl = — = — COSs Cl
T1 ClAl

from which ro, = r; cos C; = r; sin A; follows. Likewise,

T3 A1B, .
— = =cosA; = r3 =1r; cosA; = r; sinC,
™1 Ci A,
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Now, we will see that IR || A1B; and IS || C1B;, where I, is
the projection of I on C;A;. Let R, and R* be points such that
LR, | CiBy, R, € (C1B;) and I R, N C;I = {R*}. On account
of AClIIl ~ AClR*Rz, then

R'R; _CiR,

= =cosC; = R*R, =r;cosC; =17
jaa Ci1, 1 2 1 1 2

from which we obtain R* = R, ;R | C:B; = LR || A1B;.
Likewise, we get IS || C1 B;.

A1l

R1 MF S1Q

Figure 15: Scheme for second part of solution

In triangle I; RR, we have v, = I; R sin A; = r; cosC; = r; sin A,
and 1R = r;. In triangle I, SS; we have r3 = IS sinC;, =
ry cos A; = r; sin Cy, from which IS = r,. Finally, we get I R =
II1 = I15 = 7. Since AQSI:[ ~ AQBICI, then

°h _ 59 s -1q
B,.C; CiQ Y
on account of B;C; = C;Q. Now, we can conclude that points

R,1,S, and Q@ lie on the same circle, and we are done.

MH-4. Proposed by Ivan Geffner Fuenmayor, Barcelona Tech,
Barcelona, Spain. Let T" be the circumcircle of a triangle ABC and
let £ and F be the intersections of the bisectors of ZABC and
ZACB with T'. If EF is tangent to the incircle v of AABC, then
find the value of /ZBAC.
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Solution by the proposer. Let us denote by I the incenter of
ANABC.

Figure 16: Scheme for the solution

From the figure it immediately follows that ZIBC = ZIFE and
/ICB = /ZIEF. Therefore, AIBC ~ AIFE. Since both have the
same height (the radius of the incircle) because BC and EF are
both tangent to v, then AIBC = AIFE. Therefore, IB = IF.
Now, if we denote ZABC = 2« and ZACB = 23, then Z/BIF =
a + 8. Now, since AIF B is isosceles, it follows that

/IBF = /IFB = /CFB = /BAC = 180° — 2(a + 3)
Adding up the angles of AIF B yields

(a + B) +180° — 2(ax + B) + 180° — 2(x + 3) = 180°
from which we conclude that a 4+ 3 = 60° and /ZBAC = 60°.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain, and Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain.

MH-5. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let z;, 1 < ¢ < 12 be positive real numbers with
product 1. Prove that

e
332+5B3—|—...+CC12 - 11

cyclic
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Solution by the proposer. To prove the claimed inequality we
need the following result: Let x, > 0,v, > 0, 1 < k < n. Then, for
all m > 2, the following holds:

w_1_|_w_2_|__“_|_m_n2 (a:_12—|—332+_,,_|_33n)
V1 Vo vy, nm2(vy + vy + ...+ vyp)

Indeed, setting

~ . u u Unp,
U = (1/U1,v/V2y ... 54/Up) ¥ = ( ;1, ;,..., ’Un)
in Cauchy’s inequality yields

2

u? u u?
(vi4v2+...4vy) (—1+—2+...+U—") > (ur +uz+ ..+ uy)?

V1 ()
or equivalently,

2 2 2 2
T S (U +ug + ... +uy,)

v V2 (Y vit+vet... .+ U,

Setting ur, = /z7*, 1 < k < n, in the foregoing inequality, we
obtain

ooy AT VIR VD
v V2 (U v +vUv2+ ...+ VU,

Since the function f(t) = +/t™ is convex for m > 2 and t > 0,
then applying Jensen’s inequality, we get

(VT 4+ /TT + ... + /TT)? S (1 + 22+ ... +2,)™
vy +v2+ ...+ v, T nm2(vy 4+ v+ ...+ vy)

that jointly with the preceding inequality proves the result.

Since x1x5 - - - 12 = 1, then applying AM-GM inequality, it imme-
diately follows that 1 +x2+. ..+ x12 > 12. Applying the preceding
result twice, we obtain

Z x73 > (1 + 22+ ...+ x12)*? > E
332+333+...+{B12 - 11(331—|—332+...+3312)1211 - 11

cyclic
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and

Z x3! > (1 + 22+ ...+ x12)" > E
:1:2—{—503—|—...—|—w12 - 11({1}‘1—}—3}2—{—...—{—5812)129 - 11

cyclic

Adding up the above inequalities yields

e
332—|-a:3—|—...—|—w12 - 11

cyclic

from which the statement follows. Equality holds when x; = z, =
-+« = x12 = 1 and we are done.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain.

MH-6. Proposed by Sorin Radulescu, Bucharest, Romania. Let
p be an odd positive integer. Find all natural numbers n > 2 for
which the following holds:

Xn:H(wi—%‘)pZO Vay,...,zn €R

i=1 j#i
Solution by the proposer. Let us denote

fn($1,332,...,$n) - ZH(mz_mg)p
i=1 j#i
= (1 — x2)P (1 —x3)P ... (21 — )P
+ (22 — x1)P(x2 — x3)P ... (2 — )P + ...
+ (xn — x1)P (T — 22)? ... (T — Tp—1)?
Since fa(x1,x2) = (x1 — ®2)? 4+ (x2 — x1)? = O for all x;, x> € R,

then for n = 2 the statement holds and equality occurs. Let n > 3.
Then

fn(x1, 25050, ..., a):(azl—:z:2)p(ml—a)p("_2)+(a:2—ac1)”(wz—a)”("_2)

= (x1 — x2)? [(@1 — a)P"=2 _ (xy — a)p("_z)}
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for all #;, x> € R. Observe that f,(x1,x2,a,a,...,a) > 0 when
the function uq(x) = (x — a)?®~? is an increasing function. This
occurs when p(n — 2) is an odd number, from which we deduce
that n» must be an odd number too.

Now we consider the case when n > 7 is an odd number. Then, it
should be true that

fa(x1,a,a,a,b,...,b) = (xy — a)’®(x; — b)P"4 >0,

for all z;,a,b € R. But the preceding inequality does not hold

a-+b

when x; = and a # b. Hence, we have to analyze the cases

n =3 and n = 5.

(1) For n = 3 we may suppose WLOG that =, > x2 > x3. Let
g(x1, 2, x3) = (3 — )P (3 — x2)? and u(x) = (x — x3)P, * > x3.
Then, we have

(i) u is increasing.

(ii) g($1,$2,a§3) Z 0‘

On account of (i) and (ii), we have that

f(wl, T2, 333)=($1—€U2)p [(fﬂl—w3)p—(€v2 - fcs)p]+(w3—w1)p($3—af2)p
= (21 — ®2)” [u(z1) — u(z2)] + g(x1, T2, T3) > 0

and the statement holds for n = 3.

(2) For n = 5 we also suppose that 1 > x5 > 3 > x4 > x5. Let

h(wn L2, L3y Ly, CE5) = (w3 - wl)p($3 - wz)p(a% - 1134)p($3 — st)p

and let v(x) = (x —x3)P(x —x4)P(x —2x5)P, * > x3 and w(x) = (x—
x1)P(x — x2)P(x — x3)P, x < x3. Observe that h(xy, 2, 3, 4, T5) >
0 and v and w are increasing. Since

f(x1, 2, T3, Ty, Ts) = (1 — x2)P[v(21) — v(T2)]

+(x4 — x5)P[w(xs) — w(xs)] + h(x1, 22, T3, T4, T5),

then f(x1,x2, 3,24, x5) > 0. We conclude that the natural num-
bers for which the statement holds are n = 2,n» = 3 and n = 5.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain.
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MH-7. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barce-
lona, Spain. Let u be the real root of the equation z* — 3x? + 5x —
27 = 0, and let v be the real root of the equation x3 — 3z2 4 5x +
21 = 0. Find v + v.

Solution by José Gibergans-Baguena, Barcelona Tech, Barce-
lona, Spain. Let f : R — R be the function defined by f(x) =
x> — 32 + 5x and let g : R — R be the function defined by
g(t) = t* 4+ 2t. Then, f(z) = (x —1)3 +2(x — 1) + 3 and g is an
odd increasing and bijective function, as can be easily checked.
Notice that g(x — 1) = f(x) — 3. Furthermore,

glu—1)=(u—-1>+2(u—-1)= f(u) —3=27—3 =24
and
gv—1)=@w-1°2+2u—-1)=f(v)—3=-21-3=-24

Now, we have g(u — 1) = —g(v — 1) = g(1 — v) because g is odd,
and taking into account that g is bijective, we get u — 1 =1 — v,
which means that v + v = 2 and we are done.

Also solved by the proposer.

MH-8. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. We have 2n positive integers, the sum of
which is a multiple of n. A step consists of choosing n numbers
and adding them a positive integer (the same to all of them). Prove
that we can make all 2n numbers equal in at most 2n — 1 steps.

Solution by the proposer. Denote 2n — 1 of the numbers by
Ay, Ag, ..., Ay, 1, and let B be the remaining one. From here on,
we will use cyclic notation. That is, Az,_14+x = Ak. We consider
the sets C, = {Ag, Agt1, Art2y- .. Aprn_1}. If the initial values
of Ay, B and the sum of all numbers are a, b and s, respectively,
we can make all numbers equal by adding dy, = 2 — ax — Ggtn—1
to each number in Cy. If any d; is negative, we add —d; to the
complement of Cy.
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Next we explain the way to obtain this. First, we notice that we
only need to consider differences between numbers. If we add or
subtract 1 to or from each number, the number of steps required
to make all of them equal remains the same. We also notice that
adding k to a set of n numbers is equivalent to adding —k to the
complement, so we can suppose we can add any nonzero number
in a step. Finally, adding 0 is equivalent to skipping the step.

Let us first make all A, equal. Notice that Cj and Cyy, con-
tain every A; once except for A, which appears twice. Thus,
subtracting a; from each number in Cy and Cj4, means sub-
tracting it once from every A; with ¢+ # k and twice from Ag.
If we do this for all k£, we find that A; ends up with the value
a;,—a; —a; —as — ... — Qa1 = b — s.

Finally, to make all A; equal to b, we add 2 to each number in Cj.
Since each A; belongs to exactly n of the sets Cy, the final value
of A;is b — s +n2 = b. Now all 2n numbers are equal.

In conclusion, if we look at what we have added to each number
in the set Cy, we see that we subtracted a; and ag,—1 in the first
part and added 2 in the second part. The procedure follows.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Barce-

lona, Spain.

MH-9. Proposed by Marius Dragan, Bucharest, Romania. Let n
be a positive integer. For 0 < < 1 prove that

{\/n—a:—i—\/n—l—m—i—\/ﬁJ = L\/mJ

Solution by the proposer. First, we consider the case n = 1. We
need to prove that

Lx/l—az—l—\/l—i—m—l—lJ:2@1<\/1—:c—|—\/1—|—m<2

and this follows from the QM-AM inequality.
We can assume thus that n > 2. We will prove the following
inequalities:

VIn —2<vVn —1+vVn + 1+v/n < vVn — z+v/n + z+v/n < Vn
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On account of AM-GM inequality, we have

Vi—14++vn+l+vn>3\JVn®—n=3Yn®—n

and
2 2\ 3
3Yn3 —n>vVIn —2<37n3 —n>3 n—§<:>n3—n><n—§)
'1t12 31+8>0f In>2
or equivalently —n (n — — — or all n .
4 y3 18 93 -

Next we see that v/n —14+v/n+ 1< vV/n+z+v/n—z o n’-1<
n? — x? & x? < 1 which trivially holds from the statement.

Finally, on account of QM-AM inequality, we have

Vnt¥z+vn—z+vn<3n—xz+n+x+n)=+vVn

Since 9n — 1 = 2 (mod 3), it is not a square. Then, there does
not exist any positive integer between /9n — 2 and v/n —x +

vn + x + /n, and
{\/n—w—l—\/n—l-zc+\/ﬁJ = L\/Qni—ZJ

as we wanted to prove.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain, and José Gibergans Baguena, Barcelona Tech,
Barcelona, Spain.

MH-10. Proposed by Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain. Let S = {1,2,...,n}, n > 2, and let
f S — S be a bijective function distinct from the identity. Let

u = Y. |f(k) — k| and let v be the number of ordered pairs (a, b)

k=1
of elements of S such that a > b and f(a) < f(b). Show that
v < u < 2v, and that v = 2v if and only if there do not exist
positive integers a > b > ¢ such that f(a) < f(b) < f(c).
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Solution 1 by the proposer. We say a pair (a,b) is a-good if
a>b> f(a), and b-good if b < f(a) < f(b). If f(k) = k, no pair
(k,b) or (a, k) is k-good. If f(k) > k, there are no k-good pairs of
the form (k,b) and there are exactly f(k) — k of the form (a, k).
Likewise, if f(k) < k there are exactly k — f(k) k-good pairs. In
any case, there are exactly |f(k) — k| k-good pairs.

For every pair (a,b) with @ > b and f(a) < f(b), the pair is
a-good if f(a) < b, and b-good if f(a) > b. The number of
pairs counted in v is at most the number of good pairs, which
is less than or equal to the sum of the |f(k) — k|. This means

that v < Z |f(k) — k| = u. Let k be the smallest integer with

f(k) # k. Then f(k) > k, f~Y(k) > k. The pair (f~'(k), k) is both
f(k)-good and k-good. Equality does not hold, and v < u.

Let Ay = {Ff~ (1), f7%2),...., f7(f(k))} and B, = {1,2,...,k}.
The element z is in By and not in A if and only if (k, ) is a pair
counted in v. Similarly, « is in A and not in By if and only if
(x, k) is a pair counted in v. Then,

> 1>

|Ag| + | Bx| — 2| Ax N By

2y
Il
=

M:

|Ak| + |Bi| — 2 min{|Ag|, | Bx}

3
I
-

I
M:

f(k) + k — 2min{f(k), k} = Z |F(k) — K| =u

>
I

We look at the equality case. u=2v <= |A,NBy| =min{|A,|, | Bs|}
for all b <—= A, C B, or B, C A, for all b <= There do not exist
a, b, c such that a € A,\By, ¢ € B,\A, <= There do not exist
a,b,csuch thata > b > ¢, f(a) < f(b) < f(c).
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Solution 2 by the proposer. For bijective functions in general,
we shall prove that v < v < 2v, with v = v only for the identity
and v = 2v if and only if there do not exist a > b > ¢ such that
f(a) < f(b) < f(c). We argue by induction on w.

If u = 0, Z|f(k)—k:|—0 |f(k) — k| = 0 for all k, f(k) = k and

f is the 1dent1ty In this case, v = 0, v = u = 2v and there do not
exist a > b > c with f(a) < f(b) < f(c). This satisfies the result.

Now, suppose that the statement is true for 0 < u < t, and we
have a function f with u = ¢t. Then,

Zf(k)—k—Zf(k:) >k

k=1 =
S ILED Y
= k=1

Since u = Z |f(k) — K| # 0, there exist some k with f(k) —k <0

(that is, f(k) < k), and some k with f(k) — k > 0. Let « be the
smallest value of k with f(k) < k. Then, f(f(x)) # f(x) because
if they were equal, then f(x) = . Since f(x) < x, and by defi-
nition of , f(f(x)) > f(x). Thus, there are values of k < x with
f(k) > k. Let y be the greatest one of these.

We define k as follows: £ = y, § = = and k = k for the rest of
the values. We define f as f(k) = f(k), and define u and v anal-
ogously to w and v for f. Let z = = — y.

For all k with y < k < z, f(k) is not less than k by definition of
x, nor greater than k by definition of y. Therefore, f(k) = k. If
y < f(x) < «, then f(f(x)) = f(x), which is impossible. Hence,
f(x) < y. In the same way, f(y) > . Then,

u—a=> |f(k)—Fkl —> |f(k)— kKl

=|f(z) —z| — |f(¥) —yl + |f () —yl — |f(z) — 2|
=r—y—vy+x=2z
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Hence, u < u = t, so by induction hypothesis v < u < 2v

Let us find the value of v — ¥, by finding the cases when (a, b) is
included in v and (a, b) is not included in v, and vice versa. The
condition for the first case can be written as a > b, f(a) < f(b)
and a < b. It is clear that one of the terms must be « or y. For
instance, a = y and b = «x satisfies this. If only one of the terms
appears and itis a, thena > b=b >a,a =yand z > b > y.
All the values of b in this interval satisfy the condition because
fly) > = > b = f(b). Likewise, if the term that appears is b,
then b =  and * > a > y satisfies the conditions. We can check
that there are no pairs (a, b) counted in % such that (a,b) is not
counted in v. In conclusion, v — o =1+ 2(z — 1) = 2z — 1.

Using the previous results,

v=v+4+2z—1<u+4+2z—1<u+2z=u
<20422<2042(2z—1) =2v

This proves the inequality.

All that remains is to find when uw = 2v holds. This happens
whenever w = 20 and z = 1. If z > 1, x > y+ 1 > y and
flx) y<y+1=f(y+1) <« < f(y). We can therefore
suppose z = 1. We need to prove that there exist a > b > ¢
with f(a) < f(b) < f(c) if and only if there exist a > b > c with
fa) < f(b) < f(e). £(@) < f(b) < f(e) <= f(a) < F(b) < f(o).
If two elements of {a, b, ¢} are neither x nor y, for example a and c,
thena =a,=candsincex=y+1,a>x>c<=a >y >c.
If both « and y appear, they cannot be a and ¢ because x and
y are consecutive integers. Hence, one of them is b, for example
z. a>x >yand f(a) < f(x) < f(y). As f(x) < =z, there are
more values of k with £k < = and f(k) > f(x) than k > z with
f(k) < f(x). Since a is an example of the latter, there is d not
equal to y with d < « and f(d) > f(x), and therefore a > « > d
and f(a) < f(xz) < f(d), where y does not appear. We reduced
the problem to the previous case. The same argument works if
fla) < f(x) < f(y) orif b = y, and we are done.
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Advanced Problems

A-1. Proposed by Mihdly Bencze, Brasov, Romania. Find all real
solutions of the system
sinx + siny +sinz = 0,
cosx +cosy +cosz = 0,
tan 3z 4 tan 3%y + tan 3%z = 3(2 — \/g),

where k is a positive integer.

Solution by Ander Lamaison Vidarte, CFIS, Barcelona Tech,
Barcelona, Spain. If a = cosz + isinxz = e*®,b = cosy + isiny =
e and ¢ = cosz + isinz = e**, thena+ b+ c = 0 and |a| =
|b| = |c| = 1. Thus, A(a), B(b),C(c) are the affixes of the vertices
of an equilateral triangle. Therefore, b = ae,c = a€e?, where € = 1
and € # 1, which means that e can either be e'% or e'5. If we
consider € = e's, then we have

. . . 2 ., 2w
cosy +1slny = (cosw—l—zsmw) cos?—l—zsm?

. +27‘r L. 2w
= cos|x 3 +2sin|x+ 3

27
from which we obtain that y = = + 3 4+ 27n, where n € Z.

Likewise, from

. .. 4w Aw
cosz +11sinz = <cosaz—|—zsmw> cos?—kzsm?

( 4 471') 4 ( N 471')
= cos|xz+ — gsin| x4+ —
3 3

4T
we get z = x + 3 + 27l, where | € Z. Substituting the preceding
values in the third equation, we obtain

47

2
tan 3¥z 4 tan 3* (:v + ?ﬂ-) + tan 3* (:v + ?) = 3(2 —V3)
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or
tan 3¢z + tan (3'“&: + 2. 3k_17r) + tan (3’“:1: + 4. 3k_17r) — 3 tan 3"z
=3(2—+V3)

from which we get tan3*¥x = 2 — /3. This means that 3*z =
o
1 + 7m, which implies that the solutions are

- T mT
S RETIE T
_ T mm 27 o
V= gge g Ty T
B ™ mm 47 -
FTga g T3 T
where l,m,n € Z. Equivalently, if we consider ¢ = e'’s’, the
solutions are
_ 0y mm
SR RrTIE T
. ™ mm 47 0
VS g T Ty A
™ mT

= L
P e g Ty T

where I, m,n € Z.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain; Francesc Gispert Sanchez, CFIS, Barcelona Tech,
Barcelona, Spain, and the proposer.

A-2. Proposed by Dan Popescu, Suceava, Romania. Let p be a
prime number. Show that for all € R the following is true:

—1
S (= 1) cos? (w . kj) _ poospz
k=0 p

2p—1
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Solution by the proposer. Let us denote a = cosx + ¢ sinx and
™

T
z = cos — + i sin —. Then, for 0 < k£ < p — 1, we have
p b

k ( k7r> L. ( k:ﬂ')
az” =cos|lzx+— | +2sin|lx+ —
b b

from which we obtain

( k:ﬂ') azk +azk  a2z%* 4+ 1
T+ — | = =
p 2 2azk
and
< k?ﬂ') (CL2 2k: 1)p ((1,2 2k 1)p
cosP [z + — | = —
p 2pPaPzkp (—1)k2rar
Then,

Z(—mcosp (w+’%’) = oer Z(a2 2k 4 1P
S ”ji( )as

k=0 5=0

~ 2rar i( ) ? Zzzk]

= (1+a®) = p(a”+a‘”)

2PaP

. p
= op1 cos px,

taking into account that 2?’ = 1 (z is a primitive 2p-th root of

unity) and, for any 0 < j < p,

2kp

pl pl 1—=z
z: 2kj 2 : 2k\J —
2% = (Z )J = ]_—z2k =0

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain, and Ander Lamaison Vidarte, CFIS, Barcelona
Tech, Barcelona, Spain.
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A-3. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain, and José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain. Calculate

1 2 -2 2 -2y \ 1/2
lim — > ((n e ).(n + ))
n—00 n2 n4_|_12 _|_Jz

Solution by the proposers. Let us denote by a,, the general term
of the sequence the limit of which must be computed. Then, we
have

a, = 1 Z ((n2+i2)(n2+j2))1/2

2 4 ;2 >
1<i<j<n nt+ 47

O]

4 > 2 y 2
1<i<j<n vttt +g

Since
N N 2 .\ 2 2
fe () ) fe () )
n n n n
<a,< ,
19;91 vnt + 2n? = 19‘;9 vt +2
then
SN2 N
fe () ()
n n
<a,
vnt + 2n? 1<;<n n? B
SN2 N 2
fe () ()
n n
vnt + 2 1<z§<n n?
Moreover,
2 ,n2

lim ——

lim — =
n—oo 1/n4_|_2n2 n—oo ‘/n4_|_2
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Therefore,

lim a,, = lim
n—oo n—oo

1<i<j<n
Let f : [0,1] — R be a continuous function. We claim that

s 3 o ()r(2) -1 ([ e

Indeed, from the identity

n 2 n
(Zwk> = Zwi—}—Z Z T;x;,
k=1 k=1

1<i<j<n

. 1 1
Jim = B f(g

1<i<j<n

() = v/1+ 22 into (21), we have

1 2
lim a, = %( \/14-5132)
n—oo 0
N\ 2
V1 2 1
([u—kiln(w—}—\/l—kaﬁ)])
0

g N

as claimed. Finally, settin

1
2 2
1 2

S (V2+m@+v2)) ~o.6587,

and we are done.

119

(21)
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A-4. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let {z,},>1 be a sequence of real numbers. Com-

pute
oo n—1 oo
E sin? z,, H cos’ x| + cos? x,,
n=1 k=1 n=1

Solution by the proposer. We claim that the answer is 1. Setting
sin?x,, = a, we have that 0 < a,, < 1 and the claimed identity

becomes .,
Z an H(l—ak)]—l—H(l—an):l
n=1 k=1 n=1

To prove it, suppose that an infinite number of coins are flipped.

Let a,, be the probability that the n®" coin toss lands heads, and
n—1

let us consider the first time heads comes up. Then a,, H (1—ag)
k=1

is the probability that the first head appears in the n* flip and
H (1 — a,) is the probability that all flips come up tails. With

n=1
this,

oo

Z [an ﬁ(l—ak) —i—H(l—an):l

n=1 k=1

and we are done.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain, and Francesc Gispert Sanchez, CFIS, Barcelona
Tech, Barcelona, Spain.

A-5. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let a < b be real numbers and let f : [a,b] —
R be an increasing (decreasing) function. Show that the set of
discontinuities of f is countable.
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Solution 1 by the proposer. Suppose thata < z; < 2 < ... <
x,, < b. We claim that

ST fd) = f(xp)] < F7) = f(at)

k=1

Indeed, since f is increasing then for all ;, € (a,b) there exists

f(xt) = lim f(t) and f(z~) = lim f(t) verifying that f(z~) <
t—x t—x—

f(x) < f(z*). Thus, we have

f7) = fla®) = f(7) + f(xy) — flzy) + f&) — fzH) + ...
+f(x,) — f(z) + f(&)) — f(=}) — f(a™)

= f(zf) = f(z1) + f(zf) — f(z3) + ... + f(z)) — f(=;) + A,
where

A= [f(zy) — faM)] + [f(z5) — fl@))] +... + [F(O7) — f(=z)]
on account of f being increasing, we have A > 0 and

F(07) = f(a®) 2 [f(=f) — fxD)] +... + [f(=z) — f(=,)]

= [F@d) — fl=p)] >0

Now, for all n € N, we define
I, ={z € (@) f@) - fa) >

f7) - f(a+)}

and we will see that I,, has at most n — 1 elements, say y1, y2,. ..,

Yn—1. In fact, if we assume that I,, has the n elements y, y2, ..., Yn
then
= _ — [f(b7) — f(a™) _
> - #0) > Y [T — g - )
k=1 k=1

This is a contradiction. Thus, for all n € N the set I,, has a finite
number of elements.

Since the set I of discontinuities of f is

I:UIn

neN
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and it is a countable union of countable sets, then it is countable
(the same occurs for decreasing functions).

Solution 2 by Ander Lamaison Vidarte, CFIS, Barcelona Tech,
Barcelona, Spain. Assume that f is increasing. Let a € (a,b).
If we consider the set S, = {f(z)|z < a}, this set is bounded by
f(a) (since f is increasing), so there is a lowest bound f(a™) for
all the elements of S. Similarly, there is a greatest lower bound
f(a™) for the values of f(x) with £ > «. These values satisfy

fla7) < fla) < fla).

Let £ = a be a discontinuity of f. Assume that f(a™) = f(a™)
(both equal to f(a)). Then for every € > 0 we have that there is
r1 < awith f(a) — f(x1) < e, and z; > a with f(x2) — f(a) < e.
But then |f(z) — f(a)] < € for all x € (x1,x2). Hence, f is
continuous at * = «, which is a contradiction. This means that

fla™) < f(at).

For every discontinuity «, we choose a rational number from the
interval (f(a™), f(at)). If a; < a, are two discontinuities, then
flaf) < f(2£22) < f(a3). so the rational number assigned to
each of them is different. The number of discontinuities is at most
the number of rational numbers, which is countable.

Also solved by Alberto Espuny-Diaz, CFIS, Barcelona Tech,
Barcelona, Spain.

A-6. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let f : R — R be the function defined by

f(x) =1In (a:—|—\/1_|_w2) +(1+€B2)_1/2—a: (1_'_332)_3/2

b

and let a < b be two real numbers such that In (%) =b—a.
a

Show that there exists ¢ € (a, b) for which it is true that

22 =14 (14 )2 In(c+ /1 + ¢2)
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Solution by the proposer. Let g : R — R be the function de-

1
fined by g(x) = In(z + v1+ z2). Since g'(z) = it and
x

() = s then £(2) = 9(@)+9/(2) +9 (@): Let F(o) =
(g(x) + g'(x) + g"(x))e ™ = f(x)e *. Clearly, F(x) is infinitely
differentiable in R. Furthermore, since
b b b
W (10) e SO
f(a) fla) e
then F(b) = f(b)e™® = f(a)e ™ = F(a). Applying Rolle’s theo-
rem, we have that there exists ¢ € (a, b) such that F'(¢) = 0. That
is,
F'(c) = f'(c)e™ — f(c)e™* =0 < g"(c) —g(c) =0
or
2c? — 1
- @ O @ 2) —
(1—|—c2)5/2 ln(c—|—\/1—|—c>—0

from which the statement immediately follows.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain.

A-7. Proposed by Nicolae Papacu, Slobozia, Romania. Let {I,,},,>1
be the sequence defined by

n
I, = / x" arctan x dx
0

I,
Compute lim —.
n—oco NN
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Solution by the proposer. Integrating by parts, we put v =
arctan x and dv = ™ dx and we have

n mn+1 n 1
I, = / x" arctan x dx = arctanx| — I
0 n —|— 1 0 n —|— 1
n mn-i—l

where J,, = / 1 5 dz. From the preceding, it immediately

0 xr
follows that

I, n 1

— = arctann — ——— J,,

n® mn+41 n"(n + 1)

wn—i—l
Now we claim that for 0 < x < n it is true that 0 < 1 <
T
nn+1
R Indeed, the preceding inequality is equivalent to

n

n2w2(wn—1 _ nn—l) + wn-{-l _ nn+1 S 0
which trivially holds.

n n+1 ,nn—|—2
Hence, 0 < J,, < / dxr = ——, from which we obtain
0 n2 + 1 n2 —|— 1
Jn n?
< <
n*(n+1) — (n+1)(n?2+1)
and lim ————— = 0. Finally,
n—oo n"(n + 1) Y
. In . Jn s
lim — = lim arctann — —— | = —,
n—co ™ n—oo \n + 1 n"(n + 1) 2

and we are done.

Also solved by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain, and José Gibergans-Baguena, Barcelona Tech,
Barcelona, Spain.
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A-8. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let a,b be real numbers such that —b < a < b.
Compute the sum
Z( )nsinh ((2n + 1)a)

(2n + 1)e@n+1)b

n=0

Solution by the proposer. Let
> cosh ((2n 4+ 1)a)
§=>(-1)

(zn + 1)6(2n+1)b

and

> ,sinh ((2n + 1)a)
T= Z(_l) (2n + 1)e@n+1)b ’

Taking into account that

e® = cosha + sinh o
e ® = cosha — sinha
we have
e(2n+1)a
S+T = —-1)"
and

e—(2n+1)a

S—-T= —1)"

Subtracting the second expression from the first one, we get
(=1 2n+1 (=)™ , 2n+1

2T — (a+b)

Z 2n +1 ( ) Z 2n +1 ( )

= arctan e*® — arctan e (@19 (22)

valid for e>~® < 1 and e~@*% < 1 or, equivalently, for —b < a < b.
From (22), we get

a—b —(a+b)

1
T = 5 [arctan e — arctane

and we are done.

Also solved by José Gibergans-Baguena, Barcelona Tech, Bar-
celona, Spain.
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A-9. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Let A(x) € Z[x] be a polynomial of degree n and let
ap < a; < ... < a, be integers. Show that |A(ax)| > 27" n! for
some k € {0,1,2,...,n}.

Solution by José Gibergans-Baguena, Barcelona Tech, Barcelona,
Spain. Consider the polynomial

B(x) = (H(w—%)) Z(A(_a;?. Ha~ia'>

J#i

It is easy to see that B(ay) = A(ag) for 0 < k < n and deg B < n.
Hence B(xz) = A(x). The highest coefficient of B(x) is equal to

Since by hypothesis this coefficient is a nonzero integer, then its
absolute value is greater than or equal to one. That is,

1
1g§p@q1 <menH
St a; — a;
i @ J#i J
< ; (Orggg IA(ak)|> 1} aJI
< (Org,ggc IA(ak)I) >
1=0 j#1

~ 1

Sy ) Zﬁ

:(%gwmoiigyﬁm<wmoz

=0

Therefore, one of the numbers | A(ag)| is not less than 27" n! and
we are done.

Also solved by the proposer.
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A-10. Proposed by José Luis Diaz-Barrero, Barcelona Tech, Bar-
celona, Spain. Compute

/°° dx
o (1+22)(1+2°)

Solution by the proposer. Setting ¢ = arctan(x), we have dt =

dx
/°° dx B /77/2 dt
o (1+x22)(1+=z¢) Jo 1+tan®t

1122 and

/4 /2

Figure 17: Graph of the function f(x)
Now we consider the function f : [0,7/2] — R defined by f(x) =

1 T 1
—— . Sincetan (| — —x | = , then
1+ tan® x 2 tan
T 1 tan® x
flz—2) = =
2 1+ tan®(w/2 —x) 1+ tan® x
1
= 1——=1-— f(x)
1+ tan® x

Therefore, f(x) + f(7w/2 —x) = 1for 0 < = < w/2 and this means
that the graph of f(x) in [0, /2] has the symmetries presented
in figure 17. Hence, the area under the curve is the area of the
rectangle [0, /4] X [0, 1] and

/“/2 dt o
o 1-4+tan®t 4
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